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Variational method (20 pts)
Consider a normalized test function Φ̃(x) that is orthogonal to the exact ground state wavefunction, hΦ̃|Φ0 i = 0.
(a) Show that
hΦ̃|Ĥ|Φ̃i ≥ E1 ,
where E1 is the true eigenenergy of the first excited state.
(b) We now allow only for linear variations of the test function, that is, we fix an orthonormal basis {|ϕi i} such
PN
that |Φ̃i = i=1 ci |ϕi i and vary only the ci . Show that in this case you can write the variational problem as
a standard matrix eigenvalue problem, H~c = E~c. How many eigenvectors ~c and eigenvalues E will the solution
of this eigenvalue problem yield?
(c) Consider the function
Φ̃(x) = α0 Φ̃0 (x) + α1 Φ̃1 (x) ,
PN

j
i=1 ci |ϕi i
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where |Φ̃j i =
with
the ith element of the jth eigenvector from problem (b). Show that
normalization of Φ̃(x) implies |α0 | + |α1 |2 = 1 and
hΦ̃|Ĥ|Φ̃i = E0 − |α0 |2 (E1 − E0 ) .
Why can you conclude that E1 ≥ E1 ? Can you generalize the argument to Ej ≥ Ej , j = 2, 3, . . .? If so, why?

Application of the variational method (30 pts)
(a) Consider the square well potential
(
V (x) =

0 if
∞ if

|x| < a
a ≤ |x|

What are the exact ground state wavefunction and energy? Calculate the energy for the test function
ψ(x) = a2 − x2 .
Show that the result of this simple ansatz differs by only 1.3% from the exact value. Give a reason why the
ansatz works so well, that is, explain which properties are shared by the test function and the true ground
state wavefunction.
(b) Now consider a family of functions
ψλ (x) = |a|λ − |x|λ
with real parameter λ. Determine the optimal ψλ (x) by variation of λ. By how much differs the minimal
energy that you get this way from the true ground state energy?
(c) Consider the hydrogen atom, i.e., the Hamiltonian Ĥ for an electron with charge −e0 and mass m that
moves in the Coulomb potential of a nucleus with charge Ze0 . Choose the ground state wavefunction of the
three-dimensional harmonic oscillator with potential mωr2 /2 as your test function,
h mω i
 mω 3/4
exp −
r2 .
ψ0 (~x) =
~π
2~
Find an optimal estimate for the ground state energy of the hydrogen atom by variation of ω. Compare the
result to the true ground state energy.
2Ze2 p
Hint: It is useful to first show that hψ0 |Ĥ|ψ0 i = 43 ~ω − ~ 0 ~ωm/π.
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