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1-D Electromagnetic Wave Propagation /
1D elektromagnetische Wellenausbreitung

Constitutive Equations for Vacuum /
Konstituierende Gleichungen
(Materialgleichungen) fiir Vakuum

B(B» ZL) = ﬂOE(Ba t)
D(Ba t) =& E(Ba t)

Ansatz / Ansatz
ER,)=E.(z1) e,
HR.\=H,(zt)e,

—

The first two Maxwell’s Equations are: /

Die ersten beiden Maxwellschen Gleichungen lauten:

gmg,r): _VXER,1) ~d_(R)

gg@,o _ VXHR) -J (R.0)

NS

o 1 o 1
—H,(z,f)= ———E (z,0) ——J,, (2,
Py »(2,1) o 2 (z,7) m my (Z,7)
o 10 1

—E (z2.0)= ——H (z,f) ——J (2,1
py (2,0 70 oz »(2,0) 7 ex(2,0)

0 To(2.0) +& o T (z0) Inhomogeneous 1-D Wave Equation /
i H (z,1) _ii H (z,t)= = or ™ Inhomogene 1-D Wellengleichung
ot g ot ’ 0 Homogeneous 1- D Wave Equation /
Homogene 1- D Wellengleichung
_9 (2.0)+ a2, @.0) Inhomogeneous 1- D Wave Equation /
i E (z t)_ii E.(z,t)= z ™ o = Inhomogene 1- D Wellengleichung
ot C(% o 0 Homogeneous 1-D Wave Equation /
Homogene1-D Wellengleichung
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Finite Difference (FD) Method / Finite Differenzen (FD) Methode
1-D FD Operators / 1D-FD-Operatoren

Backward FD Operator /
Riickwarts-FD-Operator

Forward FD Operator /
Vorwarts-FD-Operator

Central FD Operator /
Zentraler FD-Operator

A Sx—=A)

if(X)Z f(X)_jA[)(Cx_AX) +O(AX') ~ f(X)—f(X—AX)

dx Ax

4y LEHSW oy S AD- 1
Ax

4 JEHA) — = AY) 2 SO A~ f(x—A)

/)= o +O[(Ax] = .

O(Ax), O[(Ax)*]

Asymptotic
approximation error /
Asymptotischer

Approximationsfehler

Landau symbol “O”, big “oh” /
Landau-Symbol ,,0%, groRes ,,oh“
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FD Method - 1-D FD Operator of Second Order /
FD-Methode - 1D-FD-Operator zweiter Ordnung

Derivative of the second order /
Ableitung der zweiten Ordnung

SO+ A0 =2f () + £ (= A0
(Ax)

2
I

Taylor series expansions / Taylor-Reihenentwicklungen

f(x+Ax)= f(x)+Ax

&), (A0)° &) (&) &), (A* df(x)

2!
J(x)=1(x)

di? 314l 41 gt

d) |, (a0)* 10 _(A* /() , (A d*f(x)

+O[(Ax)5 }

Jf(x—=Ax) = f(x)-Ax

dx 21 dx? 314l 41

+o[(Ax)5}

Multiply (2) with a, (3) with §, and (4) with y /
Multipliziere (2) mit a, (3) mit p und (4) mit y

(1)

(2)
(3)
(4)

2!
Bf(x)=pFf(x)

yf(x—Ax) =y f(x)—yAx

2 12 3 43 4 44
i Ax)zaf(x)+andfdix)+a(Ax) CrE @0 Erw, @' dre

df (), (A0° &f () (a0 &), (A" dHf ()

dx? 31 & 41 et

dx 2!

di? 73! d y4! d?

+ol ()’ || (5)

(6)

+o[(Ax)5] (7)
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FD Method - 1-D FD Operator of Second Order /

FD-Methode - 1D-

FD-Operator zweiter Ordnung

af (x+Ax)+ ff(x)+yf(x—Ax)

— (@t S+ 7)) +(@—p)Ax df:iﬁf)

(Ax)’ & f(x)
314

+(ax—y) Ha+y)

(Ax)* d*f (%)

With the parameters /
Mit den Parametern

Jx+A)=2f(x)+ f(x—Ax) =2 5

(Ax)®

SO+ A0 =21 () + f(x=Av) _d2f(x)  (An)? df ()
dx4

Ha+y) X 02 a-y=0 —> y=«a
(Ax)4d4f(x) a+pf+y=0—> p="2a
4 dxt rola’]

a=y=1

B=-2
(A df(x) . (A0 d*f(x)

3+ 2 o] (A
1-2-52:24
3

FERRET: +0| (A%)’ |

+o[(Ax)3]

de

df(x) _ fr+A) -2/ (0)+[(x=Ax) (Ax)* d*f(x)
dx4

f ) _ [+ A) =2/ () + f(x—Ax)

(Ax)? 12

Ol(Ax)*]

+O[(Ax)*]

de

(Ax)?
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FD Method - 1-D FD Operators of Second Order /
FD-Methode - 1D-FD-Operatoren zweiter Ordnung

Function of one variable / Funktion einer Variablen

& 2 LG A2+ =) | o
di ( Ax)2

&2 LA =2 O+ fE=A) | oy
dr? (Af)?

Function of two variables / Funktion von zwei Variablen

if(x y= f(x+Ax,t)—2f(x,t)+f(x—Ax,t)+O[(Ax)z]
ot (Ax)?
ﬁf(x = LCt AN =210+ fO0t=A) | oy
ot (Ar)?

Combined Case / Kombinierter Fall

2 2
20+ e
ox ot

_ f(x+Ax,t)—2f(x,t)+f(x—Ax,t)+f(x,t+At)—2f(x,t)+f(x,t—At)

> ; +O[(A)*]+O[(A?)*]
(AY) (A7)
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FD Method — 1-D Wave Equation /
FD-Methode — 1D Wellengleichung

0* 1 &2

=0

0 0
—FE . (z,t)———=E,.(z,t) =——J ,, (2, 1) + ttg — J ., (2,1
822 x( ) Cg 81‘2 ( ) oz my( ) Ho ot ex( )

0
= Hy ajex(z,t)

Central FD Operators /
Zentrale FD-Operatoren

Backward FD Operator /
Riickwarts-FD-Operator

52
o

82

o’

E (z,t)=

E (z,t)=

EJCX(Z’I) =

0 T (2,0) =T (2,6 — AF)
At

+O(At)

E (z+Az,t)-2E (z,t)+ E,.(z - Az,1) + O[(AZ)Z]
(A2)®

E (z,t+At)-2E (z,t) + E (z,t — At) + O[(At)z]
(An®

E (z+Az,t)-2E (z,t)+ E (z—Az,t) 1 E (z,t+At)-2E (z,t)+ E (z,t - At) p Jor (2,8) = J o (2,8 = AY)
_ = 1

(Az) c (A1)’
+O[(A2)* ]+ O[(At)*]

At
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FD Method — 1D Wave Equation / FD-Methode — 1D Wellengleichung

Explicit FD algorithm in the time domain of 2nd order in space and time /
Expliziter FD-Algorithmus im Zeitbereich 2ter Ordnung in Raum und Zeit

E (z,t +Af) =2E(z,6)— E,(z,t — Af) + ¢ 2EAZ; [E (z+Az,0) = 2E,(2,0) + E,(z - Az, 1)]

+ 3 A [Ty (2,1) = T (2,1 — AD] +O[(A2)* 1+ O[(A1)]

Marching-on-in-time algorithm /
»Marschieren in der Zeit“-Algorithmus

z—=>n,Az, n,=1L..,N,
t—>mAt, n=1L..,N,

E, (z,0) > EV=")
Jor (2,0) = J =)

E)(an,ntﬂ) ) E)(an,n[) _ E)(an,nt—l) g (Af) [ E(n L) _ o E)(an,n[) n E)(an—l,nt)} +Cg Lo Az[ chzz,nt) _ Je()lzz,nt—l):|
(Az)’
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FD Method — Properties / FD-Methode - Eigenschaften

+ Spatial and Temporal Discretization /
Raumliche und zeitliche Diskretisierung

+ Consistency/
Konsistenz

+ Dissipation /
Dissipation

+ Stability Condition / A= F(A0)
Stabilitatsbedingung

+ Convergence /
Konvergenz

Az =7
At =7
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1-D Node-Based Grid /
1D knotenbasiertes Gitter

FD Method - 1-D, 2-D, 3-D Grid System /
FD-Methode — 1D-, 2D- und 3D-Gittersystem

(A A A

2-D Node-Based Grid /
2D knotenbasiertes Gitter

Knoten mit zugeordneten FeldgroRen:

® L @ @ L
[ L @ @ .
[ . @ L L
L L @ . .
Ay
L L @ @ @
—>
Ax
S Nodes with Assigned Field Quantities /

3-D Node-Based Grid /
3D knotenbasiertes Gitter

@ [V], E [V/m], H [A/m], A [Vs/m|]
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FD Method — Grid Size / FD-Methode - GittergroRe

Sampling Theorem in Space / Abtastkriterium im Raum

Ax :Spatial grid size /
Amin Raumliche Gittergrofie
2 Ain - Minimal wavelength /
Minimale Wellenléinge

min - Minimal phase velocity /
_ Cmi Minimale Phasengeschwindigkeit
Jinax Jmax - Maximal frequency /

Maximale Frequenz

C

Sampling Resolution / ~ Ainin _ Rule of thumb /
. G=—" G=10,...,30
Abtastauflosung Ax Daumenregel

o Fmin _in o

90

G 10 7 30
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FD Method — Stability Condition / FD-Methode - Stabilitatsbedingung

Stability Condition for an FD algorithm of 2nd order in space and time— CFL-Condition /
Stabilitatsbedingung fir einen FD-Algorithmus zweiter Ordnung in Raum und Zeit— CFL-Bedingung

D =1,2,3:Spatial dimension of the problem /
Af < 1 Ax Réiumliche Dimension des Problems
D ¢ c : Maximal Energy Propagation Velocity /
Maximale Energieausbreitungsgeschwindigkeit

CFL: Courant, Friedrichs, Lewy / CFL: Courant, Friedrichs, Lewy /

Courant, R,, K. Friedrichs und H. Lewy: Uber die partiellen Differenzengleichungen der mathematischen Physik.
Mathematische Annalen, Vol. 100, S. 32-74, 1928.

Translation / Ubersetzung:

Courant, R., K. Friedrichs, and H. Lewy: On the partial differential equations of mathematical physics. IBM
Journal, pp. 215-324, March 1967.

Ax A~
- : < = — <
I-D /D ALS Ay c arsl Ao A Courant number /
~ Ay~ Courant-Zahl

2:D/2D: Ar<Al, == N<L <0707 rof ourant-£4

V2 ¢ 2 -

1 Ax . 1 ref c
3D /3D A Ay =z A<= <0577
C
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FD Method — Normalization / FD-Methode — Normierung

Ax,.; = Reference cell width in m / Referenz-Zellenweite in m
¢,or = Reference propagation velocity in m/s / Referenz-Ausbreitungsgeschwindigkeit in m/s
&.r = Reference permittivity in As/Vm / Referenz-Permittivitit in As/Vm

E,+ = Reference electric field strength in V/m/ Elektrische Referenz-Feldstérke in V/m

~ Ax
At=At oAt At =—"L
Cref
AZ == Axref AZ
€ =CpesC
E= gref &
-~ 2
M= e U Href = Cref Eref
Ex = Eref Ex
3 Eref
Jex:JerefJex Jeref:A Eref
tref

Dr. René Marklein - NFT I - Lecture 2 / Vorlesung 2 - WS 2003 / 2004

13



FD Method — Normalization / FD-Methode — Normierung

2
EUn ) g plen) _ plonh) 2 EZ;Z [ EU=Hn) gl E)(an—l,nt)J + AL, [ Jin) jgcqz,n[—l):|
I I
\
With / Mit
Az = Axref
C. =Ch— !
ref — 0
V0o (Ar)? (AP (AL ) ) 2 G
Eref = &0 Cg 7= crzef rezf Co MOAL ¢ ref = Cref Mrep AtALep iEref
E.s=1V/m (A2) (Axier) ~ ref
I (A 2 = At
_ 2 Cref
— “ref
(Axref )2
= (A1)’
E}(an,ntﬂ) s E)(an,nt) _ E)(an,n[—l) n (&)2 [ E)(Cn L) _ o E)(an,nt) n E)(an—l,nt) } n Xt[ Jé,’ZZ’”f) _ jgzz’"f_l)}
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FD-Losung der 1D Wellengleichung

FD Solution of the 1-D Wave Equation /

1-D wave equation / 1D Wellengleichung \

azE( f)— azE( 0=l T ) for/fir 10S7S7
—E (z,t)-——=E (z,0) = gy — J .. (2, or / fir
o2 c2 ot Ho gy e 0<t<T

Initial condition / Anfangsbedingung
E.(z,t)=J,(z,t)=0 t<0| Causality / Kausalitat >
Jee(2.0) = Koo (20) 3(29) f(2) £>0

Boundary condition for a perfectly electrically conducting (PEC) material /
Randbedingung fiir ein ideal elektrisch leitendes (IEL) Material

E.(0,6)=0 } "

Hyperbolic initial-
boundary-value problem
/
Hyperbolisches
Anfangs-Randwert-
Problem

E.(Z,H)=0 Y
z
E (z,t >I
E,(0,5)=0 i‘ 0 l E.(Z,t)=0
z=0 z=27
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FD Solution of the 1-D Wave Equation /
FD-Losung der 1D Wellengleichung

Normalized 1-D FD wave equation / Normierte 1D FD Wellengleichung \

EUemeD) _ o plien) _ pln=h o (52 |:E)(an+1,nt) o) +E)(an—1,n,)} for / fiir I<n <N,
1<n <N,

+ &[jg:z ’nt) _ jﬁ(})’:z 1y _1)i|

Initial condition (IC) / Anfangsbedingung (AC)
EUm) = glnm) n <1 Causality / Kausalitat

Jé’:z’nt) :ngo) 5("20) f(nt) n >1

Boundary condition (BC) / Randbedingung (RB)

E(l,n,) — 0
X
1<n <N,
ENm) g = _/
X
7 = AzN Discrete hyperbolic
= initial-boundary-value
E)(C"Z’"’) problem /
E)(Cl’"f) -0 &— @ @ ——_—__ EWzn) _ Diskretes
X .
>T L hyperbolisches
Az Az Az Az Anfangzslaer:wert-
nz =1 I’lz = NZ
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FD Method — 1D FD Wave Equation — Flow Chart /
FD-Methode — 1D FD-Wellengleichung - Flussdiagramm

Start

n, =1

!

For all n_: 1-D FD wave equation / 1D FD Wellengleichung
E)(an,nt) _ 2[1_(&)2JE)(CnZ,nt -1) _E)(an,nt -2) _}_(&)2 |:E)(an+1,nt -1) +E)(an -1,n, —1)}

v

For all n_: Excitation / Anregung
E)(an’nt) — E)(an’nt) +Kt|:j§)’:z’nt_l) _jé;lz’nt_z):|

v

n, =n; +1
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FD Method — 1D Wave Equation — Poynting Vector — Energy Flow Density /
FD-Methode — 1D Wellengleichung — Poynting-Vektor — Energieflussdichte
Sem(R,7) =E(R,7)xH(R,?)
Semz(2,0) = E(z,0) H ,(2,1)

Il @=L E )
81‘ l[lo aZ

H,(z,t)= e
Ho Oz

1 ¢ 0
E (z,t))—— j gEx(z,z')dx'

0 4=,

=Hy(Zat(])

1 ¢ 0
=H,(z,t)-— | —E ()

0 1=,

to+At 0
H(z,0) = H (2,t))—— J' EEx(Z,t’)dt/

t'=t,

L2 A Applying the mid-point rule /
:Hy(zﬂto)‘——Ex( j I dr’ pplying the mid-point rule

21l +7 ’ Wende die Mittelpunktsregel an
t'=t,
J/_/
=At

At At
~H,(z,t))—— 9 Ex(z,to +—j
Ho 0z 2

zziZ{Ex(z+Az,t0 +A2tJ—Ex[z—Az,t0A2tﬂ
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FD Method — 1D Wave Equation — Poynting Vector — Energy Density Flow /
FD-Methode — 1D Wellengleichung — Poynting-Vektor — Energiedichtefluss

H,(z,t)= H ,(z, to)—liﬂ Ex(z+Az,t0+£j E (z Azt Atj
2 yy Az 2 2

AZ Ax —~
ref A=At At Aty =—
C =Cn— 1 CO
ref — 0 R
Véoto ¢ =Cp¢
bref = %0 H = Hre 1 Hret = Ho
Eref —1V/m Ex = ErefEx
2 Eref _N Eref 'uref ref
Hy :Hreny Hp = E o =
Cref Href Href
Q Eref
Semz = Sem ref Semz Semref = Ereeref
ref

1 At Az A At A At
Eref |y EtH (z,0)~ e pp EtH (2,t))~—————Epg [Ex (z + Az, 1, +—j —E, (z — Az, 1, —ﬂ
Href Href :Uref Az Cref 2 2
1 1 1 A Az A At A At
H(z,0)~ H,(z,1)) —= Pt A E ¢ {Ex (Z+Az,t0 +—j—Ex(z—Az,to—ﬂ
2 Eref Eref Href Az Cref 2 2

At 1 1 [ - At) - At
Hy(z,t)zHy(z,tO)————{Ex(z+Az,tO+?j—E (z Az, 1, ZH

2 | c
Eref Mref ref
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FD Method — 1D Wave Equation — Poynting Vector — Energy Density Flow /
FD-Methode — 1D Wellengleichung — Poynting-Vektor — Energiedichtefluss

A A At 1 1 [ At
iy )= )5 o 220005 )
Eref Href ref

A

~

2

A A A At A At
H,(z,1) zHy(z,tO)——{Ex (Z+Az,t0 +7J—Ex (Z—Az,to ?ﬂ

Z—AZ,fO %j}

I:])(}nz,nt) _ ]:]}(}nz,nt—l) B % [ Flre+n) _ E)(an—l,n,):|

Sem(R,2) =E(R, ) xH(R, )
Semz(2,0) = Ei(z,0) H ,(2,1)

Se(r’;z;nt) = ]:[)(}nz’nt)ﬁ‘)(cnzant)
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FD Method — 1D Wave Equation — Example /
FD-Methode — 1D Wellengleichung — Beispiel

Raised cosine pulse with » cycles /
Aufsteigender Kosinus-Impuls mit n Zyklen

Jre, (D)=

2
0

Gl {1 —cos (% tﬂ cos (27 fyt)
n

n
O<t<—=nly=T
0
else / sonst

Raised cosine pulse with 2 cycles /
Aufsteigender Kosinus-Impuls mit 2 Zyklen

[1-cos(7 ft) |cos(27 fyt) O<t<f£:2T0 =T

0
else / sonst

1
Jre,()=42
0
A frc,®
T =2T,
< >
\/ \/ Time / Zeit ¢
< >

Frequency / Frequenz

1

foZF0

Circular Frequency /
Kreisfrequenz

2

)
T;
0
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FD Method — 1-D Wave Equation — Example /
FD-Methode — 1D Wellengleichung — Beispiel

Electric current density excitation: broadband pulse (RC2 pulse) /
Elektrische Stromdichteanregegung: breitbandiger Impuls (RC2-Impuls)

Jex(Z =Z(),f) “’fRCQ(l) _)Ex(Z,f) - fRC2 |:t$ Z;ZO}
0

oy COMponent &t t = 372.5 ps

" !
fRC2 (t) :“’ 05 OO _
=]
g 0
S.05 _ i
< i i i
i
0 9.875-011 E_ compbiieal1Q 372 5 ps 2 81286-010 3 75¢-010
~ 05 * zinm
[ T T
Ex(Z,tl) Yozs
@ g o L
:g EQ 0.25 : . S T
< - i |
[T) -0.5
(2] 0 0.0742481 H compShbhe@Rs = 370 ps
% ~ 05 | ! el
g Hy(Z,ll) :goz*a :
S < 2o ®
w EQ 026 ..................................
~ << :
) 05 L L
- 0 0.0742481 S Gomp&wéﬂ?%%:wt) ps
_g o5 . : zir‘wm
~ !
3 Semz(zatl) %No126— < Semz :
£ 1o ®
< 2
\ 025 L ‘ L
0 0.0748481 0.149898 0224844 0.290792
zinm

@ Source point / Quellpunkt
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Numerical Results — Validation /
Numerische Ergebnisse — Validierung

Numerical Results / Numerische Ergebnisse

- B

Validation / Validierung

Compare numerical results with analytical solutions or with other numerical
solutions. / Vergleiche die numerischen Ergebnisse mit analytischen
Losungen oder anderen numerischen Losungen
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End of Lecture 2/
Ende der 2. Vorlesung
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