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FD Method — Properties / FD-Methode - Eigenschaften

+ Spatial and Temporal Discretization / Az =7
Raumliche und zeitliche Diskretisierung [2="

+ Consistency /
Konsistenz

+ Dissipation/
Dissipation

+ Stability Condition / A= F(00)
Stabilitatsbedingung

+ Convergence /
Konvergenz
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Stability by the von Neumann’s method
(Fourier series method):

Insert a complex monofrequent (monochromatic) plane wave into the discrete FD
equations and analyze the spectral radius of the amplification matrix, where the
spectral radius must be smaller equal one.

Stabilitat durch die von Neumannsche Methode
(Fourier-Reihen-Methode):

Setze eine komplex monofrequente (monochromatische) ebene Welle in die
diskreten FD-Gleichungen ein und analysiere den spektralen Radius der
Verstarkungsmatrix, wobei der spektrale Radius kleinergleich Eins sein muss.

~ —j(wpt—kk-R
Complex monofrequent (monochromatic) plane wave / E.(R,t)=Ey(wy,k) e ouiHeR)

Komplex monofrequente (monochromatische) ebene Welle A . o

(n+1) [ ~1FD (n,) FD Amplification matrix /
Wi _[G]ID {wi [G]ID " Verstarkungsmatrix

Spectral radius / FD of the matrix / ~1FD
Spektraler Radius p([G]m)Sl der Matrix (Glhp

N ([ G]E]))) g ([ G]FD) .nth eigenvalue of the matrix[G]flg

where / ([G]FD)_ max
P\l5hp = 082 ID | n-ter Eigenwert der Matrix

wobei N
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

-\
Monofrequent (monochromatic) plane wave in the time domain / PR - N
Monofrequente (monochromatische) ebene Welle im Zeitbereich - - \ ~ \\
. Plane of constant phase / = \
— '(a)ot_le‘B) Ebene konstanter Phase \

A~

E.(R,1) = Ey(ap,K) e’

/y k+R =const.

= EO (0)0 N k) e_j C()Ol GJkK‘B

Wave vector /
Wellenvektor

Magnitude of the wave vector / i T N T
Betrag des Wellenvektors | = Viek = Vi +ky +k; = \/g =|k.[=k
@

Wavenumber / =20
Wellenzahl -

k=k,e +k.e +k.e =k e,

C

Circular frequency / _
Kreisfrequenz @ =27y

k k.e

_sn()lkfe,  sen(k, ke,
K [k,

Propagation direction / z _
| k k

Ausbreitungsrichtung k=

=sgn(k,)e,

Phase of the plane wave /

Phase der ebonen Welle  KK*R =ksgn(k.)e_«(xe, +ye_ +ze,) = ksgn(k,)ze, e, = ksgn(k, )z
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Insert discrete plane wave / Setze die diskrete ebene Welle
Ex(”z,”z) _ EOx (a)(),l;) elkn:lz —joom Al _ EOx (G)Osk) exp(n.) o J@omAl
=exp(n. )
into the FD scheme / in das FD-Schema ein

EAv)(CnZ,n, +1) _ ZE)(an’nt) _ E)(an,n, -1) " (&)2 [E)(an +Ln) ZE)(an’n’) n E)(an —l,nt):|

with / mit
E)(an,nt-i—l) :on(a)oak) ejanAz e—ja)o(n,-i—l)At
=exp(n)
~ ; -] DA . . . A i
= Ey, (0,K) exp(n, )¢ 10D ECAbm) — B (@p.K) exp(n, ) e/FA% g I0mA
A , A A _ A A A A .
E)(C”Z m) — Ey, (wy,Kk) exp(n, )e 10" E)(cnz ) Eq(@,K) exp(n, ) e I

-1)At At

A _ ~ ; —jop(n Ay A ~ o _;
E=170 = By (. K) expn, )& A BT = By (0, K) expn,) e eI

it follows / folgt
Ey (@9, k)e 1D 22y (a0, k)& 1N — By (a9, k)TN
+ (&)2 |:E()x (a)() >k) ejkAZ - 2E0x (a)() 5&) + on (CUO ,k) e-jkAZ j| e_jwonZAt
= 2[ 1= (A0)” | By (@ ) 1" — (g, Ry 0D

+ (&)2 [EOx (@9 :k) ejkAZ + EOx (@ ak) e-jkAZ j| e_ijnZAt
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Ey(@,K) e I DA [1 —(Ar)? } Eoy(@,K) e I Eoy(@,Kk) e @0t —DAr

(R [ By ) I+ i (o Ry e T4 e

= 2[1 - (&)2] on (@ k) R [ on (@, E) e @ (n—DAr
+(Zt)2 |:e_]kAZ+ e—_]kAZj|E0x (a)o’k) e—ja)ol’lel

=2cos(kAz)

= 2[1 - (&)2} on (@, E) o JmonAr _ on (@, k) o (DA

+(An22 cos(kAz)Ey, (@y,K) g WAl

Ep (@, R)e DY <2014 (Ar)? [cos(ez) 11| £y, (g, R) eI — By, (@, ke 0D

ZSinz(%jzl—cosa - —2sin2(%]=cosa—l

Eqy(@y, k)e =D =2 {1 —~2(At)? sin (k%“j} Ey (@, K) &N — o (@, k) e 0= DA!

=—E, (wp,k)e 10DV 4 ) {1 ~2(At)? sin? (k%kj} Ep, (@, k)& "=
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Eg (g, k) e 0= DA =2 {1 —~2(At)? sin (%)} Ey (@, K) &N — o (@, k) eI 0= DA!

=—E, (wp,k)e 1DV 4 ) {1 ~2(At)? sin? (k%kj} E, (@, k)& "=

Define / Definiere

U — on (9, f() o Joon At

V(”t ) — U(”t -1

— on (a)o , l;) e-j(()o (I’lt —I)At

which yields for the above equation / womit wir fir die obere Gleichung erhalten

ytth =y 4o {1 —2(At)? sin® El%‘z]} U

=y 4 2{1 —2(At)? sin? [k%Azj} o
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Define a new algebraic vector / Definiere einen neuen algebraischen Vektor
U(nt)
{W}(nz) _
V(”t)

{U(nﬁ-l)} ~ 2{1_2(&)2 Sinz (k%nj} ~1 {U(nt)}

V(nt+1) . 0 V(nt)
:{W}("t+1) :[G]FD :{W}(”t)
1D
(n,+1) FD (n) FD Amplification matrix /
{w} " :[G]m (W} " [G]ID " Verstarkungsmatrix

FD FD )  nth eigenvalue of the matrix ~7FD
det{[G]lD - V[I]} =0 Vn ([G]ID ) ' nn-tergEigenwert der Matrix Gip

a6y {1} = 2212 v

1 -V

_ 2 a2 w2 [ KAz Characteristic polynomial /
=y 21/{1 2(Ar)” sin ( 2 j}“ Charakteristisches Polynom
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

2 2

v~ 2{1 ~2(A1)’ sin’ (’%‘Zﬂ + {1 ~2(Ar)? sin’ (’%‘Zﬂ = {1 —2(Ar)* sin? ("%‘Zﬂ -1
kAz 2 kAz 2

{v - {1 ~2(At)? sin? (Tﬂ} - {1 ~2(At)? sin? (TH ~1

Eigenvalues of the amplification matrix /
Eigenwerte der Verstarkungsmatrix

2
vm:{l—z(&)2 sin’ (’%‘Zj}i {1—2(&)2 sin’ [’%‘ZJ} -1

=a :aZ

—a+\a® -1

if ¢° <1/falls a” <1

:aij\/I—a2
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

2
iy = {1 —2(At)? sin? ("%‘ZJ} + {1 —2(At)? sin? (’%‘2)} -1

2

=a g

—a+t\a® -1

=atiVl-d® ifa®<1/fallsa® <1

v, =Re{v,} +jIm{v,}  n=12

n

Spectral radius /
2 Spektraler Radius
=a2+(\/1—a2) —a’+1-a° P D
p([G]lD ) <1

1 Unit circle /
Einheitskreis

ativl-a®

=1

|V1/2|=

This means for, that all eigenvalues
a>< 1 are on the unit circle in the
complex plane. /
Dies bedeutet, dass alle Eigenwerte fir —_,
a’>< 1 auf dem Einheitskreis in der
komplexen Ebene liegen.
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

2
Vg = {1 —~2(Ar)* sin’ (k%hj} +j [1- {1 —2(At)* sin’ (%)}

2
=a

=a
—atjNl-a* ifa*<1/fallsa® <1

<1

2

a

~ kaz)’
{1-2(&)2 sinz(Tj} <1

Az

1—4(Ar)? sin’ (’L‘ZJ +4(At)* sin® (k— <1
2 2
—4(At)? sin’ (’%‘Zj{l — (At)? sin? (’%‘ZJ <0

1—(Af)? sin? (’%‘Z <0

(A1)? sin® [’%‘Z <1

(Af)* <1  because/ weil max {sin2 (%)} =1
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Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

1-D Stability Condition for an FD algorithm of 2nd order in space and time— CFL-Condition /
1D-Stabilitatsbedingung fur einen FD-Algorithmus zweiter Ordnung in Raum und Zeit— CFL-Bedingung

~

I-D/1D: Ar<Ar, =2 Ar<1
C

2-D and 3-D Stability Condition for an FD algorithm of 2nd order in space and time— CFL-Condition /
2D- und 3D- Stabilitatsbedingung fir einen FD-Algorithmus zweiter Ordnung in Raum und Zeit— CFL-

Bedingung
I Ax ~ 1
2-D/2D: At<At,,, =—F—=— t<—=0.707
max \/E c \/E
1 Ax ~ 1
3-D/3D: At<At,,, =—— At <—=0.577
max \/g c \/g
~ At Courant number /
At=—— : At o =—
JAY Courant - Zahl c
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WA =at\a® —1 ifa®>1/fallsa®>1

—atj1-a* ifa® <1/fallsa® <1 witha={1—2(&)2sin2(k%n}

as a function of
als Funktion von

(At

)

Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

a’>1: v1/2:ai\/a2—l y
v1:a+\/a2—1 vzza—\/az—l

lim |V1|—>oo lim |V2| —0
a—»© —>0

a’<1: vl/zzaijxll—az Vi/2 (A1)
566345
vi=a+] 1-a? vV, =a-—] 1-a?
v|=1 vy| =1
Spectral radius / ([ ]FD) <1
Spektraler Radius 1D}~ N
= 044 -
£

_________

-5.6624

Spectral radius / ([ ]FD)>1 B hREAE
Spektraler Radius 1D /™~

F!e(un)

56635

Dr. René Marklein - NFT | - Lecture 4 / Vorlesung 4 - WS 2003 / 2004

13



Derivation of the Stability Condition for the 1-D FD Scheme of 2nd Order /
Ableitung der Stabilitatsbedingung fuir das 1D-FD-Schema 2ter Ordnung

Eigenvalues / Eigenwerte

vl/z(&):ai\/az ~1  ifa®>1/fallsa® >1

—a+iNl-a> ifd®><1/fallsa® <1

with a = {1 2(At) sin® ﬁzj}

5 AEEAE —

I
=

-5.668543

H 1 1
-565343 -1 u} 1
Fle(un}

566543

5665345

0
0

Spectral radius / Spektraler Radius

gz ()

01 02 05 04 05 06 0F 08 08 1 11 12 13 14
narm (At
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

Maxwell’'s equations / Maxwellsche Gleichungen

gz(g, f)=-VXER,) -J..(R,1)

0
Constitutive Equations for Vacuum / 52(3’ = V*HRH-I.R)
Konstituierende Gleichungen
(Materialgleichungen) fiir Vakuum VeB(R,?)=pn(R,?)
B(R,?) = 1, H(R,?) V+D(R,1) = p.(R,1)
DR,7) =&, E(R,?)
v y Continuity equations / Kontinuitatsgleichungen

Y

0
\ VednR0)=—— pn(R0)
V-J(Rt)———a (R,?)
. e\ — atpe =2

THR )= ~LVXER ) -—-J_(R.1)
ot Ho Ho
0

1
—ER,1) = 1 VxH(R,?) ——J.(R,7)
ot ) )
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3-D Electromagnetic Wave Propagation /

3D elektromagnetische Wellenausbreitung
S HRf)= L VXER)-—-J_(R.1)
a- T w " ()
G 1 1
a_E(Ba t) = —V XH(Ba t) __Je(Ba t) (2)
t & &
2
a—H(R £)= —iVx—E(R f) —iﬁJ (R, 3)
ot Ho Ho
8* 1.9 10 (4)
Z_ER,)= —Vx—HR,) -———J (R
o2 LR0) = & R0 & 5 e (R1)
) _
T HR= —iw{ VR - LR ) |- 1,R0) (5)
ot Ho 20 € 1w o
2 6
T ER- iV{——VXE(Bﬁ 1R S (R ©
ot 20 Ho Ho ] & o
o 1 1 10
S HR,)=———VxVxHR,)+—VxJ R)-——I, R (7)
or* oo Eoko Ho Ot
0 1 0 (8)
S ER,)=———VxVxER,) ———VxJ (R, t)———J (R, 1)
ot Eokdo Eo ko g O
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung
1 o 1 10
——VxVxHR,5)+—HR,)) =+——VxJ (R, -———J (R, (1)
Eokdo or* Eokho Ho Ot
o? 1 d (2)
VxVxER,)+—ER, = ———VxJ, (R, t)———J (R,7)
EoMo or* EoMo & Ot
o]
)=
Vot
1 & 0
~VxVxH(R,1)-——5 HR,1) =-VxJ (R0 +5—J, (R,1) (3)
co or ot
2
VXVXER )= ER) = Vxd (RO)+ sy (R (4)
CO af 5
Vector identity /  yxyx=VVe_VeV=VVe_A Short-hand notation / VeVoV2 oA
Vektoridentitat — Abkiirzende Schreibweise ' ° '~V =
=V =A
1 & )
~[VVe -AJHR,5)~——5HR,1) =~V xJ (R,1) + & —J,,(R,7) (5)
CO 81‘ 6
2
[VVe —AJER ) -—~LBR 1) = Vd, R0+ 2 (R,1) (6)
cy Ot Ot
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

2
[V e —AJHR ) -~ L HR )= -V ¥ I (R 1)+ 5020, (R 1)
cy Ot Ot
VV.-AlE(R 182ER = VxJ (R aJR
_[ ¢~ ]_(_7t)__2_2_(_9t) - _m(_at)—l_/uoa__e(_’t)
CO at t
3rd and 4th Maxwell’s
equations / 3. und 4. Constitutive equations /
Maxwellsche Gleichung Materialgleichungen 1
VeHR,\)=— p_(R,?
VBR.) = pp(R.1) B(R.1) = sy H(R. 1) HRO = AmRD
VDR, =p,(R,1) D(R,?) = & E(R,?) 1
Ve E(B’t) :_pe(th)
€
10 8
AH(B: t) -V V. H(th) ___I__I(B’t) ==V XJe(B: t) + &) _Jm(B: t)
=g o
:7pm(Bat)

Ho
1 & d
AE(B,f)—VV° E(Bat)__z_zE(Bat) = vxlm(gat)+ﬂ0_!e(gat)
1 v CO at at
:?pe(Bat)
0
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

] 2
Aﬂ(g,r)—V{me(B,t) —ia—H(R ) =-VxI(R1)+6y2 I _(R1)
Ho i CO 81‘ ot
1 1 18 0
AE(B,f)_V _pe(B9t) __2_2E(Bat) = vxlm(gat)—l_/uo_le(gat)
£ | Qo o

2
AH(R, z)—is—H(R H=-VxJ (R, t)+gO§J (R,)+——Vp. (R,

) t Hoy
2
AE(R, t)—ia—E(R 1) = VxJ (R, t)+,uOQJ R,t)+— 1 Vp.(R,1)
g or ot &

Laplace operator in Cartesian coordinates /
Laplace-Operator in Kartesischen Koordinaten

A=V.V

6 o0 0 6 o0 0

=& —te, —+& —|*| & —+& —+e —

[sogetlagoge)
& 52 az
a2 o’ e
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

AE(R,1)=V «[VE(R,?)]
=|e i+9 i+9 ). e ﬁ+§ 2+9 g ER,?)
Yo Yoy oz Tox Yoy oz

Short-hand notation/ 0 _ 0
Abkiirzende Schreibweise ox ¥ g Y &z o

AE(R,1)=V +[VER,?)]

= (@xﬁx +§y8y +§282) . [(gxax +§y8y +§282)E(B, t)}

(e.0, +¢,0, +e.0. )| E.(R.e, +E, (R, 0)e, +E. (R, e, |
= ¢ 0.E RN+e.e0.E R)+e.e.0.E (R1)

+e,e,0,E,(R,1)+e,e0,E (R)+e e 0,E (R1)
+92§anEZ (B’ t) +§z§yaZEy (B’ t) +92§zazEz (B) t)
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

AE(R,7)=V +[VE(R,)]
~(e,0,+¢,0, +€.0; )+ (2.0, +¢,0, +€.0. JER,1)
= (Qxax +e,0, + @Z(?z) . [ e.¢, 0 E (R,1)+e,e,0.E,(R,1)+e,e.0.E (R)
+e,e0.E (R)+e e 0,E, (R)+e,e.0,E (R1)
+e. e 0.E,(R)+e.e0,E (R1)+e.e.0.E (R, t)]

AER,1)=V +[VE(R,1)]
=0, * [ e.e0E (R ) +e.e 0.E (R)+ee.0.E (R)
+e,e0,E.(R)+e e 0,E, (R, )+e,e.0,E (R1)
+e.¢,0.E.(R,)+¢e.¢,0.E,(R,1)+e,e,0.E (R |
ve,0, ¢ €.0,0,E, R 1)+e.e,0,E, R1)+e.e.0E R
+e,e0,E.(R)+e e 0,E, (R, )+e,e.0,E (R1)

+e.¢8,

0.E.(R,f)+e.e 0.E,(R,{)+e.e.d.E (g,t)]

zx =z=y~“z"y =z=z"z7z
6.0, ¢ €.0,E (R 1)+e.e,0.E, R1)+e.e.0.E (R
+e,e,0,E (R,1)+e,e,0,E,(R,1)+e,e.0,E (R,1)
+e.¢,0.E (R, +e.¢,0.E,(R,1)+e.e.0.E (R
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

AE(R,7) =V +[VE(R,1)]
=| e OE RN +e,0E, R 1)+ OE,(R1)
+| SO E RN +e,00E, (RN +e.00E, (R.1)

4| e 02E (R 0)+e,02E, (R, ) +¢.02E. (R.1)

:(5§ + 5§ + 5§)[Ex (R,0)e, +E,(R,1)e, + E, (R, t)gz:l

=E(R.7)

= (0% +a; +02 ) E®R.1)

AER,1) = (05 +35 +02 |ER0)

2 2 2
S AR 0 )
or o oz
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3-D Electromagnetic Wave Propagation /
3D elektromagnetische Wellenausbreitung

2
AHR 1)~ — L HR 1) =~V x 3 (R 1)+ 8y 23 (R 1)+~ Vo, (R)
1 & ) 1
AR -~ L ER 1) = VX, (RO+ 1L, R0+ V(R0
cg o’ ot o

AE(R,1) =(8; +0; +0 | ER,1)

AH(R,1) = (0 +0; +0 | HR 1)

2 2 2 2
O T i MR- L HR ) =-VxI R 0)+5 23, RO+~ V(R 1)
ox°~ oy° Oz ¢ Ot Ot Ho

o° ot & 1 o 5 |
+ + ER,\)———ER,?) = VxJ_(R,))+uy—J . (R,t)+—Vp. (R, ¢
(axz oy* 822]_(_ ) cg ot ER) I (Ro1)+ 4l 6t_e(_ ) & Pe(R.1)
0
V.Jm(B’t):_apm(th)

0
Ve Je(B’t) = _Epe(gat)
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

We consider the xz plane and assume that the field is independent of y / ﬁ
Wir betrachten die xz-Ebene und nehmen an, dass das Feld unabhangig von y ist

Then it follows for the 3-D wave equations / Es folgt dann flr die 3D-Wellengleichungen

¢ & o 1 o 0 1
+ + H(X,Z,t)—__H(X,Z,t):—VXJ (X,Z,t)+8 _! (X,Z,t)+_vp (X,Z,t)
[8x2 o’ 822j & o ¢ 05 ~m o "

[szz + ;}22 + 88222 JE(x,z,t) —é%g(x, z,t) = VxXJ_(x,z,1)+ 1 %Je(x, z,t) +g—10Vpe(x, z,t)
And we confine the current sources to / Und wir beschranken die Stromquellen auf
IR =J, (x,,0) =T, (x,2,0)e,
J (RN =J,(x.3,0) = Jo, (x.2,0)e,

This yields for the above given 3-D wave equation /
Dies ergibt fir die oben gegebenen 3D-Wellengleichungen

>z H(x zt)—iin(xzz) Vx| g (.20, |+ 89— oy (X208, +— L Vo (eyt)
PR 2 or oy [T g ™
2

a_ 0 E(xzt)—iiE(xzt) Vx[ (x,z,1)e }+ 9 ) (zbe. +—Vp (x.y.0)
PP a2 o my BB [T A G e TR T Y

=0
ay
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

Curl and divergence of the current sources /
Rotation und Divergenz der Stromquellen

Jm(Bot) = ‘]my(xozat)gy
J(R.1)=J,(x, 2,00,

€, ¢ €, €, €, €,
VxJ.(R,)=|0, ay 0, VxJ (R,1)=|0, 6y 0,
0 J.(xzt) 0 0 J,(xzt) O
0 0
:_Jez(xaznt)gz ——JeZ(X,Z,t)gx =£sz(xazat)gz _2 mz(xazat)gx
X oz ox Oz
0 0 0 0
= —aJeZ (x,z,0)e, +§Jez (x,z,t)e, = —a me (x,z,0)e,. +aJmZ (x,z,0)e,

5 5 5 5 The dive.rg_enceT of the.current
Ve (x,2,0)e, = (Qx —te,—+e, —] Iy (x,2,0)€, =—Jp, (x,2,1) =0 sources is in this special case
x oy oz oy zero, because the currents are

constant in y direction. / Die
5 5 5 5 Divergenz der Stromquellen ist

V.Jey (x, Zat)gy = [Qx —te, e, _] . Jey (szjt)gy = _Jey (x,z,t)=0 in diegem §pezigllen Fall null,

x T T oz y da die Stréme in y-Richtung

konstant sind.
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

V-Jm(g,r)=—§pm(g,z>

0
VeI R =-—p.R1)

1
P (X, z,0)=—V I (X,2,0)
1)

Ved(x.z,0) = jopy, (x,z,0) »

Vel (x,z,0) = jop.(x,z,w 1
I ( )= Jjap( ) Pz, ==V o I (x,2,0)
jo

Vedm (.2, a))(_ey =0

Vedg, (x,z, a))gy =0

Pn(R,0)=0
P.(R,0)=0

pm(Bat) =0
» pe(Bat):O
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

2 2
8_2 8_2 H(x Zt)—ia—H(xzt)——VXJ (xzt)+80§J (x,z2,1)
o oz g or ot

2

2
6—2 82 E(x zt)—ia—E(xzt) = VXI5t g (x,2,1)
o & 2 o o

VxJ.(R,?) ngeZ(x,z,t)gz —EJeZ(x,z,t)gx
ox 1074
0 0
Vxlm(gat):_‘]mz(xazal)gz __‘]mz(xaznt)gx
ox 0z
o & 1 o 0 0 0
—+— |H(x,z,t ———szt ——Jo,(x,z,0)e, +—J,, (x,z,0)e, + & —J (X, 2,1)e
[ax 62 J ( ) CO al‘ ( ) o ey( )_ oz ey( )_ Oat y( )y

o & 1 & 0 0 0
—+— |E(x,z,t) ———E(x,z,t) = —J,,(x,z,0)e, —J, (x,z,0)e, + py—J,, (x,z,1)e
{8}( 82 ] ( Z, ) 2 at2 _( z ) O my( z )_ oz my( z )_ Hy ot ey( )_y
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

o° & 1 8 5 P 3
- H H-——7Hxzt —Jo,(x,z,0)e, +—J,, (x,z,0)e,. + &y —J,, (X, z,1)e
(6)5 aZ ] ( b ) cO al ( = ) 8 ey( z )—Z oz ey( z )—x 0 ot my( z )_y

aZ 82 1 az 0
{—+az—2]Hx(X,Z,l‘)__287HX(X’ZJ): a‘]ey(x’z’t)

ox? )
Decoupled equations / ? o 1 &* 0
Entkoppelte GleiChungen » (ax—z-Fg Hy(x,Z,t)—ggHy(xgzat)— (C/‘OEme(x)Z)t)

2

> 0 10 0
(ax_z ;}H(’”’) 2o M n0 = ~ 7Ty (2D

o> o 1 6° 0 0 0
— 5 [Exn) -5 E®n) = ——Jp (208, + g —Jo, (x,2,0)e, +—— (X, 2,1)e
[axz GZ J ( X, Z, ) CO al‘ ( X, Z, ) o ( Z, ) Ho—= ot ey( z )_y P my( z )—z

62 az 1 82 0
i T = Lo

0
Decoupled equations / » 0° 82 1 0° 0
: E (x,z,0) - —5 E,(x,2,1) = pty—Je,(x,2,1)
Entkoppelte Gleichungen 6x2 a2 e 2 527 0 e
?* 8 1é )
—+— |E.(x,z2,t) —~———E.(x,2,t) = —J,,(x,2,1)
(Gx oz 2] c§ o o
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2-D EM Wave Propagation — 2-D TM Case and 2-D TE Case /
2D EM Wellenausbreitung — 2D-TM-Fall und 2D-TE-Fall

Separation in 2-D — TM and TE case / TM: transversal magnetic / transversal magnetisch
Separation in 2D — TM- und TE- Fall TE: transversal electric / transversal elektrisch
™, case / TM,-Fall 8_2+i E (x,z t)—ia—zE (x,z,0) = éJ (x,z,0)
R I I e A
£ * 1 & 0
Hx(x,Z,t) ax—2+az—2 HX(X,Z,t)—c—zny(X,Z,f) = EJey(x,Z,t)
0
H_(x,z,t)
) 2 & 1 & 0
a_2+8_2 HZ(X’Z’t)__zyHZ(X’Z’t): —a.]ey(x,z,t)
X z Cy
2 2 2
TE, case / TE -Fall 5_2 5_2 Hy(x,Z,t)—Lza—zHy(xa z,t)= & ijmy(x’z,z)
ox~ oz ¢y Ot ot
H ,(x,z,1) 2 2 2
Y 0 0 10 0
Ex(X,Z,t) (ax—z+ngx(x,Z,l)—gﬁ?Ex(x,Z,t) = —Eme(x,z,l)
E_(x,z,t)
’ ?* & 1 & )
a—2+a—2 EZ(X,Z,t)——zyEZ(X,Z,Z) = a.]my(x,Z,l)
X z CO
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2-D EM Wave Propagation — 2-D TM Case /
2D EM Wellenausbreitung — 2D-TM-Fall

Separation in 2-D — TM case / . ,
Separation in 2D — TM-Fall TM: transversal magnetic / transversal magnetisch
M, case / TM,-Fall 8_2+i E (x,z t)—ia—zE (x,z,t) = éJ (x,z,1)
I I e A A
Ey(x,z,t) 5 5 5
0 0 1 0 0
H, (x,2,1) 8_2+6_2 Hx(X,Z,l‘)——zny(X,Z,f)= EJey(X,Z,f)
X Z C
H(x%,2,1) ’
?* o 16 8
—2+—2 HZ(X’Z’t)__z_zHZ(x’Z’t): ——Jey(x,z,t)
ox~ oz cp Ot ox

>
X xz plane / xz-Ebene
Y z
/\/
H, (x,z,1)
n=eg,

Surface normal vector E,(x,z,) ¥V H:(x,21)
(unit-vector) /
Flachennormalenvektor
(Einheitsvektor)
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2-D EM Wave Propagation — 2-D TE Case /
2D EM Wellenausbreitung — 2D-TE-Fall

» Separation in 2-D — TE case / TE: transversal electric / transversal elektrisch

Separation in 2D — TE- Fall

TE case / TE -Fall s 1o 0
v y (—+6Z—2JH},(X»ZJ)__2¥HJJ(X»ZJ): SOEme(x’Z’t)

ax2 Co
H (x,Z,t) 2 2 2
y o° 0 10 0
E (x,2,1) [ax_z+6_2JEx(X,Z,f)—ga7Ex(x,z,t) = —ame(x,z,t)
E.(x,z,1)

82 62 1 62 0
R ) S Ay oy S
L ZJZ(Z)cgatz(Z) T (651

>
X xz plane / xz-Ebene
Y z
/\/
E\(x,z,1)
n=eg,

Hy(X,Z,t) EZ(X,Z,t)

Surface normal vector
(unit-vector) /
Flachennormalenvektor
(Einheitsvektor)
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FD Method — 2-D TM Wave Equation /
FD-Methode — 2D-TM-Wellengleichung

2

Central FD Operators / Zentrale FD-Operatoren

[g+aZ_2\]Ey(x’Z’t)—g¥Ey(x,Z,t) =ﬂ05<]ey(-x,z’t)

Central FD Operators / Zentrale FD-Operatoren

0 E (x+Ax,z,t)-2F (x,z,t)+ E (x — Ax, z,t)
— B (xzh)=— e B +O[(Av)’]
X (Ax)
o2 E (x,z+Az,t)—2E (x,z,0)+ E (x,z — Az, 1)
— B, (x,z,t) =2 T E— +Of(Az)°]
Oz (Az)
2 E (x,z,t+At)=2E (x,z,0)+ E (x,z,t — At
O (man= AL L+ oran?]
t (AY)
Backward FD Operator /
Rickwarts-FD-Operator
J.(xz,t)—-J. (x,z,t — At
gJey(x,z,l‘): o5 Aety( )+O(At)
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FD Method — 2-D TM Wave Equation /
FD-Methode — 2D-TM-Wellengleichung

2-D TM wave equation / 2D-TM-Wellengleichung

R e S Sy o Sy Sy p
(axz 822j y550) Cg or? y(%2.0) =t ot o (:2:0)

Explicit FD algorithm in the time domain of 2nd order in space and time /
Expliziter FD-Algorithmus im Zeitbereich 2ter Ordnung in Raum und Zeit

E,(x+Ax,z,0) = 2E (x,2,0) + E,,(x —Ax,z,t)  E,(x,z+Az,0)=2E,(x,2,0) + E} (x,z— Az,1)
+

(Ax)® (Az)?
1 E,(x,z,t+ A1) = 2E(x,2,0) + E,,(x, 2, — Ar)
¢ (A1)
Jop(X,2,8) =, (X, 2,1 = A
_ g 2B T ORI |y p o1 oAz Ol

At
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FD Method — 2-D TM Wave Equation — 2-D FD Grid /
FD-Methode — 2D-TM-Wellengleichung — 2D-FD-Gitter

2-D FD grid / Ey(X,Z,t) _)EJ(}nx,nz,nl) —)Ei”’”t)
2D-FD-Gitter

n, =1 n, — n, =N,

/ x / X. [ n, =1
. Ey(X, zZ,t) = E)()nx,nz,n[) .
=E(n’”t) )Z
n n.=1,....,N
f A/. A/. K. A/. f n =N
Az
/ K. K. K. K. n =N,
—
Ax

Global grid node numbering /
Globale n=n.+N.(n,-1) n=L..,N N=N,N,

Gitterknotennummerierung
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FD Method — 2-D TM Wave Equation — 2-D FD Stencil /
FD-Methode — 2D-TM-Wellengleichung — 2D-FD-Schablone

2-D FD stencil in space /
2D-FD-Schablone im Raum

T .(nx’nzil)

(ny,n.)

+ (n,—1Ln,) @ @ @ . +1n.)

i AN @ (1.1 +1)

e
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FD Method — 2-D TM Wave Equation /
FD-Methode — 2D-TM-Wellengleichung

Explicit 2-D FD algorithm in the time domain of 2nd order in space and time /
Expliziter 2D-FD-Algorithmus im Zeitbereich 2ter Ordnung in Raum und Zeit

E,(x,z,t + At) =2E  (x,2,1) — E,,(x, 2, — At)

(A1)?
el =

2 (A1)’
+cl ) | E, (24 A2,0)= 2B, (x,2,0) + E, (x, 2= Az, 1)

[Ey(x +Ax,z,t)— 2Ey (x,z,t)+ Ey(x —Ax, x, Z)}

+ C oA | oy (%, 2,0) = J gy (3,21 = A) | +O[(A¥)* ] +O[(A2)° ]+ Ol(AN)’]

Marching-on-in-time algorithm /
»Marschieren in der Zeit“-Algorithmus
x—=>nAx, n.=1,...,N,
z—>nAz, n,=1,...,N

z
t—>nAt, n=1...,N,

(mesnz ;)
E,(x,z,t) > E|, !

Joy (x,2,8) —> ng’"z’"’)
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FD Method — 2-D TM Wave Equation /
FD-Methode — 2D-TM-Wellengleichung

Explicit 2-D FD algorithm in the time domain of 2nd order in space and time /
Expliziter 2D FD-Algorithmus im Zeitbereich 2ter Ordnung in Raum und Zeit

(nxanz SHy +1) — (nxanzant) _ (nxsnz Sy _1)
Ey = 2Ey Ey

A 2
+ (CO { |:E(nx +Ln,,n) 2E(nx,nz,nt) n E(n" —l,nz,n[):|
Ax y y Y

2
Y (g, +1n,) (neonzon) | p(ngon,—Ln,)
+ (E [Ey ~2E¢ +ES }

e ot TG = D |4 Of(AX)]+0[(A2)° T+ Ol (A1)

Homogeneous 2-D FD grid of quadratic cells / ~ Az
Homogenes 2D- FD-Gitter aus quadratischen Zellen

(ny,ng,n+1) _ (ny,n;,n,) _ (ny,n,,n,~1)
Ey = 2Ey ' Ey !
2
COAZ (ny,n,+L,n,) (n.+Ln,,n,) (ny,n,,n;) (n.—1,n,,n,) (ny,n,—1,n,)
+(?j [Ey« D 4 ES D gg(enn) 4 E 2o : J

+ G ot TG = D | Of(Ax) T+ Ol(AD ]
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FD Method — 2-D TM Wave Equation /
FD-Methode — 2D-TM-Wellengleichung

Explicit FD algorithm in the time domain of 2nd order in space and time /
Expliziter FD-Algorithmus im Zeitbereich 2ter Ordnung in Raum und Zeit

A(nxanz’nt +l) — A(nxsnzant) _ A(nxanz’nt _1)
Ey = 2Ey Ey

+ (&)2 |:E"~)(}nx,nz +1,n,) + Eﬁ)(/nx +Ln,,n) 4EJ(/nx,nz,n,) + E)(/nx —1,n,,n,) + E)(/nx,nz —l,nt):|

+ B[ Jigenen) — JGenen =]
for/fir {1<n <N
E"w}()nx,nz,n,) _ 2|:1 _2(&)2}E‘v)(/nx,nz,nt -1) E)(}nx,nz,nt -2)

" (&)2 |:EA~)(;nx,nZ +1,n,) " E)(}nx +L,n,,n,) n E)(}nx -Ln,,n) " E)(}nx,nz —l,n,)}

+ Zt[jg}x,nz,nt) _ jf(:;lx,nz,nt _1)}
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FD Method — 2-D FD Wave Equation — TM Case — Flow Chart /
FD-Methode — 2D FD-Wellengleichung — TM-Fall — Flussdiagramm

Start n, =1

¢

2-D FD TM wave equation: For all nodes n,, n, inside the simulation region:

I v 2 stz -1 2 xoltz» -2
E)(}nx,nz,nt) =2|:1—2(AZ‘)2]E)()nX ng,n, )_E)(}n“ n,,n;—2)

— +(&)2 |:E’\J(}nx,nz +1,n,-1) +E)(}nx +1,n,,n,-1) +E§/nx -1,n,,n,-1) +E)(/nx,nz -Ln, 71)j|
" A(nrsnz’n ) A(nx,anl _1)
At Jeren) - jgnen Y|

v

Excitation: For all excitation nodes n,, n,:

EA')(/nx N ’nt) — EA'}(}nx’nz ’nt) +At [Jé;x’nz 1y _1) _Jé;lx’nz o7y _2)j|

v

Boundary condition: For all PEC boundary nodes n,, n,:

EA'J(}nx N1y ) — 0

No

Stop
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FD Method — 2-D TM Wave Equation — Example /
FD-Methode — 2D-TM-Wellengleichung — Beispiel

Scalar 2-D TM wave equation / Skalare 2D-TM-Wellengleichung \
0<x<X
o* & 107 0 :
—2+—2 Ey(x,z,t) ——2—2Ey(x,z,t) =L —Jey(X,Z,t) for / fiir 0<z<Z
ox° Oz ¢y Ot ot
0<¢t<T
Initial condition / Anfangsbedingung
Hyperbolic initial-
Ey(x,2,0) = Jo, (x,2,1) =0 t<0 Causality / Kausalitat boundary-value
Jo(x,2,0)=8(x—x))(z -z 1) t>0 problem /
o ) =0l 0)0(z=2) /(") > Hyperbolisches
Anfangs-Randwert-

Boundary conditions for a perfectly electrically conducting (PEC) boundary /
Randbedingung fir einen ideal elektrisch leitenden (IEL) Rand

E,(0,z,0)=0 E,(x,0,0)=0
Vz,tVt and/und Vx, 1Vt
E,(X,z,t)=0 E,(x,Z,1)=0

Problem

x=0 PEC/ x=X ’)
IEL
/V > z=0

Y:

PEC/ PEC/
IEL IEL

PEC/
IEL
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FD Method — 2-D TM Wave Equation — Example /
FD-Methode — 2D-TM-Wellengleichung — Beispiel

Nodes in the simulation region/ " =1 e = ne =Ny
Knoten im Simulationsgebiet / —0 o Q 0 n, =1
[ ] E(nant) # 0 y
v
I - L 4 4 O
Nodes at the PEC boundary /
Knoten auf dem IEL-Rand " n,=1,...
o E™ g o) ® ® ® o - no=1..
v ! z =5
O £ L @ O
Ax
O O O O O n,=N,
—P
Ax
Global grid node numbering / n=n,+N,(n,-1) n=1L...,N N=N_N,
Globale Gitterknotennummerierung z
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FD Method — 2-D TM Wave Equation — Example/
FD-Methode — 2D-TM-Wellengleichung — Beispiel

PEC boundary / IEL-Rand

o EaVAVanh I
i / |
Jop(%,2,1) s \/

-‘ . _ b 5 5 & 3 = 3 5 = =
& & & = 3 § g a 8 R
g 2 8 2 J

P
e e
P
[
[ . .

g E B
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FD Method — 2-D FD Wave Equation — TM Case — Validation /
FD-Methode — 2D FD-Wellengleichung — TM-Fall — Validierung

Domain integral representation /
(Gebiets-) Integraldarstellung

1-D case / 1D-Fall 2-D case / 2D-Fall
Ex(z,a))=ja),u0 J' G(Z_Z',O)) Jex(Z',a)) dz' Ey(x,z,a))=ja)ﬂ0 J- J. G(X—XI,Z—Z’,C()) Jey(xrazlaa)) dx'dz’
2'=—c0 z'=—00x'=—0

Green'’s function / Greensche Funktion

Glr.) =] i PV 4 25(z) | ol Gx,z,0) =2 HD | 222 + 2
2 a)o 4 CO
G(z,0) =L t—H 0 1 Va? +2°
’ 2 C, G(X,Z,t)zz— > 5 > > ul|t—
0 ”\/cot —(x“+2z%) XU
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FD Method — 2-D FD Wave Equation — TM Case — Validation /
FD-Methode — 2D FD-Wellengleichung — TM-Fall — Validierung

2-D Domain integral representation /
2D-(Gebiets-)Integraldarstellung

jpm| @
G(l",a))zzHg)(gl"]

G(r,t) =c—0;u(t—LJ

2r /c§t2 _2 <o

E,(r,0) = jou, j G(r—r',0) Jo, (', ) dr’
7'=0

E,(r.0)=jop[, Gr-r' ) Jo ¢ o) dr
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FD Method — 2-D FD Wave Equation — TM Case — Validation /
FD-Methode — 2D FD-Wellengleichung — TM-Fall — Validierung

2-D Domain integral representation / 2D-(Gebiets-)Integraldarstellung

!

r-r

G*?(r-r',w) =RC2w) - H(l)[

|

Co

\ G(Ei —r, t)

i > ¢
t=|r, —1'|/c
/\ ;R(ifz(zl _ £/,t)
: > 1
\] v
Pt=|r, —r/c

' 1
G"P(e-r . =RC2AD* SE ul 1~

\ G(r, — 1, t?

I -~ t
t=|ry —r'|/c
(;RC‘Z(i? *f,f)

L t=|r, —r/c

ey -] 17 F RC2(w) '

I' l‘
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End of Lecture 4/
Ende der 4. Vorlesung
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