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ABSTRACT  

Coherence scanning interferometry (CSI) is a widely used optical method for surface topography measurement of 
industrial and biomedical surfaces. The operation of CSI can be modelled using approximate physics-based approaches 
with minimal computational effort. A critical aspect of CSI modelling is defining the transfer function for the imaging 
properties of the instrument in order to predict the interference fringes from which topography information is extracted. 
Approximate methods, for example, elementary Fourier optics, universal Fourier optics and foil models, use scalar 
diffraction theory and the imaging properties of the optical system to model CSI surface topography measurement. In 
this paper, the measured topographies of different surfaces, including various sinusoids, two posts and a step height, 
calculated using the three example methods are compared. The presented results illustrate the agreement between the 
three example models.  
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1. INTRODUCTION
Interference microscopy, particularly coherence scanning interferometry (CSI)1, is a popular optical technique for high-
precision surface topography measurement2, 3. The broad range of CSI applications, from high-precision measurements 
of semiconductor devices to quality control in industrial manufacturing, has motivated the development of physics-based 
models to predict interference signals and analyse measurement results4-7. The development of these models addresses 
the practical need for a better understanding of the instrument characteristics and performance specifications, 
optimisation of instrument configurations for good practice, and uncertainty estimation using virtual instruments. 

Modelling of CSI for the full range of current and future applications of these instruments is a complex task, which can 
be addressed by approximate physics-based models that simplify three-dimensional (3D) optical imaging using the linear 
theory of imaging8, 9 and well-established scattering approximations10-12. A number of practical, approximate models 
have been developed with known limitations in their validity ranges11, 13, including the neglect of near-field and 
polarisation effects, multiple scattering and surface films14. These approximate models serve a useful purpose 
constrained by the fundamental limits of scalar diffraction and linear imaging theory15, 16.  

Using approximate models, the formation of interference fringes can be considered as a linear filtering operation 
characterised by a transfer function (TF) in the spatial frequency domain. Linear systems theory has been extensively 
applied to 2D optical imaging10. The linear systems theory approach to interferometric imaging allows in many cases for 
the compensation of measurement errors by the application of an inverse filter17. Furthermore, approximate models are 
easier to implement than more rigorous solvers of Maxwell’s equations, are computationally efficient and can provide 
insight into fundamental sources of measurement error related to light scattering and imaging18. 

Elementary Fourier optics (EFO)19, 20, universal Fourier optics (UFO)21, 22 and the foil model16, 23 benefit from scalar 
approximation methods that consider the imaging properties of the optical system. These models assume that local 
surface curvatures are small enough to comply with Kirchhoff’s approximation11; however, each method uses a different 
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approach to model the surface and the TF. EFO models the surface as a phase object together with classical Fourier 
optics methods and a 2D partially coherent optical TF. EFO methods, along with a 2D representation of the propagating 
light field, have been used to model an interference microscope19, 24 and to predict the linear instrument TF and residual 
nonlinear measurement errors for optical measurements of surface topography25. The UFO method also uses the phase 
object approximation and a 2D TF, where the 2D TF equals the horizontal cross-section of a 3D TF21. In the foil model, 
the surface is defined as a 3D thin foil-like object, and the 3D TF maps this surface to the interference fringes16. The foil 
model has been used in various surface topography measurement applications including signal modelling16, 26, calibration 
and adjustment of the 3D TF27 and lens aberration compensation28 in a CSI instrument. Applications of the foil model are 
not limited to interference microscopy but can also be extended to 3D image formation in focus variation microscopy29. 

While the mathematical derivations in the literature for the EFO, UFO and foil models differ from each other, we shall 
show here that they predict the same measurement results within their respective validity regimes. To demonstrate the 
comparability of the EFO, UFO and foil models, we perform numerical calculations based on simulated object profiles 
that include sinusoids, step heights and closely-space rectangular surface features, for different instrument 
configurations, such as numerical aperture (NA) and light source spectrum. These results demonstrate the consistency of 
these approximate methods based on similar scattering and imaging theories and improve confidence in approximate 
methods as a foundation for the development of virtual CSI instruments. 

2. EFO, UFO AND FOIL MODELS
The EFO, UFO and foil models are well-established approximate models. Detailed descriptions of the background theory 
and applications of these models are available elsewhere16, 19-23, 25. In all three models, imaging of the surface topography 
is described as a linear filtering process characterised by a TF. In the following sections, we briefly describe how the TF, 
object and image are simulated in each model. 

2.1 EFO 

In the EFO model, the contribution of surface topography in interference microscopy modelling is approximated by 
introducing a phase shift proportional to the surface heights ( )oz h x=  to the object light field (i.e. the light field 
immediately after reflection). Assuming uniform monochromatic illumination and surface reflectivity, the 2D object 
field is approximated as 19 

(x) [ 2 ( )]o oU exp i Kh x ,= −  (1) 
where 2K =  is the interference fringe frequency,   is the wavelength of the incident light and   is the obliquity 
factor that approximates the effect of the illumination geometry by integrating over all incident angles. This 
approximation is a significant simplification compared to pupil integration methods30, including 3D TF models that 
calculate the contribution of each incident wave vector within the pupil plane independently31. This simplification 
enables a classical 2D Fourier optics analysis, at the expense of disregarding focus effects on surfaces with large height 
variations. The image field is obtained by applying a filtering operation in the spatial frequency domain using a 2D 
partially-coherent TF (PCTF): 10 

( ) ( ) ( ),s x x o xU k O k U k=  (2) 

where xk is the projection of the scattered wave vector in the pupil plane, ( )s xU k  and ( )o xU k are the Fourier transforms 

or plane wave spectra of the image and object fields respectively, and ( )xO k is the PCTF. As an example, for an 
interference microscope with Köhler illumination and a filled illumination pupil of the same size as the imaging pupil, 
the PCTF is similar in form to the modulation TF for conventional imaging: 

2

-1

max max max max

2( ) cos rect
2

x x x x

x

k k k k
O k 1 ,

k k k k

 
        = − −               

 

 (3) 

where max 2 Nk A = and NA is the value of the NA. The scattered field in the image plane ( )sU x  is given by the inverse

Fourier transform of ( )s xU k . For a broadband source, Eqs. (1) to (3) are repeated to give ( )sU x,K . Although it is
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possible to simulate the interference fringes in the EFO model (inverse Fourier transform of ( )sU x,K along z-axis), 
surface topography can be calculated directly from the image field19, 20. The limits of applicability for EFO modelling are 
reported elsewhere20.  

2.2 UFO 

In the UFO model, the optical field ( )oU x,y on a surface ( )oh x, y immediately after reflection is given by 

 ( )=exp 2 ( )o z z oU x,y,K iK h x,y ,−  (4) 
where 

zK is the component of K along the z-axis, where21, 22

0

sin( )-sin( )
cos( )+cos( )

s i

z s i

K
k .

K

  

 

  
= =   
   

s iK = k - k  (5) 

In Eq. (5), sk and ik are the scattered and incident wave vectors characterised by scattered and incident angles 
s and

i in relation to the z-axis respectively, and
0k 1 =  is the wave-number. Unlike the EFO model, the effect of multiple 

illumination incident angles and orientations is included in the UFO method, to account for focus effects. 

The interference intensity between the object and the reference field in the K-space results from frequency domain 
filtering of the Fourier representation of the object field ( )oU K as32

0( ) ( ) ( ).I U HK K K  (6) 

In Eq. (6), ( )H K is the 3D optical TF of the imaging system. An analytical form for the 3D TF follows from a 3D 
correlation of the spherical caps corresponding to the incident and scattered wave vectors33, 34. It has been shown that the 
shape of the 3D TF of a diffraction-limited interference microscope with uniform monochromatic pupil illumination 
depends on the surface under investigation22, 33. For piecewise continuous surfaces, the normalised 3D TF for 
monochromatic light of wavenumber 0k  results in32 

( )

0 max
0

min-1
0 min 022 00

for 
2

2( , , )= 1 cos     for 
π 24

0      

z
z , z z ,

z z , z

z z , z z ,

K
K K K ,

k

K K K
H K K k K K K ,

kK k




 

  −  −  
   −   

K

K

elsewhere,













 (7) 

where ,minzK , 0z ,K and ,maxzK are given by 

2
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 (8) 

To consider polychromatic light, the individual monochromatic 3D TFs are superimposed after weighting to account for 
the spectral distribution.  

2.3 Foil model 

Consider a monochromatic plane wave ( ) ( )iU exp 2 i .= ir k r propagated with a 3D wave vector ik illuminating a 3D
scattering object with a surface height function of ( )oh x, y . Using the integral theorem of Helmholtz and Kirchhoff, the
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scattered field can be expressed as a surface integral13. Applying Kirchhoff’s boundary conditions11 and the free-space 
Green’s function into the integral, the scattered far-field can be written as16  

 
2

3
0

0

( ) ( ) ( ) ( 2 )
2s o

1
U k R z h x, y e xp i d ,

k
  

 
+ = − + − − − 

  
i i

K
K k K k K.r r

K.z
 (9) 

where s iK = k - k , sk is the scattering wave vector, 
0k 1 = is the wavenumber and R is the amplitude reflection

coefficient. The term  ( )oR z h x,y − is proportional to what is referred to as the “foil model” of the surface16. In
interference microscopy, the scattered field over the surface is obtained by a 3D surface TF (STF) of a microscope 
objective with a finite NA and a pupil apodisation function of ( )P k . The STF with regards to the incident wave vector 

ik is a truncated spherical shell expressed by16, 23

2 2
NA 0

0

( )( ) ( ) ( )step N

.
G P k 1 A .

k


 +
+  + + − − − 

 

i
i i i

K k zK k K k K k (10)

For an ideal aplanatic case  
1 2

0( )= ( )P . k+ +i iK k K k z . Using the definition of the STF and the foil model of the 
surface, Eq. (9) can be re-written as 

2

NA( ) ( ) ( )
2sU F G ,
 

+ = + 
  

i i

K
K k K K k

K.z
 (11) 

where ( )F K  is the 3D Fourier transform of the foil model of the surface. Using Eq. (11), and considering all possible 
incident wave vectors, the Fourier transform of the interference term between the incident and scattered field is given 
by23    

2

NA( ) ( ) ( ).
2

I F G
 

= + 
  


i

i

K
K K K k

K.z
(12)

This equation represents the product of the 3D Fourier transform of the foil model of the surface and the optical 3D TF 
according to the foil model considering all possible incident and scattered wavevectors. The interference fringes can be 
obtained by applying an inverse Fourier transform to Eq. (12). 

3. RESULTS AND DISCUSSION
In this section, the simulated TFs and measurement results for various profiles obtained by the EFO, UFO and foil 
models are compared. In all simulations, the light source is assumed to have a Gaussian wavenumber spectrum with a 
mean wavelength of 0.57 μm similar to a common CSI instrument. The interference microscope is configured with 
Köhler illumination and the objective aperture is fully filled (the illumination pupil is equal to the observation pupil). We 
also assume that the objective pupil function is consistent with an aplanatic imaging system31 satisfying Abbe’s sine 
condition.  

3.1 Comparison of the measured profiles 

The detailed specification of the nominal profiles and the optics, including NA, objective, and full-width at half 
maximum (FWHM) wavelength bandwidth of the light source, considered for simulation are shown in Table 1. 
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Table 1. Summary of simulated samples and optics. The mean wavelength equals 0.57 μm for all simulations. 

Figure 1. The interference fringe pattern simulated by (a) EFO, (b) UFO and (c) foil corresponding to the S1 test in Table 1. 

As a part of CSI modelling, the EFO, UFO and foil models can simulate the interference signal. Figure shows an 
example of the simulated CSI signal obtained by the (a) EFO, (b) UFO and (c) foil models for the S1 test in Table. In 
interference microscopy, the surface topography can be obtained using an appropriate surface reconstruction method, 
e.g., envelope detection35, frequency domain analysis (FDA)36 and the correlogram correlation method37. The FDA-
envelope method provides a first estimation of the surface height corresponding to the location of the coherence

 Test  Sample    Optics 

  Type  Width / μm        Height / μm  NA  Objective  FWHM / μm 

  Step   Step  8   0.75  0.15  5.5×       0.12 

  Period / μm     Amplitude / μm 

    S1  Sine  40   0.3   0.08   2.75×  0.08 

   S2  Sine  10  0.15  0.15   5.5×   0.08 

    S3  Sine     10  0.15  0.3   10×  0.08 

 S4  Sine    10  0.15  0.55  50×   0.08 

    S5  Sine  10  0.57  0.7  100×  0.08 

 Period / μm  Amplitude / μm 

   DS  Double sine  10; 160   0.15; 5.0  0.3    10×      0.08 

     Centre-to-centre      Height / μm 

 Spacing; Post Width / μm   

   TP1       Two-posts  1; 0.45   0.05  0.3  10×  0.08 

   TP2       Two-posts  0.5; 0.2      0.05  0.8  100×     0.08 
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envelope. This can be achieved by fitting a linear model to the Fourier component phases in the spatial frequency 
domain. Using FDA-phase, the height value is calculated by interpolating the linear fit at the spatial frequency for which 
the Fourier magnitude is greatest. In the context of the UFO model, it has been shown that the lateral resolution for 
interference microscopy can be enhanced by selecting specific Fourier components, rather than using linear phase 
fitting32. However, in this paper, the primary goal is the comparison of different scattering and imaging models, rather 
than the comparison of reconstruction algorithms. Hence, the interference signal data generated by the EFO, UFO and 
foil models are analysed using the same FDA-phase algorithm.  

Simulated measurement results obtained by the EFO, UFO and foil models using the configurations shown in Table 1 are 
illustrated in Figure 2. In Figure 2, a to i show the nominal and measured profiles obtained by the EFO, UFO and foil 
models along the x-axis while a' to i' illustrate the difference between the measured and nominal profiles (that is, the 
predicted height measurement error) for each modelling method. Finally, the relative signal strength of the interference 
fringe data for the UFO, EFO and foil models are shown in a'' to i''. The relative signal strength plot shows the amplitude 
of the interference signal, normalised to the highest signal in the data set. The fringe signal data for the S1 test in Figure 
clearly shows that at steep slopes, the signal level (interference fringe contrast) is lower than at the peak and valley 
positions. Due to the overlapping of the data, the individual curves cannot be distinguished in most of the subplots of 
Figure 2. The inset of Figure 2 (h) illustrates the differences between the measured profiles, in this case, considered 
negligibly small. In Figure 2 (a''), at the edges of the step where the signal data are low, the data points corresponding to 
the relative signal value below the minimum modulation threshold are removed from the measured profile. The so-called 
batwing effect38, which appears when discontinuous surfaces with sharp edges (step heights smaller than the coherence 
length) are measured with CSI, can be seen in Figure 2 (a'). However, since the simulated data are analysed using an 
FDA-phase algorithm, the batwing effect is not significant39. 

In the S2 to S4 tests (sinusoidal profiles with the same maximum slope angles and minimum curvatures), increasing the 
NA causes the height error to decrease in all methods. The DS test with the height range of  5.15 μm, demonstrates that 
the EFO, UFO and foil models are not restricted to small surface heights (e.g., 4 ). In the TP1 and TP2 tests, post 
separations are chosen to be close to the Sparrow resolution limit40 (0.95 μm and 0.43 μm respectively). Figure 2 (h, h', i 
and i') illustrate that higher NA results in higher lateral resolution and amplitude of the measured profile in all three 
models. 

The comparison of the different measured profiles obtained by EFO, UFO and foil models shows that there is good 
agreement between these three approaches. The root-mean-square (RMS) of the difference between the measured 
profiles obtained by each two models is within the sub-nanometre range. This confirms that they are based on common 
physical assumptions, even though they use different approaches to model the surface and TF. 
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Figure 2. (a to i) Nominal and measured profiles obtained by the EFO, UFO and foil models along the x-axis. The 
specification of the samples and optics used at each row are provided in Table. (a' to i') difference between the measured and 
nominal profiles for EFO, UFO and foil models. (a'' to i'') relative signal strength of the fringe data in the EFO, UFO and foil 
models.  
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3.2 Comparison of the TFs 

In addition to the simulation and comparison of the various surfaces for the three models illustrated in Figure 2, a second 
comparison directly compares the TFs of the EFO, UFO and foil models. Figure 3 shows the x,z-plane cross-sectional 
view of the simulated 3D (a to d) foil and (a' to d') UFO TFs that are obtained using the analytical and numerical models 
respectively, and (a'' to d'') 2D EFO TF along the x-axis. In Figure 2, the behaviour of the TF corresponding to each 
model is observed for four different NAs of (a to a'') 0.8, (b to b'') 0.55, (c to c'') 0.3 and (d to d'') 0.15. It should be noted 
that all TFs are simulated considering a Gaussian light source with a mean wavelength of 0.57 μm, an FWHM bandwidth 
of 0.08 μm and a fully filled objective aperture that obeys Abbe’s sine condition. Comparing the rows of Figure 3, it is 
evident that increasing the NA causes the TF to broaden along the x-axis. Figure 3 shows that, despite the small 
differences between the 3D TFs of the UFO and foil models around the side lobes, they are in general agreement since 
the measured profiles obtained by these models are almost identical, as shown in Figure 2. The average of the RMS of 
the difference between the magnitude of the normalised TFs of the UFO and foil models over the range of provided NAs 
is of the order of 10-3. The 2D TF of the EFO model corresponds to the integration of the 3D TFs along the z-axis.  

Author copy. Copyright 2023, Society of Photo-Optical Instrumentation Engineers (SPIE), see last page for details.
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Figure 3. Simulated TFs of the EFO, UFO and foil models. The 3D TF of (a to d) the foil and (a' to d') UFO models, and (a'' 
to d'') the 2D TF in the EFO model for the NA of (a to a'') 0.8, (b to b'') 0.55, (c to c'') 0.3 and (d to d'') 0.15. All the TFs are 
simulated considering a Gaussian light source with a mean wavelength of 0.57 μm, an FWHM bandwidth of 0.08 μm and an 
objective lens that obeys Abbe’s sine condition. 
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4. CONCLUSION

Due to the wide range of CSI applications, the development of physics-based models to predict interference signals and 
analyse measurement results is of great interest. Despite the limitations of the approximate models, they can provide a 
powerful means for CSI modelling using basic scalar diffraction and linear imaging theory. The EFO, UFO and foil 
models are approximate models based on scalar diffraction theory. These models benefit from the linear nature of their 
imaging theories, so that the transfer characteristic of a CSI instrument can be defined by a linear filtering operation.   

In the foil model, the 3D object is defined as a thin foil-like model, and the 3D surface TF is calculated by numerical 
integration. The EFO method simplifies the surface topography to a phase object at a constant equivalent wavelength and 
uses an analytical form for the 2D partially-coherent optical TF to map the object field to the image field in the spatial 
frequency domain. In a similar manner to the EFO model, the UFO approach treats the object as a phase object, but 
preserves the effects of multiple illumination incident angles, and relies on an analytical 3D optical TF to calculate the 
interference signal. 

In this paper, we demonstrate the degree of agreement for these three approximate scaler diffraction and imaging models 
using software simulations. The RMS of the difference between the measured profiles obtained by each two models is 
within the sub-nanometre range. The cross-sectional view of the UFO and foil 3D TFs in the xz-plane and the 2D TF of 
EFO along the x-axis are in good agreement, so that the average of the RMS of the difference between the magnitude of 
the normalised TFs of the UFO and foil models over the provided range of NAs is of the order of 10-3. The EFO, UFO 
and foil models applied to various 2D profiles, including sinusoids, step and rectangular surface features, for different 
instrument configurations illustrate the applicability of these methods for piecewise-continuous, relatively smooth 
surfaces.  

In future work, we intend to compare the measured profiles obtained by these models with a more comprehensive range 
of profiles, including various slope angles and curvatures within the validity range of these models. Furthermore, to 
verify the measurement results, we will compare the results of these theoretical predictions with the experimental results.  
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