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Discovering Optimal Constant Matrix Multiplication
Circuits with Boolean Satisfiability

Nicolai Fiege , Peter Zipf

Abstract—When designing arithmetic circuits, the multiplica-1

tion of a variable by a constant number can be performed by a2

series of add/subtract, and shift operations instead of a multipli-3

cation (e.g., 7x = 23x – x = (x << 3) – x). This allows for significant4

reductions in complexity of multiplication circuits, as adders are5

typically much more hardware-efficient than a generic multiplier,6

and shift operations can be performed without any overhead7

by appropriately connecting the concerned signals. This concept8

extends to the multiplication of a constant matrix by a vector9

of variables, known as constant matrix multiplication (CMM).10

So far, there exists no way of discovering CMM algorithms with11

provably minimal add/subtract count. Here we show how the12

CMM problem can be reduced to a series of Boolean Satisfiability13

(SAT) problems, enabling the use of powerful SAT solvers to14

determine optimal solutions for arbitrary matrices. Modeling15

the problem in a closed mathematical framework allows us16

to straightforwardly extend our algorithm towards secondary17

objectives, namely word-size reductions of the add/subtract op-18

erations and pipelining for throughput maximization. Compared19

to state-of-the-art heuristic methods we are consistently able to20

achieve improvements regarding the resulting implementation21

complexity, even for small but practical matrix sizes such as22

2 x 2 or 3 x 3. These results enable a reduction in implementation23

costs for a wide range of practical applications such as digital24

filters, convolutional cores in artificial neural networks, or the25

multiplication by complex constants in discrete transforms like26

the Fast Fourier Transform.27

I. INTRODUCTION28

IN this work we propose the first optimal method to discover29

multiplierless circuits for matrix-vector multiplications,30

where the matrix is made up of constants. For a given matrix31

of constants, the proposed approach repeatedly constructs and32

solves Boolean Satisfiability problems to determine a circuit33

and to also prove that no better circuit (in terms of circuit34

complexity) exists.35

Implementing digital constant multiplication circuits solely36

with shift and add/subtract operations has the advantage that37

bit shifts can be realised by re-wiring and additions/subtrac-38

tions are cheap to implement compared to costly multipliers1.39

However, the problem of finding such circuits has been an40

active research topic for several decades.41

The most basic case (i.e., multiplying a variable by a scalar)42

is solved for coefficient word sizes up to 32 bits [1], which43

suffices for most practical applications. When generalizing this44
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1In the following, we assume that implementation costs for adders and

subtracters are roughly equal. Hence, we refer to both of them as “adder”.

concept to the multiplication of a matrix of constants by a 45

vector of variables 46
y1
y2
...
yU

 =


C1,1 C1,2 · · · C1,V

C2,1 C2,2 · · · C2,V

...
. . .

...
CU,1 CU,2 · · · CU,V

 ·

x1

x2

...
xV

 (1)

called constant matrix multiplication (CMM), contemporary 47

algorithms run into numerous problems. Tabulating optimal 48

solutions for all possible problems is infeasible due to the 49

large problem space, even for a given word size. Specialized 50

algorithms are utilized to compute circuits for the multipli- 51

cation of a single input with a given set of constants [1]– 52

[15], called Multiple Constant Multiplication (MCM). For the 53

general case of CMM, however, only a few heuristic methods 54

with unknown quality of results (QoR) exist [16]–[22]. 55

To address these shortcomings, our contributions are the 56

following: 57

1) We propose OatMeal2, the first method to find shift-and- 58

add-based CMM algorithms with minimum adder count 59

using SAT solvers (Section II-C–II-E). 60

2) We extend the SAT model towards (i) pipelining for 61

throughput maximization and (ii) bit-level costs for 62

a minimization of adder/register word lengths (Sec- 63

tion II-F–II-H). 64

3) We experimentally validate the proposed algorithm on 65

realistic test instances and show superiority over the 66

state-of-the-art (Section III–IV). 67

II. SAT-BASED CMM DISCOVERY 68

Formally, we seek to solve the following optimization 69

problem: 70

Optimization problem 1 (CMM). Given a matrix of constants 71

C ∈ NU×V . Find a shift-and-add realization with minimum 72

adder count N∗. 73

Instead of solving the CMM problem directly, we instead 74

solve a series of related decision problems, called dCMM. 75

Decision problem 1 (dCMM). Given a matrix of constants 76

C ∈ NU×V and a candidate adder count N ∈ N. Decide 77

whether a shift-and-add realization exists with at most N 78

adders. 79

A realization with N∗ adders is a solution to the CMM 80

problem if and only if the dCMM problem is satisfiable for 81

N∗ and unsatisfiable for N∗ − 1 adders. 82
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We solve all dCMM problems by modeling the resulting83

circuit as a Boolean Satisfiability (SAT) problem, leaving84

all implementation-related parameters (e.g., shift values and85

connections between adders) as decision variables to be deter-86

mined by the solver.87

Decision problem 2 (SAT). Given a function f of Boolean88

variables x1 . . . xn in conjunctive normal form (CNF). Deter-89

mine whether there exists a variable assignment ϕ such that90

f evaluates to true.91

If the corresponding SAT problem is satisfiable for N92

adders, we can reconstruct a solution to the dCMM problem93

from the variable assignment returned by the solver. If it is94

unsatisfiable for N adders, we know that a solution to the95

CMM problem has an adder count of at least N + 1. As a96

trivial search procedure, we could start with N = 0 adders,97

solve the corresponding dCMM problem, and increase N by98

one every time the SAT solver reports unsatisfiable. That way,99

the first solution encountered is guaranteed to be optimal.100

A. Example101

As an example consider the complex-valued multiplication102

y = (57 + j21) · x, where j represents the imaginary unit103

with j2 = −1. The complex multiplication can be re-written104

in matrix form to105 [
yR
yI

]
=

[
57 −21
21 57

]
·
[
xR
xI

]
(2)

where xR and yR represent real parts and xI and yI represent106

imaginary parts. Fig. 1 shows various possible implementa-107

tions resulting from different ways of solving the underlying108

CMM problem.109

A naive approach is based on single constant multiplication110

(SCM). The circuit computes all products separately using a111

total of ten adders; the multiplication circuits by 57 and 21 are112

shown in the appendix, in Fig. 10a and Fig. 10b, respectively.113

A more sophisticated approach groups the multiplications by114

57 and 21 into dedicated multiple constant multiplication115

(MCM) blocks. By doing so, only eight instead of ten adders116

are needed for an implementation, because the intermediate117

result 7x = (x≪ 3)−x can be used to compute both 57 and118

21 via 21x = (7x ≪ 1) + 7x and 57x = (x ≪ 6) − 7x119

(cf. Fig. 11). Re-ordering the computation into a sum of120

products (SOP) form for yR and yI does not bring any benefit121

compared to MCM (cf. Fig. 12). Only when tackling the CMM122

problem as a whole, it is possible to reduce implementation123

costs to six adders. Next to each shifter and adder we give124

the linear combination of the inputs computed at the given125

position in the circuit. For example, [1,−1] next to the top-126

most subtracter means that it computes 1 · xR − 1 · xI. These127

lists can be interpreted as vectors, where inputs represent base128

vectors. We call these vectors “fundamental” in the following.129

In order for a CMM circuit to be valid, each row vector of130

the given matrix must be present as a fundamental within the131

circuit.132

57 21 57 21

xR xI

yR yI

N=2 N=2

N=2 N=2

N=1 N=1

(a) Based on SCM (10 adders
total)

xR xI

yR yI

N=1 N=1

MCM Block

57 21

MCM Block

57 21

N=3 N=3

(b) Based on MCM (8 adders
total)

xR xI

yR yI

N=4 N=4

SOP Block

57a-21b

a b

SOP Block

21a+57b

a b

(c) Based on SOP (8 adders total)

xR xI

yR yI

N=6

CMM Block

57a-21b

a b

21a+57b

(d) Based on CMM (6 adders
total)

xR xI

yRyI

3

2

1

6

[1, 0] [0, 1]

[1, -1]

[1, 3]

[0, 4]

[7, 21]

[8, 24]

[64, 0]

[0, 2]

2 [-28, -76]

[-7, -19]

[57, -21]

[21, 57]

(e) CMM solution in detail. Next to each circuit element we give the
linear combination of xR and xI computed at its output.

Fig. 1: Different solutions to y = (57 + j21) · x, where x =
xR+jxI and y = yR+jyI. As a convention, subtracters always
subtract the right input. Detailed adder graphs are given in the
appendix.

TABLE I: Overview of special CMM cases

U = 1 U > 1

V = 1 Single constant multiplication Multiple constant multiplication

V > 1 Sum of products Constant matrix multiplication

B. Related work 133

See Table I for an overview of special CMM cases regarding 134

the matrix dimensions U and V . So far there only exist 135

heuristic algorithms to solve the general CMM problem (i.e., 136

U > 1 and V > 1). 137
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SCM (i.e., U = 1 and V = 1) is solved optimally regarding138

the number of additions up to 32 bits [1]. A database for139

bit-level optimized SCM solutions up to 16 bits was created140

by Bierlee et al. for unsigned arithmetic with the goal of141

efficient SAT encodings for constant multiplications arising in142

constraint satisfaction problems such as the multi-dimensional143

knapsack problem [23]. However, this table might not be144

optimal for all coefficients since previous work has shown145

that allowing negative fundamentals can sometimes yield even146

cheaper solutions due to non-symmetric bit-level costs for147

subtractions [14].148

Whenever a single input is multiplied with several constants149

(i.e., V = 1 and U > 1), intermediate results can be shared150

to reduce the computational overhead even further [2]. This151

occurs, for example, in digital filter implementations [5],152

[24]–[30]. Similar to SCM, state-of-the-art optimal algorithms153

exist for solving MCM problems of practical interest [4],154

[8], [10], [14], [31]. Hardware-aware extensions for bit-level155

optimizations via SAT [14] or ILP [10] or for pipelined156

realizations [31] are available in literature. Fiege et al. showed157

that SAT-based algorithms translate to larger coefficient word158

sizes where ILP-based algorithms run into numerical issues159

and the search space explodes for custom branch-and-bound160

methods [14].161

Aside from good results for practical applications (cf. Sec-162

tion III), the reduction of constant multiplication problems to163

sequences of SAT instances is also theoretically justified. This164

is because the CMM, SOP, and MCM problems generalize165

the SCM problem, whose decision variant is known to be166

NP-complete [32], [33]. By choosing a solver from the same167

complexity class, we maintain the theoretical soundness of the168

proposed approach.169

Contemporary algorithms which support multiple inputs170

(i.e., V > 1) for solving SOP (U = 1) or CMM (U > 1) [34]171

struggle when increasing the number of inputs [21]. This172

can, for example, be circumvented by transposing the matrix173

whenever V > U and afterwards transposing the result to174

obtain a solution for the original problem [20], [21]. That175

way, MCM algorithms can be used for solving SOP instances176

and solving time for difficult CMM instances can be reduced.177

Still, only heuristic algorithms exist for the general case of178

CMM [17], [19], [22], [34], [35].179

C. The base model for CMM180

Voronenko and Püschel introduced the scalar A operation181

Aq(u, v) = |2l1u+ (−1)s2l2v|2−r (3)

to represent an adder in the resulting circuit [2]. Here we use a182

modified version of Kumm et al.’s extension to vector valued183

inputs u⃗ and v⃗ [34]184

A⃗q(u⃗, v⃗) = (2l1 u⃗+ (−1)s2l2 v⃗)2−r (4)

with l1, l2, r ∈ N0, l1 = 0 ∨ l2 = 0, s ∈ {0, 1}. Subscript185

q = (l1, l2, r, s) represents the configuration of that adder.186

The parameters l1 and l2 are left shifts at one of the inputs,187

s is used to distinguish addition and subtraction and r is a188

right shift at the output of the adder. In order to preserve all189

bits within the resulting circuit, r must be chosen such that 2r 190

divides each vector element in (2l1 u⃗+ (−1)s2l2 v⃗). 191

In this work, we model the A-operation via SAT variables 192

and clauses. Additionally, we also add clauses to the SAT 193

formula to ensure the following: 194

• Inputs c⃗(0) . . . c⃗(V−1) are equal to the respective unit 195

vectors. 196

• For each row vector in the input matrix C⃗(u), there exists 197

at least one fundamental c⃗(i), computed by a respective 198

A operation with equal values. 199

• No overflows occur in left shifter or adder in order to 200

preserve correctness of the computation. 201

• Only zeros are shifted out of the right shifter to preserve 202

all bits in the resulting circuit. 203

• In case of pipelining, we require that all outputs arrive 204

in the same pipeline stage (depending on the application, 205

this constraint can also be omitted). 206

Refer to Table II for a complete overview of our notation. 207

D. Overall algorithm 208

Figure 2 shows an overview of the proposed algorithm. 209

We assume that all input matrices C are properly normalized 210

according to the procedure described by Kumm et al. [34]. 211

OatMeal mainly consists of two loops. The first one determines 212

the optimal adder count (i.e., a solution to the CMM problem), 213

starting at a lower bound for the adder count, NLB, which is 214

incremented each time the SAT solver reports unsatisfiability. 215

We use the trivial lower bound NLB = U , but note that more 216

sophisticated lower bounds can be chosen, for example the 217

one proposed by Gustafsson [36]. That way, the first satisfi- 218

able instance is guaranteed to have the optimal adder count 219

N∗. Then, the adder graph is extracted from the satisfying 220

assignment given by the SAT solver and its bit-level costs B̂ 221

are determined. 222

Afterwards, the second loop decreases B̂ until the first 223

unsatisfiable instance is reached, at which point the last 224

satisfiable solution was optimal regarding bit-level costs for 225

the optimal adder count. Note that the B̂ does not have 226

to be decreased by one in each iteration. In some cases, 227

the new adder graph decreases bit-level costs by more than 228

one compared to the previous solution, hence, B̂ should be 229

modified accordingly. 230

The dCMM solved in each iteration consists of checking 231

whether the configurable circuit shown in Fig. 3 is able to 232

compute the requested constant multiplication. The configura- 233

tion for each adder node is determined by the corresponding 234

q⃗(V ) . . . q⃗(V+N−1) input. This can be seen as a sort of equiv- 235

alence checking problem, where the inputs c⃗(0) . . . c⃗(V−1) are 236

constrained to the respective unit vectors and it is required that 237

each row vector C⃗(u) in the input matrix is produced by at least 238

one output c⃗(V ) . . . c⃗(V+N−1). Formally, a configuration for a 239

given adder count is valid whenever the following condition 240

holds: 241

∀u ∈ J0, U − 1K∃n ∈ J0, N − 1K : c⃗(V+n) = C⃗(u). (5)
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Start.

dCMM
with N = N̂

User inputs:
– C ∈ NU×V

– use pipelining?

SAT?

dCMM
with N = N∗

and B < B̂

SAT?

End.

N̂ ← NLB

Yes:
– extract adder graph
– B̂ ← bit-level costs
– N∗ ← N̂

No:
N̂++

Yes:
– update
adder graph
– B̂--

No:
last solution
was optimal

Fig. 2: Flowchart for OatMeal

E. SAT model for the A-operation242

Fig. 4 shows the corresponding circuit model to represent243

the ith A⃗ operation, which we then model as a CNF formula244

as an input to the SAT solver. Our model is based on the245

SAT model from previous work [14]. It is extended towards246

CMM-related intricacies (such as vector-valued coefficients)247

as explained in the following.248

In order to prohibit cyclic dependencies, we only allow249

inputs connected to any adder with a lower index (i.e., adder i250

can only be connected to adders 0 . . . i−1). The value c⃗(i) is a251

vector-valued representation of the fundamental and it depends252

on the fundamentals from preceding nodes and the values253

chosen for α(i), β(i), γ(i), δ(i), ε(i), and ζ(i) (constituting254

the q⃗ inputs in Fig. 3). All values are represented as two’s255

complement integers. Hence, the XOR gate at adder input256

B, together with bit ε(i), controls whether an addition or a257

subtraction is performed. Multi-input multiplexers to select l⃗(i)258

and r⃗(i) are built as trees made up of two-input multiplexers.259

The left- and right-shifters are also MUX-based and the260

adder/subtracter is modeled as a ripple carry adder made up261

of full and half adders. Each circuit element is modeled using262

c(0) c(V-1)

q(V)

q(V+1)

q(V+N-1)

c(V)c(V+1)c(V+N-1)

adder 
node (V)

adder 
node (V+1)

adder 
node (V+N-1)

N

Fig. 3: Overall circuit model

the clauses described by Fiege et al. in previous work [14]. 263

F. Extension to adder depth 264

Adder depth is a common secondary optimization goal 265

when designing constant multiplication circuits [34], [37], 266

[38]. It is a metric of how many addition operations are 267

performed in series within the circuit. For example, the circuit 268

shown in Fig. 1e has an adder depth of five because five 269

consecutive addition operations must be performed to compute 270

yI: [1,−1] → [1, 3] → [7, 21] → [−7,−19] → [21, 57]. Large 271

adder depths generally come with high power consumption 272

(due to a high number of glitches) and a low maximum clock 273

frequency (due to long combinational path delays). 274

The depth d(i) for a given adder depends on the depth of 275

its inputs d(u) and d(v) and is calculated via 276

d(i)(u, v) = max{d(u), d(v)}+ 1. (6)

We can also express this computation as additional clauses in 277

the SAT formula, and, optionally, limit it to a given value or 278

minimize it for the optimal adder count as the second objective 279

(e.g., by inserting an additional loop at the end of the flow 280

chart shown in Fig. 2, that decreases the adder depth until it 281

encounters the first unsatisfiable result, indicating that the last 282

solution had optimal adder depth). 283

Figure 5 shows a circuit model to implement a max- 284

operation via clauses for an exemplary bit width of four 285

bits. Each block titled “clauses” represents an identical set 286

of clauses (corresponding to a bit-slice in a circuit implemen- 287

tation). The carry signal y(i)w denotes whether it was possible 288

to determine the larger input at any bit position greater than 289

w, while x
(i)
w denotes which of the two inputs is greater (only 290

relevant in case y
(i)
w = 1). 291
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TABLE II: Describing the CMM problem (adapted from
previous work [14, TABLE I] for CMM): Constants (first
part); node input/output decision variables (second part); node
internal decision variables for minimum adder count (third
part); helper variables for bit optimization (fourth part); helper
variables for pipelining (fifth part)

Constant/variable Explanation

U × V ∈ N× N matrix size
U ∈ N number of matrix rows (i.e., outputs

of the CMM circuit)
V ∈ N number of matrix columns (i.e., in-

puts into the CMM circuit)
C(u,v) ∈ N0 matrix element in row u, column v

C⃗(u) ∈ NV
0 uth row vector

N ∈ N0 number of adders to implement the
CMM circuit

NLB ∈ N0 lower bound for the number of
adders

S = max
u,v

⌈
log2 C

(u,v)
⌉

max. allowed shift

W = S + 2 internal word size within the SAT
formulation

Win ∈ N input word size
σ = ⌈log2 W ⌉ shift word size
B ∈ N0 upper limit for bit-level costs
WB ∈ N bit-level cost word size

c⃗(i) ∈ NV
0 output of node i

c(i,v) ∈ N vth output of node i

t(i,u,v) ∈ {0, 1} indicates whether c(i,v) = C(u,v)

α(i) ∈ N0 select input of left input MUX of
node i

β(i) ∈ N0 select input of right input MUX of
node i

γ(i) ∈ N0 pre-add shift input value of node i

δ(i) ∈ {0, 1} negate input MUX select bit of node
i

ε(i) ∈ {0, 1} add/sub select bit of node i

ζ(i) ∈ N0 post-add shift input value of node i

r⃗(i) ∈ N0 right input MUX output of node i

l⃗(i) ∈ N0 left input MUX output of node i

s⃗(i) ∈ N0 pre-add shift output of node i

o⃗(i) ∈ N0 right negate select MUX output of
node i

p⃗(i) ∈ N0 left negate select MUX output of
node i

q⃗(i) ∈ N0 negate output of node i

z⃗(i) ∈ N0 adder output of node i

a(i) =
∑V −1

v=0 |z(i,v)| sum over absolutes value of the vth

adder output vector
b(i) = a(i) − f (i) correction for a(i) to handle nega-

tive powers of two
f (i) ∈ {0, 1} tie-breaker for bitlevel costs for neg-

ative powers of two
Ω(i,v) ∈ {0, 1} indicates whether c(i,v) > 0; used

to determine f (i)

k(i) =
⌈
log2(b

(i))
⌉

word size of node i’s adder output
m(i) ∈ {0, 1} whether the bit for computing node

i’s MSB can be omitted (only rele-
vant for SCM/MCM)

g(i) ∈ N0 the number of bits omitted on the
LSB side due to the shift operation

d(i) ∈ N0 adder depth of node i

δ(i)

ε(i)

α(i)

...c(0) c(i-1)

β(i)

l(i)
r(i)

w(i)

p(i) o(i)

q(i)

cin

c(i)

z(i)

ζ(i)

...

σ

σ

1

1

log2(i) log2(i)

VxW VxW

...

VxW
VxW

VxW

VxW

VxW

VxW

VxW

VxW

0 i-1 0 i-1... ...

01 10

=1

A B

Fig. 4: Adder node model: [14, Fig. 3] adapted for vector-
valued inputs & outputs

x(i)=0 x(i)

y(i)=0 y(i)

d(v)d(u)3 3 d(u) d(u) d(u)d(v) d(v) d(v)2 2 1 1 0 0

d(i)3 d(i)2 d(i)1 d(i)0

x(i)

y(i)

x(i)

y(i)

3

3

2

2

1

1

0

0cla
us
es

cla
us
es

cla
us
es

cla
us
es

Fig. 5: Computing the maximum of two unsigned integers via
SAT clauses: example for 4 bits word size

This translates to the following clauses in order to model 292
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the computation of bit d(i)w :293

d(u)w ∨ d(v)w ∨ d
(i)

w (7)

d(u)w ∨ x(i)
w ∨ y(i)w ∨ d

(i)

w (8)

d(v)w ∨ x(i)
w ∨ y(i)w ∨ d

(i)

w (9)

d
(v)

w ∨ x(i)
w ∨ d(i)w (10)

d
(v)

w ∨ y(i)w ∨ d(i)w (11)

d
(u)

w ∨ x(i)
w ∨ d(i)w (12)

d
(u)

w ∨ y(i)w ∨ d(i)w (13)

d
(u)

w ∨ d
(v)

w ∨ d(i)w . (14)

Note that (14) is redundant but might help solvers during unit294

propagation, speeding up the solving process.295

Carry bits x
(i)
w and y

(i)
w are modeled via clauses296

x(i)
w ∨ y(i)w ∨ x

(i)
w−1 (15)

d(v)w ∨ y(i)w ∨ x
(i)
w−1 (16)

x(i)
w ∨ y(i)w ∨ x

(i)
w−1 (17)

d
(v)

w ∨ y(i)w ∨ x
(i)
w−1 (18)

and297

y(i)w ∨ y
(i)
w−1 (19)

d(u)w ∨ d
(v)

w ∨ y
(i)
w−1 (20)

d(v)w ∨ d
(u)

w ∨ y
(i)
w−1 (21)

d
(u)

w ∨ d
(v)

w ∨ y(i)w ∨ y
(i)
w−1 (22)

d(u)w ∨ d(v)w ∨ y(i)w ∨ y
(i)
w−1 (23)

respectively.298

G. Extension to pipelining299

If limiting the adder depth is insufficient to achieve high300

clock frequencies, pipelining can be applied to the generated301

circuit to break up the critical path [31], [34], [39].302

The incorporation of pipelining into the CMM problem is303

closely related to the adder depth described in Section II-F.304

When fully pipelining the generated circuit, the pipeline stage305

of an adder is equal to its adder depth. Hence, both of its306

inputs must come from within the same (previous) pipeline307

stage. Otherwise, there would exist two paths from inputs to308

outputs, which pass a different number of registers, making309

the pipeline invalid.310

Fully pipelining the example circuit from Fig. 1e for maxi-311

mum throughput could, for example, yield the circuit shown in312

Fig. 6a. This would require twelve registers, where six of them313

are only used for pipeline balancing. An alternative solution314

is shown in Fig. 6b. It needs to implement one more adder315

but only uses seven registers instead of twelve. Due to the316

increased adder count, the computation can be ordered such317

that no additional register is needed for pipeline balancing.318

Previous work for pipelined MCM (pMCM) and pipelined319

CMM (pCMM) has shown that register costs typically dom-320

inate adder costs [31], [34]. Hence, the optimization goal321

xR xI

yR yI

3

2

1

6

[1, 0] [0, 1]

[1, -1]

[1, 3]

[0, 4]

[7, 21]

[8, 24]

[64, 0]

[0, 2]

2 [-28, -76]

[-7, -19][57, -21]

[21, 57]

(a) Pipelined version of the
adder graph shown in Fig. 1e
(12 registers)

xR xI

yR yI

[1, 0] [0, 1]

[57, -21] [21, 57]

1 3

14

1 3

[60, -30] [24, 48]

[30, -15] [3, -9] [3, 6]

[32, -16] [4, -2]

[2, -1] [1, -8]

[2, 0] [0, 8]

(b) Adder graph with minimum
register cost (7 registers)

Fig. 6: Pipelined adder graphs for y = (57+j21)·x, where x =
xR+jxI and y = yR+jyI. As a convention, subtracters always
subtract the right input. Dashed lines represent registers.

for pMCM and pCMM is to find a circuit with minimum 322

register count under the constraint that at least one register 323

is put at each adder output in order to achieve the shortest 324

critical path possible. This is particularly true for FPGA-based 325

implementations, where a slice is occupied whether an adder 326

is implemented before the register or not. Hence, adders are 327

usually assumed to be “free” [31], [39]. 328

Previous work for ILP-based pMCM modeled adder nodes 329

and registers separately [31]. On one hand, this has the 330

advantage that the register count after each adder for pipeline 331

balancing can be represented using a single integer variable 332

per adder node. On the other hand, solutions with optimal 333

register count might have non-minimal adder count [31]. 334

We support pipelining in OatMeal by modeling adder 335

depth for each adder in addition to the constraint that adder 336

depths for both adder inputs must always be equal. Explicitly 337

modeling pure registers in order to pass a value from one 338

pipeline stage to the next one (as done by Garcia and Volkova 339

[31]) is not necessary, since, for example, setting u⃗ = v⃗ 340

and q̂ = (l̂1, l̂2, r̂, ŝ) = (1, 0, 0, 1), or q̂ = (0, 0, 1, 0) yields 341

A⃗q̂(u⃗, u⃗) = u⃗. Such operations are identified during post- 342

processing and replaced by pure registers for implementation. 343

Additionally, this ensures that the first solution encountered is 344

always optimal with respect to the register count. 345

H. Extension to bit-level costs 346

Instead of expressing each bit-adder individually in the SAT 347

formula, we only express the word size in addition to the 348

input word size for each adder. This has the advantage that 349

computations are easier to model in SAT and, hence, require 350

fewer variables and clauses [14]. 351
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The word size to implement an addition depends on the352

input word size Win, the fundamental c⃗(i), the left shift value l353

and the operation performed (i.e., 2l·u+v, 2l·u−v or u−2l·v).354

Without pipelining, we have the following possibilities to save355

hardware bit-adders:356

• Small fundamental values result in a small word size357

increase compared to the input word size. For example,358

y = x · 123, with Win = 8 has a word size of Wout = 15359

and y = x ·2, with Win = 8 has a word size of Wout = 9.360

• For the computations 2l · u+ v and u− 2l · v we do not361

need to explicitly compute the lowest l bits, since they362

are identical to v’s lowest l bits.363

Note that, for the case V = 1 we can omit computing the364

MSB if the result has the same sign as one of its inputs. This365

is, in general, not possible for CMM, since each fundamental366

consists of a linear combination of multiple values.367

Including pipelining, savings due to the choice of operation368

or omitting the MSB are not possible since each output369

bit must be stored in a register, independent whether an370

addition was performed on it or not. Hence, pipelined CMM371

circuits only offer saving potential when the solver chooses to372

implement non-output fundamentals with low word size.373

Due to its practical relevance, we focus on circuits that374

operate using two’s complement number representations. This375

requires sign extensions when adding two bit vectors of376

varying sizes. Therefore, bit-level cost savings due to non-377

overlapping operands as reported by Garcia and Volkova [10]378

are not possible.379

Another peculiarity arises due to the number format’s asym-380

metry around zero. Previous work [14] has computed the word381

size at the output of a given adder i via382

W
(i)
out = Win +

⌈
log2(|c(i)|)

⌉
(24)

where Win is the circuit’s input word size and c(i) is the383

fundamental computed by that adder. This formula applies384

under the following assumptions:385

1) V = 1 (SCM/MCM)386

2)
⌈
log2(|c(i)|)

⌉
< Win387

3) c(i) is not a negative power of two.388

While Assumption 2 generally holds for practical applications,389

Assumptions 1 & 3 are regularly violated when targeting CMM390

and/or pipelined circuits.391

As an example, consider an input word size Win = 8 for392

V = 1. This means that the input signal x is a scalar that takes393

integer values in the interval x ∈ [−128, 127]. Multiplying x394

by a negative power of two such as y = −2x yields values in395

the interval y ∈ [−254, 256]. Hence, the word size to represent396

y must be 10 bits, where the tenth bit is only relevant for397

y = 256 = 0b0100000000.398

Applying (24) to a given adder node i yields399

W
(i)
out = Win +

⌈
log2

((
V−1∑
v=0

|c(i,v)|

)
− f (i)

)⌉
(25)

with f (i) defined as400

f (i) =

{
1 if c⃗(i) contains any positive entry
0 else.

(26)

Here, f (i) works as a tie-breaker to detect adder nodes that 401

need an additional bit to represent their output. If c⃗(i) contains 402

any positive entry, then the additional output bit can be 403

omitted. This is detected for each adder node i separately 404

by the introduction of additional variables and clauses as 405

described in the following. 406

For the computation
⌈
log2

((∑V−1
v=0 |c(i,v)|

)
− f (i)

)⌉
we 407

can modify the SAT model for ⌈log2 (|x|)⌉ described in 408

previous work [14] to perform the absolute value computation 409

for each vector element and include a summation as well as 410

a 1-bit-subtraction before computing ⌈log2 (. . .)⌉. 411

Computing f (i) for each adder node works by allocating a 412

Boolean variable Ω(i,v) for each adder node and each of its 413

vector elements, where Ω(i,v) indicates c(i,v) > 0. Formally, 414

Ω(i,v) =⇒

(
z
(i,v)
W−1 ∧

W−2∨
w=0

z(i,v)w

)
. (27)

This is realized using the following two clauses for each adder 415

node i and each of its vector elements v: 416

Ω
(i,v) ∨ z

(i,v)
W−1 (28)

Ω
(i,v) ∨

W−2∨
w=0

z(i,v)w . (29)

With that, f (i) can be modeled in SAT via the relationship 417

f (i) ≡
V−1∨
v=0

Ω(i,v) (30)

which is realized by adding the following clauses to the solver 418

for each adder node i: 419

Ω
(i,0) ∨ f (i)

Ω
(i,1) ∨ f (i)

. . .

Ω
(i,V−1) ∨ f (i)

f (i) ∨
V−1∨
v=0

Ω(i,v) (31)

Note that (28) and (29) can be satisfied trivially by setting 420

Ω(i,v) = 0. This means that the solver is always permitted to 421

set f (i) = 0 leading to an overestimation of the actual word 422

size, and, hence, bit-level costs. This is no problem in our 423

context since we aim for a minimization of bit-level costs. For 424

the optimal word size, finally, the solver is forced to represent 425

the word size accurately. 426

III. EXPERIMENTAL EVALUATION 427

In order to validate practical usefulness of the proposed 428

algorithm, we run a wide array of benchmarks and compare 429

OatMeal to several algorithms from the state-of-the-art using 430

Kissat [40], [41] with a custom C++ API as our SAT solver. 431

Our C++ implementation of OatMeal including all results is 432

publicly available 3. 433

3https://gitlab.uni-kassel.de/uk025743/sat cmm
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Usually, SCM and MCM optimization algorithms only focus434

on positive fundamentals [4], [7], [8], [10], since negative435

coefficients can be generated from positive values by changing,436

for example, an adder to a subtracter in the surrounding system437

where the constant multiplier is embedded (e.g., in digital438

filter implementations). Only recently, it was discovered that439

allowing negative fundamentals possibly reduces implementa-440

tion costs compared to optimal implementations consisting of441

all-positive coefficients [14].442

For CMM it is obvious that negative vector entries must be443

allowed if the input matrix still contains negative elements444

after normalization. But what about all-positive matrices?445

To the knowledge of the authors, recent work has neither446

proven nor disproven whether negative numbers may appear in447

optimal solutions for CMM problems with all-positive matrix448

entries.449

In our tests we encountered the CMM problem450

y =
[
123 321

]
·
[
x1

x2

]
(32)

which has an optimal adder count of 4 when allowing negative451

intermediate results and needs 5 adders when only allowing452

positive intermediate results (results generated with OatMeal,453

adder graphs given in the appendix). This shows that, even454

for CMM problems with all-positive matrices, it is necessary455

to account for negative coefficients when aiming for optimal456

solutions. Hence, in all following tests, all vectors appearing457

in Fig. 4 are represented in two’s complement representation,458

even though an unsigned binary representation in case of459

all-positive coefficient matrices would have utilized fewer460

variables/clauses leading to faster solving times.461

A. Complex Constant Multiplication462

The first test involves finding shift-and-add realizations for463

complex coefficient multiplications in the form y = (CR +464

jCI) · x, represented in matrix form as465 [
yR
yI

]
=

[
CR −CI
CI CR

]
·
[
xR
xI

]
. (33)

Coefficients are taken from a recent FFT implementation by466

Garrido and Malagón, which was optimized for efficient use of467

shift-and-add circuits for rotator implementation [42]. Adder468

graphs generated with OatMeal are given in the appendix.469

Table III shows results when using the proposed approach to470

find CMM circuits with or without the use of pipelining. It471

can be seen that OatMeal is able to optimize the constant472

multipliers by Garrido and Malagón even further, yielding re-473

ductions in adders/registers by 4.35 %/21.21 % on average and474

up to 12.50 %/30.00 %. This translates to bit-level cost savings475

by 24.70 %/21.45 % on average and up to 27.63 %/24.71 %.476

Even in cases with identical adder count (i.e., 181 − j181477

and 473 − j196), OatMeal is able to find adder graphs with478

significantly reduced bit-level cost savings.479

B. Pipelined Multiple Constant Multiplication480

The next evaluation targets pipelined MCM (pMCM) imple-481

mentations. For our evaluation we choose digital filter kernels482

TABLE III: Improving optimized FFT rotations

Complex coeff. Garrido and Malagón [42] OatMeal

(Without pipelining) #Add #Bit #Add #Bit

181− j181 8 152 8 110
251− j50 8 136 7 104
473− j196 7 133 7 103

(With pipelining) #Reg #Bit #Reg #Bit

181− j181 12 206 10 170
251− j50 10 170 7 128
473− j196 11 202 9 156

for image processing, already used for benchmarks in previous 483

work [4], [10], [14], [31]. We compare the proposed approach 484

to a recent ILP-based algorithm for optimal design of pipelined 485

MCM implementations [31] and use the original open-source 486

implementation [43] written in Julia, called jMCM, using 487

Gurobi [44] to solve ILP instances. 488

Results are shown in Table IV. It can be seen that OatMeal 489

either matches the quality of results or finds cheaper imple- 490

mentations, compared to the ILP-based pMCM algorithm by 491

Garcia and Volkova [31]. 492

Theoretically, jMCM should find implementations with 493

equal QoR compared to OatMeal. Differences are caused by 494

jMCM’s search procedure. It takes the number of adders 495

computed by a heuristic MCM algorithm as a baseline, and 496

afterwards minimizes register costs. While Garcia and Volkova 497

showed that this approach yields good solutions for practical 498

applications, non-optimalities can be caused by the following: 499

• The heuristic approach fails to determine the optimal 500

adder count. 501

• Even if the heuristic finds a solution for the optimal adder 502

count, it might be possible to increase the adder count 503

slightly in favor of register savings. 504

In order to find optimal solutions, manual user intervention 505

could be used to explicitly limit the adder count for a design- 506

space exploration as described in the original publication [31], 507

where the authors manually fine-tune the solving procedure in 508

order to arrive at the optimal solutions computed by OatMeal 509

in Table IV. The upside of utilizing a heuristic for an initial 510

solution is that the solver does not have to repeatedly prove 511

infeasibility for some adder counts, leading to quicker solving 512

times. For example, for Lowpass 9 × 9, OatMeal needs 11.3 513

hours to arrive at the solution with 17 registers, whereas jMCM 514

only utilises the pre-defined timeout of two hours to obtain the 515

solution with 18 registers, since the first adder count attempt— 516

by definition—is already feasible. 517

C. Constant Matrix Multiplication 518

This test is about examples for matrix multiplications occur- 519

ing in practice. The following matrices were already used as 520

benchmarks in previous work [34] for pipelined CMM. Results 521

are shown in Table V. For a time limit of one day per SAT 522

instance, OatMeal is able to either match or improve QoR for 523

all but one instance. For the one instance where OatMeal fails 524

to match the best result reported in literature, it times out and 525

yields a solution with one more adder. However, by increasing 526
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TABLE IV: Pipelined MCM including bit optimization for
selected image processing filter kernels with Win = 8: ILP
(jMCM [31]) vs. SAT (OatMeal)

#Reg #Bit

Idx Instance U W ILP SAT ILP SAT

0 Gaussian 3× 3 3 8 5 5 58 58
1 Laplacian 3× 3 3 8 5 5 61 61
2 Unsharp 3× 3 3 8 5 5 56 56
3 Unsharp 3× 3 3 12 7 7 91 91
4 Gaussian 5× 5 3 12 9 9 111 111
5 Highpass 5× 5 5 7 7 7 74 74
6 Lowpass 5× 5 5 11 8 8 98 98
7 Highpass 9× 9 10 9 8 8 85 85
8 Lowpass 9× 9 13 12 18 17 234 221
9 Highpass 15× 15 19 11 16 16 186 186
10 Lowpass 15× 15 31 14 36 34 488 467

TABLE V: Comparison against state-of-the-art heuristics for
CMM (timeout: 1 day per SAT instance)

#Add

Matrix Source Ref. OatMeal 77 150 29
−44 −87 131
131 −110 −21

 [34] 12 13256 0 351
256 −86 −179
256 444 0

 [35], [45] 11 11 7 8 2 13
12 11 7 13
5 8 2 15
7 11 7 11

 [35] 14 12

[
21 39
11 5

]
[17], [34] 6 5[

7 24
9 3

]
[16], [34] 5 41 1 1 1

1 −1 −1 1
2 1 −1 −2
1 −2 2 −1

 [46] 8 8

the timeout, OatMeal successfully computed a solution for 12527

adders within 24.8 hours and even a solution for 11 adders in528

79.3 hours.529

D. Random matrices for practical applications530

Finally, we compare OatMeal to RPAG [34], targeting531

randomly generated complex coefficient multiplications and532

randomly generated 3 × 3 convolutional cores with different533

sparsity settings.534

Complex multiplications are again represented via (33), and535

3×3 convolutional cores can be represented as SOP operations536

via537

y =

2∑
m=0

2∑
n=0

Cm,n · xm,n. (34)

For each setting (word size/sparsity) we generate up to 50538

input matrices with uniformly distributed coefficients, where539

at least one coefficient per matrix utilizes the given word size.540

Matrix sets for small word sizes may consist of less than 50541

matrices in cases where all possible coefficient combinations542

are enumerated.543
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(c) Convolutional cores with coefficient word sizes up to W = 6

Fig. 7: Average adder/register count reduction over RPAG;
absolute numbers are given in parentheses

Figure 7 shows results for a comparison regarding the 544

number of adders/registers in the generated implementations. 545

It is clear that the optimal approach via OatMeal is able to 546

significantly reduce the implementation overhead compared to 547

the state-of-the-art heuristic approach by Kumm et al. [34]. 548

As seen, savings increase when scaling up the difficulty of 549

the underlying CMM problem, indicating that RPAG’s QoR 550

decreases for harder problems. For very hard problems (e.g., 551

convolutional cores with W = 6 and nine non-zero coeffi- 552

cients), however, OatMeal fails to provide optimal solutions 553

due to timeouts, effectively acting as a heuristic algorithm, 554

and presumably causing its QoR advantage over RPAG to 555

diminish. 556
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Fig. 8: SAT instance size analysis

E. Scalability analysis557

In order to quantify the scalability of the proposed algo-558

rithm, we show (i) how W and V influence the resulting SAT559

instance size, and (ii) how W and V influence CPU time as560

well as optimality for the benchmarks performed.561

In Fig. 4 each internal signal is represented by V ×W bits.562

This suggests that the sizes of the resulting SAT instances563

strongly correlate with the product V × W . However, the564

number of SAT variables should not directly be proportional565

to V ×W , since, for example, the input multiplexer sizes not566

only depend on V but also on the number of preceding adder567

nodes, and the left and right shifters are modeled internally568

by σ × V ×W 2:1 multiplexers, where σ = ⌈log2 W ⌉.569

Figure 8 shows a scatter plot containing each one of the570

randomly generated SAT instances from Section III-D. Mean571

values and the 1-sigma confidence interval (≈ 68.27%) are572

shown for each value of V ×W . Although the variance grows573

for larger problem instances, we can clearly see a correlation574

between the SAT instance size and V ×W . Hence, V ×W is575

a strong indicator for the SAT instance’s complexity.576

The main measures for scalability of the proposed approach577

are (i) optimality regarding the two objectives N and B, and578

(ii) CPU time. An analysis is shown in Fig. 9. Figures 9a579

and 9b show how many problems could be optimally solved580

w.r.t. the difficulty indicator V × W and Fig. 9c shows the581

connection between the average runtime and V ×W .582

Regarding optimality we can clearly see a turning point583

between 20 ≤ V ×W ≤ 30, beyond which OatMeal fails to584

guarantee optimality and acts as a heuristic. For V ×W ≤ 12585

OatMeal yields its solutions nearly instantly. For V ×W >586

12, the run time grows approximately linear caused by the587

specified timeout and the number of failed solving attempts588

before reaching a valid solution.589

Additionally, we cannot see a clear distinction between an590

optimization with or without pipelining. This indicates that591
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Fig. 9: Problem difficulty analysis

pipelining has no explicit impact on the difficulty of the 592

underlying optimization problem. 593

A total of approximately five CPU years was spent solving 594

SAT instances for the randomly generated problems in Sec- 595

tion III-D. 596

IV. SYNTHESIS RESULTS 597

In order to show practical relevance of our approach, we 598

generate FPGA and ASIC implementations for the complex 599

coefficient multiplications from Table III for a low-cost Zynq- 600

7000 FPGA (xc7z020clg400-1) using Vivado [47] for 601

synthesis and the open-source SkyWater-130 nm technology 602

using OpenLane [48]. FPGA and ASIC circuits use an input 603

word size of twelve bits. VHDL code was obtained using 604

FloPoCo [49] and converted to Verilog using GHDL [50]. 605

ASIC area is constrained to 32, 400 µm2 for all designs in 606

order to have enough space for I/O pins. Instead of directly 607

reporting area, we therefore report core area utilization [%] to 608

get an estimate of the actual area usage when embedding the 609

constant multipliers into a larger system. Slices are the main 610

resource for logic implementations on FPGAs. They comprise 611

look-up-tables and flip-flops. For each system, the FPGA op- 612

erating frequency was varied between 125MHz and 500MHz 613
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and we report results for the designs with the shortest critical614

paths. This ensures that we account for cases where Vivado’s615

heuristic timing optimization yields sub-optimal results due to616

a mismatched frequency setting. Note, however, that constant617

multipliers only rarely lie on the critical path in a complex618

system.619

Synthesis results are summarised in Table VI. It can be620

seen that circuits generated with OatMeal always use less621

area compared to original implementations by Garrido and622

Malagón. The area reduction sometimes comes at the price of623

a slightly longer critical path. This effect is most extreme for624

251 − j50 without pipelining, where the critical path using625

OatMeal increases by 1.32 ns (23.57%) for the FPGA and by626

0.43 ns (12.36%) for the ASIC implementation, caused by an627

increased adder depth. This clearly shows that adder/register628

reductions in the adder graph translate to cheaper solutions629

in hardware implementations for both FPGAs and ASICs.630

Furthermore, pipelining proves to be an effective method for631

critical path reduction. Due to the routing delay on FPGAs,632

this performance increase is more pronounced on ASICs.633

V. CONCLUSION634

This work presented OatMeal, the first algorithm to discover635

optimal constant matrix multiplication (CMM) algorithms via636

a reduction to the well-known Boolean Satisfiability (SAT)637

problem, leveraging the speed of contemporary SAT solvers.638

The proposed SAT model is equipped with several (optional)639

extensions for hardware design such as bit-level costs, pipelin-640

ing and adder depth.641

Extensive testing for multiple flavors of the CMM problem642

showed the practical relevance of the proposed approach643

and superiority over state-of-the-art heuristics, and optimal644

algorithms for sub-problems of CMM (i.e., multiple constant645

multiplication). Even for small problem sizes (e.g., 2 × 2646

matrices and word sizes less than 10 bits), OatMeal exceeds647

or matches the quality of heuristic methods for matrices648

occurring in practical applications such as complex coefficient649

multiplications in FFTs, or convolutions in artificial neural650

networks or image processing filters.651

Future work should investigate an extension to truncated652

multiplications for applications that do not require the full out-653

put precision similar to previous work for truncated MCM [10]654

or the heuristic approximation of CMM [18]. Additionally,655

it would be interesting to derive a more detailed bit-level656

cost model, differentiating costs for inverters, half and full657

adders, which might enable even higher area savings for ASIC658

implementations. A possible implementation could weigh the659

specific circuit elements by their transistor count and decide—660

based on the computation by each adder node—how many661

transistors are necessary to implement each adder node. Aside662

from backend-specific transistor counts, this approach would663

need information about the input word size in order to deter-664

mine the correct amount of inverters/half adders/full adders.665

In order to improve the scalability of the proposed al-666

gorithm, it would be interesting to investigate whether it667

is possible to combine heuristic and optimal methods (e.g.,668

similar to compressor tree synthesis [51]). A heuristic could669

for example generate an incomplete adder tree and a SAT- 670

based method constructs an optimal completion based on the 671

initial solution generated by the heuristic. 672
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VI. APPENDIX894

Figures 10–12 show adder graphs for the motivational895

example shown in Fig. 1.896

The optimal adder graph for y = 123 · x1 + 321 · x2 with897

unsigned coefficients (Fig. 13a) needs one adder more than898

the one with signed coefficients (Fig. 13b).899

Adder graphs for the FFT rotations from Table III and900

Table VI are given in Fig. 14–16.901
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Fig. 13: Adder graphs for y = x1 ·123+x2 ·321 with unsigned
and signed coefficients
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Fig. 14: Adder graphs for y = (181 + j · 181)x with and
without pipelining
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Fig. 15: Adder graphs for y = (251+j ·50)x with and without
pipelining
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Fig. 16: Adder graphs for y = (473 + j · 196)x with and
without pipelining
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