Tasks with solutions for Introductory Econometrics

3. Significance tests and confidence intervals

3.1 What is the standard error of the regression (SER) from GASD to DIINC? ( energy
model b, see solutions of exercise 2.8) (with interpretation)?

Solution:

The standard error of regression (SER) is equal to the root of the residual variance. By the
latter one, the sum of the squared residuals is related to the number of degrees of freedom:

working table:

t Yt Yt O ik

1 1,0 0,995 0,005 0,000025
2 0,8 0,995 -0,195 0,038025
3 0,7 0,638 0,062 0,003844
4 0,9 0,876 0,024 0,000576
5 1,2 1,114 0,086 0,007396
6 1,1 1,114 -0,014 0,000196
7 1,4 1,352 0,048 0,002304
)y 7,1 ~7,1 0,051826

Variance of the residuals:

~2
2 Ui 0,051826 0,051826
2=t _> Bl —0,010365
n-k 7-2

Standard error of regression (SER):

SER = 6 = |62 =,/0,010365 = 0,102

Interpretation:

The standard error of the regression is the root of the unbiased variance of the disturbance. It
indicates the mean deviation of the y-values from the regression values. The estimation of gas
consumption as a function of disposable income gives an average error of 0.102 units



3.2 The OLS estimators of the regression coefficients 1 and B2 of the natural gas demand
function (energy model la) are (n = 7): [31 =5,809 and [32 =-0,368. The sum of the

squared residuals is 0.067, the sum of the gas prices is 91.2 and the sum of the squared
gas prices is 1190.28.

Test the OLS estimators of the regression coefficients for significance (o = 0.01)!

Solution:

A. Significance test (two-sided) on ﬁl

Step 1 formulation of the hypothesis:
Ho:R1=0, Hi:R1#0

Step 2 determination of the significance level: o = 0,01

Step 3 calculation of test statistic:
variance of the residuals:

n o
2Ut g7

62=t=L 221 _00134
n-k 7-2

estimated variance of Bl:
2
22xt - 0,0134- 1190,28 .
n> Xy —(XX¢) 7-1190,28-91,2
=0,0134-81,975=1,0985
calculation of test statistic:

AN

Var(py) = 67

‘- BlA _ 5809 :5,809:5,5 23
\/Vér(Bl) J/1,0985 1,048
Step 4 critical value:

th—ki1-o/2 =t7-2:0,995 = 5:0,995 = 4,032

Step 5 test decision:
|t| =5,543 > ts0,905 = 4,032 > reject the null hypothesis




B. Significance test (two-sided) on BZ :

Step 1 formulation of the hypothesis:

Ho: B2 =0, Hi:R2#0
Step 2 determination of the significance level: o = 0,01
Step 3 calculation of test statistic:

variance of the residuals:

n .o
2Ut g7

62 =l =220 - 00134
n-k 7-2

estimated variance of Bz:

AN

n 7

Var(B,) =62 =0,0134-

NYX? — (X x¢)? 7.1190,28 91,22

=0,0134-0,4821=0,00646
test statistic:

t= BZA __—0368 _-0368__, .,
Jvar(g,) /000646 0,0804
Step 4 critical value:

th—ki1-a/2 =1t7-2:0,905 = 15,0905 = 4,032

Step 5 test decision:
|t| = 4,577 > ts0005 = 4,032 > reject the null hypothesis




3.3 Given is the OLS-estimated demand function (= energy model I1)
GASD, =2,706+ 0,199 GASP, + 0,074 - DIINC,

and the inverse of the product matrix X°X

255,7066 —15,7459 —41520
(X'X)_1 =|—-15,7459 0,997745  0,2262
-41520 0,2262  0,099228

The sum of the squared residuals is 0,0127.

Test the significance of the impact of gas price (GASP) and disposable income (DIINC)
on the demand for natural gas (o = 0.05)!

Solution:

A. Significance test (two-sided) on f&z (influence of gas price)

Step 1 formulation of the hypothesis:
Ho:B2=0, Hiu: 220
Step 2 determination of the significance level: a. = 0,05
Step 3 calculation of test statistic:
variance of the residuals:
n
z Otz 0,0127
52 =1L v 7 3 0,003175 > 6 =,/0,003175 = 0,056347
n — —
test statistic:
(B2 _ 0,199 L
&.4/x22 0,056347-,/0,997745 0,056283 ’
Step 4 critical value:

th-kil-a/2 =17-30,975 = 14,0975 = 2,776

Step 5 test decision:
| t] = 3,536 > tape7s = 2,776 - reject the null hypothesis




B. Significance test (two-sided) on B3 (influence of disposable income)

Step 1 formulation of the hypothesis:
Ho: R2=0. Hi:B2#0
Step 2 determination of the significance level: a. = 0,05
Step 3 calculation of test statistic:
variance of the residuals:
n
z Otz 0,0127
52 = tnzl v 7 3 - 0,003175 > 6 =,/0,003175 = 0,056347
test statistic:
B 0,074 0074 _ 4169
1/ 22 O 056347 -,/0,099228 O 017750
Step 4 critical value:
th—kil-a/2 =t7-30,975 = t4,0975 =2,776
Step 5 test decision:

[t] = 4,169 > tso,975 = 2,776 > reject the null hypothesis




3.4 Determine the 95% confidence intervals of the unknown regression coefficients p1 and
B2 of the energy model la (for details see Exercise 3.2)!

Solution:
A. 95% confidence interval for fB1:

Step 1 determining of the confindence level 1-a: 1— o =0,95

Step 2 95% confidence interval for B1

P(Bi ~thki-ar2 0 <PBj<Bj+tn-ki-as2 '681):1_ *

2
with 62 =62 — XL
b1 nXXt —(XX¢)
n
20 067
and 6% =1L == -00134 > 6= /0,0134 = 01158

Step 3 (1-0/2) quantile of the t-distribution with n-k degrees of freedom

th—ki1-o/2 =t7-2:0075 =t50975 = 2,571

Step 4 concrete 95% confindence interval

By —tego7e 64 Pr+tegors - Ga |=
I_Bl 50,975 "Op, + P1 + 15,0975 63,

|4 . >xf 4 . > x? _
= B1—t5:0,975 '0\/ ; Bl+t5;0,975'0\/ =
[ nExE - (Zxp)? an%(th)2]

5,809 - 2,571-0,1158- 119028 5 5809+2571-01158- 119028 >
7-1190,28-912 7-1190,28-912

~[5,809-2,571-0,1158- /81,975; 5,809-+2,571-0,1158,/81,975]
=[5,809-2,571-1,048; 5,809+ 2,571-1,048]
—[5,809-2,694; 5809+ 2,694]=[3,115; 8,503]




B. 95% confidence interval for p2:

Step 1

determining of the confindence level 1-a.: 1— o =0,95

Step 2

95% confidence interval for 2

P(Bj ~thkit-ar2 6 SBj<Bj+tnki-as2 '631)=1—a

2 _g2 n
P nZx?—(Tx;)?

with 1]

20t 0,067
and &2=1=L ” =ﬁ:o,0134 > 6=./0,0134 =0,1158
n — —_

Step 3

(1-a/2) quantile of the t-distribution with n-k degrees of freedom

th—ki1-0/2 =t7-2:0975 =t50975 = 2,571

Step 4

concrete 95% confindence interval

B, —ts0,075 64 i B2 + 075 65 |
P2 —t50,075 *Op,+ B2 + 150,075 O,

A A

B2 —t500975°G Bo +1t5:0975 G

n .
antZ_(ZXt)2’

! 5 0,368 +2,571-0,1158-
7-1190,28-91,2

-0,368-2,571-0,1158- \/

=[-0,368-2,571-0,1158-0,6943, —0,368+ 2,571-0,1158-0,6943]
—[-0,368—-2,571-0,0804; —0,368+ 2,571-0,0804]
—[-0,368-0,207; —0,368+0,207]=[-0,575; —0,161]

n —_—
nzxtz(zxt)zl

J

7

7.1190,28 — 91,22

|




35 Calculate for the energy model 11 (see exercise 2.5) the two residuals for the first and
last year of the data interval (Stutzbereich)! Which statement about the quality of the
adjustment at the margines can be derived from them?

Solution:
OLS estimated demand function (= energy model I1)

GASD: =2,706-0,199-GASP, +0,074- DIINC,
— —— —_—

Y X1t Xat

Regression values for the first and last year:

Y1 =2,706—-0,199- (X117 =12,9) + 0,074 - (X1 =12) = 2,706 — 2,567 + 0,888 = 1,027
§7 =2,706—0,199- (x17 =12,5) + 0,074 (X7 =15) = 2,706 — 2,488 +1,110 = 1,328
Residuals for the first and last year:

0 =y; —¥1 =1,0-1,027 = -0,027

07 =y7-97=1,4-1328=0,072

The quality of the adjustment is determined by the percentage ratio

O—t -100%.
[yl

The ratio for an optimal fit of the data point is zero, since then the y value would match the

regression value §, . The lower the value of the ratio the better is the adjustment.

Quality of adjustment in the case of t = 1:

O - 0,027,
—-100% = ———+—-100% = 0,027 - 100% = 2,7%
vl Lo

The relative error of the first period is 2,7%.

Quality of adjustment in the case of t = 7:

a7 0,072
—11.100% = =—"1.100% = 0,051-100% = 51%
[y7] L4

The relative error of the last period is 5,1%.

The adjustment is obviosly better in the first period than in the last period, meaning that gas
consumption in the first period is much better explained by the price of gas and disposable

income than in the last period.



a) Reflect the sources of dispersion for natural gas demand in the form of an ANOVA

table!

Solution:

The OLS-estimated demand function for natural gas is given.

GASD, = 5,809 — 0,368GASP,,t = 1,2,..7.

Dependent variable (y): demand for natural gas (GASD)

Independent variable (x): Natural gas price (GASP)

Regession values:
t=1:
t=2:
t=3:
t=4:
t=5:
t=6:
t=7:

1

1N
Yy==2VYi :77,1:1,014

Nt=1

Working table:

¥1 =5809-0,368- (X1 =12,9) =1,062
¥, =5,809-0,368-(xo =138) =0,731
¥1 =5809-0,368-(x3 =13,7) =0,767
¥, =5,809-0,368- (x4 =13,2) = 0,951
¥1 =5809-0,368- (x5 =12,2) =1,319
¥1 =5809-0,368- (xg =12,9) =1,062
¥1 =5,809-0,368- (x7 =12,5) =1,209
Arithmetic mean of the dependent variables:

x| oy | Ve [ Ge=ye-de |y -y)? (1 -9)? 0f
1 ]129| 10 | 1,062 -0,062 (-0,014)>= 0,000 0,0482 = 0,002 0,004
2 | 138 | 08 | 0,731 0,069 (-0,214)>=0,046 | (-0,283)>=0,080 | 0,005
3 13,7 | 0,7 | 0,767 -0,067 (-0,314)>=0,099 | (-0,247)>=0,061 | 0,004
4 1132 | 09 | 0951 -0,051 (-0,1142=0,013 | (-0,063)>=0,004 | 0,003
5 (122 | 1,2 | 1,319 -0,119 0,186% = 0,035 0,305% = 0,093 0,014
6 129 | 1,1 | 1,062 0,038 0,086% = 0,007 0,048% = 0,002 0,001
7 125 | 14 | 1,209 0,191 0,386%=0,149 0,195% = 0,038 0,036
¥ | 912 71 | 7,101 -0,001 0,349 0,280 0,067
ANOVA-table:

Source of Sum of squared Degrees of Mean sum of deviation
dispersion deviations freedom squares

Regression L \2 _ _ & o)\
(explained) Y9 -Y) =0280 k-1=2-1=1 Y(y;-y) /(k—-1)=0,280/1=0,280
Residuals 2 L —rn — 2 _ _

(wnexplained) 0% =0.067 nk=7-2=5 ¥0?/(n-k)=0,067/5=0,013
total Y(y;-y)?>=0349 n-1=7-1=6




b) Test the overall connection of the model using the sum of squared deviations found in the
ANOVA table (a=0.05)!

Solution:
- F-test on the overall connection

Step 1 formulation of the hypothesis:
Ho: B2=0, Hi:B2#0
Step 2 determination of the significance level
a =0,05
Step 3 calculation of test statistic:
&g 2 _ _
e >(9¢-y)°/(k-1) _0,280/(2-1) _ 0,280 _ 21538
Y02 /(n—k) 0,067/(7-2) 0,013
Step 4 critical value:

Fe—t:n—ki1—o =F2-1:7-2:1-0,01 = F1;5:0,05 = 6,61

Step 5 test decision:
F=21,538 > F.5.0 g5 = 6,61 > reject the null hypothesis

c) Test the overall connection of the model using the coefficient of determination (c.=0.05)!

Solution:
- F-test on the overall connection

Step 1 formulation of the hypothesis:
Ho: B2 =0,
Hi:B2#0

Step 2 determination of the significance level
o =0,05

Step 3 calculation of test statistic:

n2 X0 -yf _0280
S(yi-y)? 0349

- R®/(k-1) _  0802/2-1) _ 0802
(1-R?)/(n—k) (1-0802)/(7-2) 0,0396

=0,802

=20,253

Step 4 critical value:
Fk-1n-k1-a = F2-1,7-21-0,00 = F1;5,0,05 = 6,61

Step 5 test decision:
F=20,253 > F.5.9 g5 = 6,61 > reject the null hypothesis




3.7 Using the time series data on the investments (i), the nominal interest rate (i) and
the inflation rate (r)

t It it Tt
1 100 6 2

2 108 5,8 2,2
3 122 5 2,6
4 128 4,8 3,2
5 134 4 3,5

The investment function

lt=PB1 + P2-it+ P37t + Ut
should be econometrically estimated and tested. The disturbance variable ut
fulfills the standard assumptions.

a) Estimate the investment function with the ordinary least squares method using the matrix
calculus!

Note: The inverse (X*X)* reads as follows:
423,482 —49,786 —62,361
(X'X)"t=|-49786 5918 7,217
-62,361 7,217 9,411

Solution:

The OLS estimation vector B =X X)_1X'y is wanted. For the calvulation of the product X’y
the observation matrix X,

16 2
158 22
X=/1 5 26/,
148 32
1 4 35

s to be transposed:

11 1 1 1
X'=16 58 5 48 4
2 22 26 32 35

With the vector of the depedent variables,

100
108
y =122
128
134

we get



100
11 1 1 1]]|108 592
X'y=|6 58 5 48 4 |-|122|=|2986,38 |.
2 2,2 26 32 35| (128 1633,4
134

The vector of the estimated regression coefficient [3 reads as follows
423,482 —49,786 —62,361] [ 592 ] |B1=138299

B=(X'X)"IX'y=|-49,786 5918 7,217 |-|29868|=|f, =-9,215 |.
2
~62361 7,217 9411 | |16334] | B, -10104

b) In macroeconomic theory it is assumed that investments i depend only on the real interest

rate i-m and that the inflation rate have no further effects. Give the linear restriction behind this
statement in scalar and matrix notation!

Solution:
- Linear restriction in scalar notation:
Real interest rate: it-mt, effect on investments It: B2- (it-mt)
Investment function with real interest rate:

It = B1 + P2-(i-m)+ Ut = P+ Pa-it - Po-me + Ut

= B3=-P2 oder P2+ P3=0 (linear restriction)
- Linear restriction in matrix notation:

B1
rp=[0 1 1]-|p, (=0
B3



c) Test the linear restriction given in part b) with the t-test («.=0.05) using the unbiased estimator
of the variance of the error term of 16.950! Interpret the test result!

Solution:
Step 1 formulation of the hypothesis
null hypothesis Ho: B2+ B3 =0
alternativ hypothesis Hi: B2+ Bs = 0
Step 2 determination of the significance level
significance level a = 0,05
Step 3 Calculation of the test statistic of the t-test
- rp—c .
Test statistic: t = with ¢=0
c‘n/r'(X'X)_lr
52=16950 — &=4117
) P 138,299
rg=[011]p, |=[011]-| -9,215 |=0,889
Bs 10,104
s. Teil a)
423,482 —49,786 62,3617 [0 0
reXxX)r=[0 1 1].|-49,786 5918 7,217 |-|1|=[112247 13135 16,628]-|1|=29,763
|-62361 7,217 9,411 |[1 1
s. Teil a)
Value of the test statistic: t = — 2o00—0 0889 _ 0889 0,040
4117-4/29,763 4117-5456 22,462
Step 4 Critical value
0,975-quantile of the t-distribution with n-k = 5-3 = 2 degrees of freedom: t2;0975 =
4,303
Step 5 Test decision
| t]=0,040 < t20975 = 4,303 — null hypothisis cannot reject
interpretation:
The assumption that only the real interest rate r-x have an impact on investments and
the inflation rate = has no further effects on them cannot disprove.




d) Test the linear restriction given in part b with an t-test («.=0,05)!

Solution:
Step 1 formulation of the hypothesis
null hypothesis Ho: B2 + 3 =0
alternative hypothesis Hi: B2+ B3 =0
Step 2 determination of the significance level
significance level o = 0,05
Step 3 Calculation of the test statistic of the F-test
] 0 _ 2
Test statistic: F = 5 ("B-c) I mit c=0
G -r'(X'X)r
Value of the (for the calculation of the numerator and the denumerator see part
C):
2
Fo (0889-0)" _ 0,790 _ 0,00156
16,950-29,763 504,483
Step 4 Critical value
0,95-quantile of the F-distribution with 1 and 5-3 = 2 degrees of freedom: F1;2,0,95
=185
Step 5 Test decision:

F =0,00156 < F1;20975 = 18,5 — null hypothesis cannor reject




3.8 The OLS estimate of demand for natural gas (GASD) as a function of natural gas
price (GASP), district heating price (DHC) and disposable income (DIINC) (energy
model 111) is as follows:

Dependent Variable: GASD
Method: Least Squares
Sample: 1980 1995
Included observations: 16

Variable Coefficient Std. Error t-Statistic Prob.

C -8.670524 5.240572  -1.654500 0.1239

GASP -4.510243 2910106  -1.549855 0.1471

DHC 16.21776 4.035146 4.019125 0.0017

DIINC 0.006006 0.001900 3.160758 0.0082
R-squared 0.795878 Mean dependent var 12.65000
Adjusted R-squared 0.744847  S.D. dependent var 1.402379
S.E. of regression 0.708379  Akaike info criterion 2.360643
Sum squared resid 6.021608 Schwarz criterion 2.553790
Log likelihood -14.88514  F-statistic 15.59609
Durbin-Watson stat 1.461440 Prob(F-statistic) 0.000193

a) What information on the overall adjustment of demand for natural gas can be found in the
output table?

Solution:

e coefficient of determination
R? =0,796

79.6% of the spread of gas consumption is explained by the price of gas, the price of district
heating price and disposable income.

e Adjusted coefficient of determination

R2 =0,745

Determination under consideration of the degrees of freedom
Applicable when comparing the quality of adaptation of different models

e F-test on the overall connection

Ho: B2=Ps=PB4=0

level of significance o.=0,01

F=15,596 > Fk-1;n-k0,99 = F3:12;099 = 5,95 > Ho reject
or

p =0,000193 <o =0,01 -> Horeject



b) Show the relation between ,,S.E. of regression* and ,,Sum squared resid*!

Solution:
S.E. of regression (standard error of regression Sum squared resid
16 16
SER= |1 342 —0,708379 SSR= Y 0f =6,021608
n-ki t=1

SSR = SER2.(n-k)
= 0,7083792.(16-4) = 0,501801-12 = 6,021612

c) Determine 99% confidence intervals for the regression coefficients of the dependend
variables (without a absolut term)! What conclusions can you make about the significance of
the estimated regression coefficients?

Solution:
99%- Confidence interval for {;:
P(Bj —thki1-a/2 '6,31. <Bj<PBj+tn_kias2 '6,3]. j =l-a
1-0=0,99 > 99,5%- Quantile of the t-distribution with n-k=16-4=12 degrees of freedom:
tn-k;0,995 = 112;0,995 = 3,055
e Concrete 99% confidence interval for B2 (regression coefficient of the gas price)
[Bz —112:0,995 '55(32 B2+ t12:0.005 '6[32 J:
[-4,510-3,055-2,910; —4,510+ 3,055-2,910] =
[-4,510-8,890; —4,510+8,890] =[-13,400; 4,380]

No significance with a=0,01, because the confidence interval covers the value 0.

e Concrete 99% confidence interval for B3 (regression coefficient of the district heating price)
[ﬁs ~ 12,0905 ' G, ; B3 +t12:0,905 G, J:
[16,218-3,055-4,035; 16,218+ 3,055-4,035]
[16,218-12,327; 16,218+12,327]=[3,891; 28,545]

Significance at a=0,01, because the confidence interval does not cover the value 0.
e Concrete 99% confidence interval for B4 (regression coefficient of the disposable income)

[B4 —112:0,995 '55(34 :Ba +t12:0.005 '634 J:
[0,0060-3,055-0,0019; 0,0060+ 3,055-0,0019]
[0,0060-0,0058; 0,0060+ 0,0058]=[0,0002; 0,0118]

Significance at a=0,01, because the confidence interval does not cover the value 0.



