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Spatial Econometrics
Assignments with Solutions
Part Il — Assignments 11 - 14

General information on a system of regions and data

Five regions are arranged in the following form:

Distances between regional centres (in km):

Region 1 2 3 4 5
1 8 10 20 22
2 16 12 14
3 20 12
4 10

Data on geo-referenced variables:

Region u Y
1 6 3
2 8 3
3 8 2
4 11 1
5 12 1

u: Unemployment rate
v: Vacancy rate

Beveridge curve:

Relation between the unemployment rate (u) and vacancy rate (v)
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Assignment 11 (Local Moran coefficients)

Given are the data on the vacancy rate of five regions,

Region 1 2 3 4 5
Vacancy 3 3 2 1 1
rate (v)

and the standardized spatial weight matrix

0 05 05 0 O]
1/3 0 1/3 1/3 O
W=/1/3 1/3 0 0 1/3|.
0 05 0 0 05
0 0 05 05 O

a) Compute the local Moran coefficients and interpret them!

e Local Moran coefficient:

(Xj —X) E‘, Wij (Xj -X)
=1

n
(xj—%)%/n
=1

Arithmetic mean of the vacancy rate:
5
x=1 > X :1(3+3+2+1+1) :E: 2
S5i 5 5

Variance of the vacancy rate:

s2 - % _§1<x,— %)% = %[(3— 22 +(3-2)2 +(2-2)2 + (1-2)% + (1-2)2
J:

= %[12 +12 4 0% + (<)% + (-1)?] = g =08
Global Moran’s | for vacancy rate: | = 0.25 (= Assignment 3b)
Expected value: E(]:)=— Wie __ 1 __ 1 _ ~0.25

n-1 n-1 5-1



3

Local Moran coeffients for regions 1 to 5:

Region 1

(X1 —X)- gwlJ (Xj—%X)=125-(3-2)- [— (3-2)+= (2 2)]

1 =
O 8 J

:1'25'1'(?“5'0) =1.25.1-0.5=0.625

I =0.625 > E(I1) =-0.25 -> positive local spatial autocorrelation
1 = 0.625 > | = 0.25 - spatial clustering of the vacancy rate (high or low value
clustering) around region 1

Region 2
Iy = 018 (x2 =%)- E Woj-(Xj—X)
1 1 1
=125:(3-2)-[:(3-2)+3-(2-2)+3-1-2)]

21251 [F 1+ 1042 (<1)]=1.25-1.0=0
373 '3

l.=0>E(l)) =-0.25 -> positive local spatial autocorrelation
I, =0<1=0.25 - no spatial clustering of the vacancy rate around region 2

Region 3
I3 = 08 (X3 —X)- E w3j-(Xj—X)
:1.25-(2—2)-[%-(3—2)%-(3—2)+%-(1—2)]

21250 [E 1451420 (<1)]=1.25.-0. 2 =0
37373 3

Is=0>E(lIs) =-0.25 -> positive local spatial autocorrelation
Is=0<1=0.25 - no spatial clustering of the vacancy rate around region 3



Region 4

e -X): zm, (xj-X)=125-1-2) [ (3-2) + -1~ 2]
J_

=1.25-(—1).[5-1+5-(—1)] ~1.25.(-1)-0=0

l.=0>E(ls) =-0.25 -> positive local spatial autocorrelation
I, =0<1=0.25 - no spatial clustering of the vacancy rate around region 4

lq =

Region 5

08 (X5 —X) - ZW5J (Xj—x)=1.25-(1-2)- [— (2- 2)+— (1-2)]
=1

=1.25. (—1)-[5-0+§- (-1)]=1.25-(~1)- (-0.5) = 0.625

Is = 0.625 > E(Is) =-0.25 -> positive local spatial autocorrelation
Is = 0.625 > | = 0.25 - spatial clustering of the vacancy rate (high or low value

clustering) around region 5

I5 =

b) Show the relationship between the local Moran cofficients and global Moran’s 1!

Arithmetic mean of local Moran coefficients Ii’s = global Moran’s I:

S
%Z =%-(0.625+0+0+0+0.625):%-1.2520.25 (=1



Assignment 12 (LISA Cluster and Significance Map)

GeoDa has created the following LISA Cluster and Significance Map for the share of
employees of manufacture of electrical and optical instruments with the default
settings:

LISA Cluster Map LISA Significance Map

a) Interpret the LISA Cluster Map!

GeoDa creates a LISA Cluster Map for identifying local clusters and spatial outliers
of a geo-referenced variable. For each region the Local Moran statistic is computed
and tested for significance by randomization. Significant local clusters and spatial
outliers are portrayed in different colours.

Spatial clusters are highlighted by bright colours. Hot spots (high-high regions) are
coloured bright red. In these districts, positive spatial association arises from the own
and neighbouring high values of the attribute variable. Cold spots (low-low regions)
are coloured bright blue. Here, positive spatial autocorrelation emerges from the own
and neighbouring low values of the variable.

Hot spots of manufacture of electrical and optical instruments are most notably
found in Baden-Wuerttemberg. None of the high-high regions are located in north-
west, central and east Germany where most of the cold spots are situated. Some cold
spots are additionally identified in Bavaria.

Spatial outliers are identified by light colours. Because of their inverse orientation,
such areas depict pockets of instationarity. Areas with negative local Moran
coefficients originating from own high and low surrounding values are termed high-
low outliers. They are coloured light red. Regions with negative local Moran
coefficients resulting from own low and high surrounding values are low-high
outliers. These territories are coloured light blue.



While high-low outliers are dispersed across West Germany, with one exception
low-high outliers are located in the southern states of Baden-Wuerttemberg and
Bavaria.

b) What additional information does the LISA Significance Map provide?

The LISA Significance Map provides additional information on the significance
level of the identified local clusters and spatial outliers. Nearly all detected spatial
outliers are significant at a level of 5% (light green). One district in the north and one
district region in the south of Germany at the former inner-German border are
significant outliers at a significance level of 1% (medium green) and 0.1% (dark
green), respectively.

Hot spots at a significant level of 1% can only be found in southern Baden-
Wuerttemberg. All other hot spots are significant at the 5% level. Most of the cold
spots are as well significant at this level. A higher significance level is primarily
observed for some cold spots in Lower Saxony.



Assignment 13 (Local Getis-Ord G; and Gi*)

The vacancy rate (v) is unequally distributed across space:

Region 1 2 3 4 5
Vacancy 3 3 2 1 1
rate (v)

The distance-based contiguity matrix with a critical distance of d=14.4 reads

1110 0]
11011
W(d=14.4)=1 0 1 0 1.
01011
0111 1]

a) Compute the G; statistics and interpret them!

2 Wij(d)-x; 2. Wij(d)
Gi statistic: G; =12 with E(G:) = !
| | ZXJ ( I) n—1
J#i
Region 1
Zwlj(d:14.4)-xj st s
Gy = = ZOTS 007143
2 X 3+2+1+1 7
j#1
> wyj(d =14.4)
E(Gl)zjil :1+1+0+0=g=0.5
n-1 5-1 4
Region 2
ZWZJ(d=144)XJ
Gz=1¢2 :1'3+1-1+1-1:§:0.7l43
2 X 3+2+1+1 7
j#£2

szj(d:14.4)
E(G2)=J¢2 :1+0+1+1:§:0.75
n-1 5-1 4




Region 3
ZW3j(d:14'4)'Xj
G3:j¢3 _1-3+11 :ﬁ:O.S
DX 3+3+1+1 8
J#3
ng,j(d =14.4)
E(G3)2j¢3 :1+0+0+1:E:0.5
n-1 5-1 4
Region 4
ZW4j(d=l4.4)-Xj
Gy =122 SR A Yy
DX 3+3+2+1 9
j24
Zw4j(d:14.4) 001404l
E(G4):j¢4 _U+1+0+ _%_05
n-1 5-1 4
Region 5
ZW5j(d=14.4)-Xj
G5=J¢5 :1-3+1-2+1-1:§:O'6667
2 X 3+3+2+1 9
J#5
Zw5j(d:l4.4)
E(Gs) = j#5 _ O+1+1+1:§:0.75
n-1 5-1 4

Interpretation:
Tendency of spatial concentration of high values: surrounding of region 1

Tendency of spatial concentration of low values: surrounding of regions 2, 4, 5
No spatial concentration: surrounding of region 3



b) Compute the Gi* statistics and interpret them!

n n
2 Wij(d)-; > Wij(d)
G statistic: G} = 11 _ with E(G}) _=
Nn
2 X]
=1

Region 1

n
Zle(d =l4.4) . Xj

G*_j:l _1.3+1-3+1-2_§_
1 n 3+3+2+1+1 10
2 X
j=1
n
_Zwlj (d=14.4)
E(GI)zJZl :1+1+1+0+0:§=0.6
n 5 5
Region 2

n
Zsz(d=14.4)-Xj
* j=1 ~1.3+1-3+1:1+1-1 8

Gy =%
n 3+3+2+1+1 10
2%
j=1
n
szj(d:14.4)
E(G;):le :1+1+0+1+1:ﬂ:0.8
n 5 5
Region 3
n
ZW3j(d=l4.4)-Xj
* )=l 1-3++1-2+1-1 6
G3= = =—=0.6
n 3+3+2+1+1 10
2%
=1
n
Zw3j(d =14.4)
E(G’é):j:l =1+0+1+0+1:§=0.6

n 3) 3)

0.8
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Region 4

n
ZW4J(d 214.4)~Xj
* _J=1 - 1.3++1-1+1-1 5

n 3+3+2+1+1 10
2%
=1
n
Zw4j(d:14.4)
E(GZ):le =O+1+0+1+1:§=0.6
n 5 5
Region 5
n
ZW5j(d=14.4)-Xj
* j=1 1.3++1-2+1-1+1-1 7
GSI = :—:0.7
n 3+3+2+1+1 10
2X]
=1
n
ZWSj (d=14.4)
E(G;):le =0+1+1+1+1:ﬂ:0.8

5 3)

Interpretation:

Tendency of spatial concentration of high values: region 1 or surrounding regions
Tendency of spatial concentration of low values: regions 4 and 5 or surrounding
regions

No spatial concentration: regions 2 and 3 and surrounding regions
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Assignment 14 (OLS regression)

Data on the unemployment rate (u) and the vacancy rate (v) are given for 5 regions.

Region 1 2 3 4 5
Unemployment 6 8 8 11 12
rate (u)
Vacancy 3 3 2 1 1
rate (v)

a) Estimate the Beveridge curve by ordinary least squares (OLS)!

Dependent variable Y: unemployment rate (u)
Independent variable X: vacancy rate (v)

Vector of the endogenous variable y: Observation matrix X:
[ 6] 1 3]
8 13
y=|8 X=|12
11 11
12| 11

Matrix product X“X, its inverse (X*X) -1, matrix product X*y:

5 10
X'X = Xy =|
10 24 81
(xx) Lot (xxpdio L {szz —szl}
XX XX L= XX12  XX11

xXij: Element of the ith row and jth column of X’ X

[X'X| = XX11 - XX 99 — XX12 - XXp1 =5- 24 —10% =120 ~100 = 20

wy-1_ 1124 -10|_| 1.2 -05
(XX) _20[—10 5 }_{—0.5 0.25}
OLS estimator of p:

5 (¢ 3) Ly 12 -05]45] [ 135
b= Y=|_05 025]81|7|-225
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b) Compute the residual variance and the standard error of regression!

Vector of fitted values  :

1 3] [ 6.75

13 6.75
i xi-|1 2 1357 o
y=2b= 225

11 11.25

1 1] 11.25 |

Vector of residuals e:

6| [675] [-0.75]
8 6.75 1.25
e=y-y=|81|-| 9 |=| -1
11 11.25 -0.25
12| [11.25] | 0.75

Residual variance 62 ) _
~0.75
. 125 |
52-2% 11 075 125 —1 —025 0.75] -1 |=3"_125
5-2 3 3
~0.25
| 075

Standard error of regression (SER):

SER =+1.25=1.1180
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c) Are the regression coefficients significant (a=0.05)?
- for Bl (HoZ Bl = O)

OLS estimator for p1: B, =13.5

A

13.5 13.5
istic: t1 = =11.023
Test statistic: 11 = = o i 1 1180. \/._ 12047

Critical value (0=0.05, two-sided test): t(3,0.975) = 3.182

Testing decision: (| t1 |=11.023) > [t(3;0.975)=3.182] => Reject Ho

- for Bz (HoZ Bz = O)

OLS estimator for f2: ﬁz =-2.25

/\

-2.25 -2.25

TS S =-4.025
Test statistic: '2 = x22 1118 /0.25 0559

Critical value (0=0.05, two-sided test): t(3,0.975) = 3.182

Testing decision: (| t |=4.025) > [t(3;0.975)=3.182] => Reject Ho
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d) Compute the coefficient of determination and interpret it!

Working table:

i yi Vi Yi -y Yi-V?2 | V-V | (Ji-V)
1 6 6.75 -3 9 -2.25 5.0625
2 8 6.75 -1 1 -2.25 5.0625
3 8 9 -1 1 0 0
4 11 11.25 2 4 2.25 5.0625
5 12 11.25 3 9 2.25 5.0625
> 45 45 0 24 0 20.25
1 1
y Si_%y, 545 9

SST =24, SSE =20.25, SSR = SST - SSE =24 - 20.25=3.75

_SSE 20.25
SST

R? —0.844

or

SSR =1- 315 =1-0.156=0.844
SST 24

R2=1-

Interpretation:

84.4% of the variation of regional unemployment rates is explained in a linear

regression model by regional vacancy rates.




