3. Spatial Autocorrelation
3.1 Spatial autocorrelation and spatial lag

e Notion of Spatial autocorrelation

Basic property of spatially located data:
The observations x4, X,, ..., X, of a geo-referenced variable X are likely related
over space

Tobler's first law of geography:
Everything is related to everything, but near things are more related than distant
things

Stephan (Hepple, 1978):
Data of geographic units are tied together like bunches of grapes, not separate
like balls in an urn.

Definition:

Spatial autocorrelation is an assessment of the correlation of a variable in refe-
rence to spatial location of the variable i.e. it is the correlation of a variable with
itself over space. If the observations x,, x,, ..., x,, of a geo-referenced variable X
display interdependence over space, the data are said to be spatially autocor-
related. 1



Spatial autocorrelation (Cliff and Ord,1973):

If the presence of some quantity in a county (sampling unit) makes its
presence in neighbouring counties (sampling units) more or less likely, we
say that the phenomenon exhibits spatial autocorrelation.

Spatial autocorrelation (Cliff and Ord, 1981):

If there is systematic spatial variation in the variable, then the phenomenon
being studied is said to exhibit spatial autocorrelation.

Characteristics of spatial autocorrelation

- If there is any systematic pattern in the spatial distribution of a
variable X, it is said to be spatially autocorrelated

- If nearby or neighbouring areas are more alike, this is positive spatial
autocorrelation

- Negative autocorrelation describes patterns in which neighboring
areas are unlike (e.g. by competition)

- Random patterns exhibit no spatial autocorrelation



Spatial pattern of a geo-referenced variable

[ ]0.178-0.224
[ 0.224 - 26.645

I 26.645- 39.175
I 39.175- 50.732
I 50.732- 68.892

Random pattern Spatial clustering
- Values observed at a location do not de- - Similar values tend to cluster in space
pend on values at a neighbouring location - Neighbouring values are much alike

- Observed spatial pattern of values is equally
likely as any other spatial pattern



e Spatial lag

Spatial autocorrelation measures make use of the concept of the spatial lag
that has some analogy and differences to the concept of the time lag

Lag operator L in time-series analysis:

Shifts observations of a variable Y one or more periods back in time
First-order lag: L.y, =Y,4

Second-order lag: L%y, = y,,

k-th order lag: L5y, = Vi K=1,2,...

Spatial lag operator L:
Relates a variable X at one unit in space to the observations of that variable in
other spatial units

Differences between lags in time-series analysis and spatial econometrics:
Because time is unidirectional, the application of lag operator L in time-series
analysis is straightforward. In spatial arrangements, a number of shifts in diffe-
rent directions are possible. Since space is characterized by multidirectionality,
first-order lags, second-order lags, ... lack straightforwardness.



Solution of the problem of multidirectionality:
Use of the weighted sum of all values belonging to a given contiguity class

Contiguity class 1 for region i (first-order spatial lag):
(3.1a) L-x;= iwij "X
Contiguity class 1J:clomprises all immediate neighbours of a region i (= first-
order neighbours)

First-order spatial lag for all n regions:

(3.1b) L-x=W-x

Attribute vector x (observations of a geo-referenced var.): x = (x; X, ... X,)’
W: (Standardized) contiguity matrix (= spatial weights matrix)

Contiguity class 2 (second-order spatial lag):

2 2
(328) L Xi = ZWEJ)XJ (32b) LZ'X=W2°X
Contiguity class 2 comprises all second-order neighbours

2
W,: Second-order contiguity matrix, Wi(j ) : elements of W,



Contiguity class k (k-th order spatial lag):

(3.3a) Lk-Xi:ZWi(jk)-Xj, k=12,..

(3.3b) LX¥-x=W,-x, k=12,...

Contiguity class k comprises all k-th order neighbours

(k). : elements of W,

W, : k-th order contiguity matrix, Wi
Spatial lag and distance-based spatial weight matrix:

Instead of the contiguity matrix, a spatial lag can be formed for a distance-based
spatial weight matrix W. In this case only a ,first-order lag” is accessible to
interpretation. The spatial lag is then always given by (3.1a) and (3.1b),
respectively.

Spatial lag and spatial autocorrelation:

Measures of spatial autocorrelation make use of the concept of the spatial lag.
For a quantitative geo-referenced variable X, spatial autocorrelation can be
assessed by calibrating its observation vector x and the spatial lag W .x . In
order to preserve the properties of correlation coefficients, the standardized
spatial weight matrix W is generally preferred to the unstandardized weight
matrix W*. 6



3.2 Global spatial autocorrelation
3.2.1 Moran‘s |

Moran's | is the mostly used measure of global spatial autocorrelation. It can
be applied to detect departures from spatial randomness. Departures from
randomness indicate spatial patterns such as clusters or trends over space.

Moran‘s | is based on cross-products to measure spatial autocorrelation. It
measures the degree of linear association between a the vector x of ob-
served values of a geo-referenced variable X and its spatial lag Lx, i.e. a
weighted average of the neighbouring values.

e Moran‘s | with unstandardized spatial weight matrix W*:

nn n n

2. 2. Wi (X =X) - (X —X) 2.(X; —X) L wii - (X —X)
(3.43) - D i=li=l _n =l j=1

S n N B
0 > (x; —X)*

n n
with (3.5) Sy = > ZWE (number of non-zero cross-products)
i=1j=1

Analogy to the convential correlation coefficient:
Numerator: sum of cross-products, Denominator: sum of squared deviations’



In matrix notation:

n (x-X)W*(x-Xx)
So (x—X)'(x-%)

(3.4b) 1=

: nx1 vector of observations of X

X.
X : nx1 vector containing the mean of X

e Moran‘s | with standardized spatial weight matrix W:

> 3wy -(x %)+ (x; ~ %) i(xi—i)ilwij-<xj—i>
Z

(3.6a) 1= =l . _i=l .
> (x; —X)° > (x; —X)°
1=1 i=1

in matrix notation:

(3.6b) 1= (X—XXW(X —_i)

(x—X)'(x—X)

Range of Moran’s | in case of standardized weight matrix: -1 <1 <1
(not garanteed for unstandardized weight matrix)



Moran‘s | and linear regression:

Formally, Moran's | is equivalent to the slope coefficient of a linear regression
of the spatial lag Wx on the observation vector x. It is, however, not
equivalent to the slope of a linear regression of x on Wx which would be a
more natural way to specify a spatial process.

A special form of this scatterplot (- Section 3.2.2: Moran scatterplot) can be
used to assess the degree of fit, identify outliers and leverage points as well
as local pockets of instationarity.



Spatial pattern of a geo-referenced variable

Random pattern

Moran’s | = -0.003

[ ]0.178-0.224
[ 0.224 - 26.645

I 26.645- 39.175
I 39.175- 50.732
I 50.732- 68.892

Spatial clustering

Moran's | = 0.486
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Example:

Figure: Arrangement of spatial units

1 2
4 5
3
Contiguity matrix: Geo-referenced variable X: Unemployment (in %)
01 1 0 0] Region i Unempoyment
rate X
el T3 ———
5 (0011 0 1 2 °
3 6
0 0 0 1 0 4 3
< 2
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A. Calculation of Moran‘s | with unstandardized weight matrix

e Calculation with sum of cross-products and sum of squares

1 n
Arithmetic mean (n=5): X =— > X; =

> Y wi-(x =%)-(x; ~X)

So

%(Xi ~x)?
i=1

N

Table 1: Cross-products  (x; —X)(x; —X)

%(8+6+6+3+2):%-25:5

Re- |1 2 3 4 5

gion

1 (8-5)2=32=9 (8-5)(6-5)=3 | (8-5)(6-5)=3 | (8-5)(3-5)=-6 | (8-5)(2-5)=-9
2 (6-5)(8-5)=3 | (6-5=12=1 | (6-5)(6-5)=1 | (6-5)(3-5)=-2 | (6-5)(2-5)=-3
3 (6-5)(8-5)=3 | (6-5)(6-5)=1 | (6-5)2=12=1 | (6-5)(3-5)=-2 | (6-5)(2-5)=-3
4 (3-5)(8-5)=-6 | (3-5)(6-5)=-2 | (3-5)(6-5)=-2 | (3-5)2=(-2)%=4 | (3-5)(2-5)=6
5 (2-5)(8-5)=-9 | (2-5)(6-5)=-3 | (2-5)(6-5)=-3 | (2-5)(3-5)=6 | (2-5)>=(-3)>=9

12




Table 2: Unstandardized weights w

*

1)

Region 1 2 3 4 5

1 0 1 1 0 0

2 1 0 1 1 0

3 1 1 0 1 0

4 0 1 1 0 1

5 0 0 0 1 0
PHY Sum of weights (# of non-zero weights) | S,=12

%
Table 3: Weighted cross-products  W;(X; —X)(X; —X)

Re- 1 2 3 4 5
gion
1 0-:9=0 1-:3=3 1-13=3 0-(-6)=0 0-(-9)=0
2 1-:3=3 0-1=0 1-1=1 1-(-2)=-2 0-(-3)=0
3 1-:3=3 1-1=1 0-1=0 1-(-2)=-2 0-(-3)=0
4 0:(-6)=0 | 1(2)=-2 | 1(2)=-2 0-4=0 1-6=06
5 0-(-9)=0 | 0(-3)=0 | 0«(-3)=0 1-6=06 0-9=0
PNy Sum of weighted cross-products 18
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Table 4: Sum of squared deviations (x; —X)z

Region 1 X; X;—X (Xi _ X)2
1 8 8—-5=3 9
2 6 6-5=1 1
3 6 6-5=1 1
4 3 3-5=-2 4
5 2 2-5=-3 9
)y Sum of squared deviations 24

Moran'‘s | (unstandardized weight matrix):

(n=9)
1=> .18 _ 03105
12 24

14



e Compact calculation with observation vector and weight matrix

n (x-X)W*(x-X)
Sy (x-%)'(x—X)

Numerator (quadratic form):

x,-x=[3 1 1 -2 -3]

(x; —X))W*(x; -x)=[3 1 1 -2

18

(\)
]

(with X =5)

S O == O

O = = O

O = O =

_— D = = O

S = O O O
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Denominator (scalar product):

x.-x=3 11 -2 -3]

(x;-X)'(x;-X)=[3 1 1 -2 -3] 24

Moran's | (unstandardized weight matrix):

(nN=5,S,=12)

Izi-§:0.3125
12 24

16



A. Calculation of Moran‘s | with standardized weight matrix

e Calculation with sum of cross-products and sum of squares

1 n
Arithmetic mean (n=5): X=—>.X; =

n

[ = i=li=1

Z%Wij (X _X)'(Xj —X)

3 (x; —%)2

1=1

=

Table 5: Cross-products  (x; —X)(X; —X)

%(8+6+6+3+2):%-25:5

Re- |1 2 3 4 5
gion

1 (8-5)2=32=9 (8-5)(6-5=3 | (8-5)(6-5)=3 | (8-5)(3-5)=-6 | (8-5)(2-5)=-9
2 | (6-5)8-5)=3 | (6-5)2=12=1 | (6-5)(6-5)=1 | (6-5)(3-5)=-2 | (6-5)(2-5)=-3
3 (6-5)(8-5)=3 | (6-5)(6-5)=1 | (6-52=12=1 | (6-5)(3-5)=-2 | (6-5)(2-5)=-3
4 | (3-5)8-5)=-6 | (3-5)(6-5)=-2 | (3-5)(6-5)=-2 | (3-5)2=(-2)2=4 | (3-5)(2-5)=6
5 (2-5)(8-5)=-9 | (2-5)(6-5)=-3 | (2-5)(6-5)=-3 | (2-5)(3-5)=6 | (2-5)%=(-3)>=9




Table 6: Standardized weights w

]

Region 1 2 3 4 5
1 0 1/2 1/2 0 0
2 1/3 0 1/3 1/3 0
3 1/3 1/3 0 1/3 0
4 0 1/3 1/3 0 1/3
5 0 0 0 1 0

Table 7: Weighted cross-products Wij(x; —X)(X; —X)

Re- 1 2 3 4 5
gion
1 09=0 (2):3=1,5 (2):3=1,5 0-(-6)=0 0-(-9)=0
2 | (1/3):3=1 0-1=0 (173)-1=1/3 | (1/3)«(-2)=-2/3 | 0:(-3)=0
3 (1/3)-3=1 (1/3)-1=1/3 0-1=0 (1/3)-(-2)=-2/3 | 0(-3)=0
4 0-(-6)=0 | (1/3)-(-2)=-2/3 | (1/3)-(-2) =-2/3 0-4=0 (1/3)-6 =2
5 0-(-9)=0 0-(-3)=0 0-(-3)=0 1-6 =06 09=0
PHY Sum of weighted cross-products 11
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Table 8: Sum of squared deviations (x; —X)z

Region 1 X; X;—X (Xi _ X)2
1 8 8—-5=3 9
2 6 6-5=1 1
3 6 6-5=1 1
4 3 3-5=-2 4
5 2 2-5=-3 9
)y Sum of squared deviations 24

Moran's | (standardized weight matrix):

(n=5)
1= 1104583
24
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e Compact calculation with observation vector and weight matrix

[— (x—-X)W(x—X)
 (x-%)'(x-X)

Numerator (quadratic form):

x,-x=[3 1 1 -2 -3]

xi-X)W(x, -x)=[3 1 1 -2

=1 2/3 2/3 -1/3 -2]

(with X =5)
C0 0 1/2 1/2
/3 0 1/3
31113 13 0
0 1/3 1/3
0 0 0
11

0
1/3
1/3

0

1

20




Denominator (scalar product):

x.-x=3 11 -2 -3]

(x;-X)'(x;-X)=[3 1 1 -2 -3] 24

Moran's | (standardized weight matrix):

(n=3)
1= 1 - 0.4583
24

21



e Significance test of Moran‘s |

Significance of Moran's | can be assessed under normal approximation, randomi-
zation or by a permutation test. The variance formula for normal approximation is
much simpler than for randomization. Here we present the significance test of
Moran'‘s | for the normal approximation by making use of a row-standardised
weights matrix.

Null hypothesis H,: No spatial autocorrelation (spatial randomness)

Alternative hypothesis H,: Spatial autocorrelation (spatial dependence)
or
Alternative hypothesis H,: Positive Spatial autocorrelation

[-E() @

—— 2~ ~N(0,1
+/ Var(I) ©.1)

1
Expected value: (3.8) E(I)= —

Test statistic: (3.7) Z(I) =

n®-S;-n-S,+3-S
(n*-1)-S5

~[EMF

22

Variance (for normal approx.): (3.9) Var(I)=



Sp =2 2 Wiy, S| =

1 nn 9
o2 2 (Wij+wii)
2i=1j=1

n|f n n 2 n o)
Sy = 2| 2 Wijt+ 2 Wii| = 2(WietWaej)

1=1\ j=1 J=l1 1=1
with
n n
Wie = 2 Wjj  and Wi =) Wj
J=1 j=1

Test decision (right-sided test):
z(l) > z,, => reject H, (positive spatial autocorrelation)
z(l): z-score,

a: significance level,
Z, 4 (1-a)-quantile of stand. normal distribution

23



Example:

In the example of 5 regions (n=5) we have calculated a value of Moran‘s | of
0,4583 on the basis of the standardized weight matrix:

0 1/2 1/2 0 0]
/3 0 1/3 1/3 0
W=|1/3 1/3 0 1/3 0
0O 1/3 1/3 0 1/3

0 0 0 1 0
Despite the small sample we use the normal approximation of the significance

test of Moran's | for illustrative purposes.

Expected value: E(I) = L —i =—0,25

n—1




1 n n 2

=—2> 2 (W1J+WJ )

2= =1j=1

B 2 2 2 2

=[(Wi2 +Wp1)™ +(W13+W31)" +(Wp1 +W12)” +(Wo3+W3))
2

+(W 4 +W42)2+(W31+W13)2+(W32 +W23)2+(W34 +W43)
2

+(Wygp +W24)2 +(Wyg3 +W34)2 +(Wys5 +W54)2 +(Wsgq +Wy5)

= (1/2+1/3)? +(1/2+1/3)% + (1/3+1/2)* +(1/3+1/3)?

+(1/3+1/3)? +(1/3+1/2)% +(1/3+1/3)% +(1/3+1/3)?

+(1/341/3)? +(1/3+1/3)? +(1/3+1)? +(1+1/3)%]/2

(25,25 2544§§gﬂ§§16]/2 324 _,
36363699;9 99 9 977 362

Z ZW +ZW j i(wi.+w.i)2

1=1\_j=1 J=1 1=1

2 2 P
= (Wie +Wap)Z +(Woe +Way)? +(W3e +We3)” +(Wae + Wag)

+(Wse +Wes)2 =(14+2/3)* +(1+7/6)* +(1+7/6)* +(1+5/3)*

+(1+1/3) 25 169+169+64+16:758:379:21i -
9 36 36 9 9 36 18 18




n%-S;-n-Sy +3-S2

Var(l) = —— 0 —[ED)]>
(n” —1)-S;
52.45_5.°"7,3.52 ) 827
_ 18 _( 1) __9_1
(52 -1).52 4) 600 16

=0,1370-0,0625 = 0,0745

I-E(I) 0.4583+0.25 0.7083

Test statistic (z-score): z(I)= Nar() = 00735 02729 2.5955

Critical value (a=0,05, right-sided test): z, o5 = 1.6449

Test decision:
z(l) = 2.5955 > z, o5 = 1.6449 => Reject H,

Interpretation:
Significant positive spatial autocorrelation of the unemployment rate
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3.2.2 Moran scatterplot

The interpretation of Moran's | as the slope of a regression line of WX on x
provides a way to visualize the linear association in form of a bivariate
scatterplot of standardized data points.

The Moran scatterplot is a special form of a bivariate scatterplot which
makes use of the standardized values of the pairs (x;, Lx;). Augmented with
the regression line, it can be used to assess the degree of fit and to identify
outliers and leverage points. Moreover, the Moran scatterplot can be used to
identify local pockets of instationarity.

Table: Types of local spatial association

Spatially lagged geo-referenced
variable (LX)

high low
Geo-referenced high | Quadrant I: HH | Quadrant IV: HL
variable (X) low | QuadrantIl: LH | Quadrant Ill: LL

Positive spatial association: Quadrants | (HH) and Il (LL)
Negative spatial association: Quadrants Il (LH) and IV (HL)
—> Spatial outliers in case of positive global spatial autocorrelation



Leverage points:

Outliers in the explanatory variables which have the potential to affect the
position of the regression line. Leverage points can but do not necessarily
distort the regression coefficients.

|dentification of leverage points: Diagonal elements h, of the ,hat” matrix

(3.10)H =X(X'X)"'X'  (hat matrix)
nxn '
for ith observation: h; = x; -(X'X)_1 - X
General properties of the hat matrix H:
H =XX'X)'X
—-

nxn

Symmetry: H=H‘and |I-H=(l-H)
ldempotence: H-H=H and (I-H)-(I-H)=1-H

Fitted values (with projection matrix): ¥ = Hy
,Residual maker: e=(1-H)y
Variance-covariance matrix of ¢ Var(e) = 62 -(I-H)

Extreme leverage: h, > 4/n (rule of thumb)

28



Influental observations:
Observations that exert a large influence on the regression line. Influential
observations can be denoted as harmful leverage points.

Cook's distance:
e -h;

(3.11) D; =
" k-s?-(1-h,)?

k: number of explanatory variables (inc. intercept)

n
s2: Unbiased estimate of the error variance s° = Zeiz /(n—Kk)
i=1

Cut-off value: D, > 1 (strong influential observation)
D. > 4/(n-k) (notable influential observation; Fox, 1991)

General outliers (two-sigma rule):
Points further than 2 standard deviations away from the origin

29



Example:
In the example of 5 regions the unemployment rate is considered as the geo-
referenced variable (in %). The observation vector x is given by

8

6
X=|6
3

_2_

We calculate the spatial lag L-x of the unemployment rate using the standardized
weight matrix W: _

"0 12 1/2 0 0[8] [ (6+6)/2 ] 56g

/3 0 1/3 1/3 0 ||6] |(8+6+3)/3 3
Lx=Wx=[1/3 1/3 0 1/3 0 |-|6|=|(8+6+3)/3|= 5%
0 13 13 0 133 |(6+6+2)/3| | 2

0 0o o0 1 o/l2] | 31 | 33
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e Regression: Lx on x

/AN

e Regression line: Lxj =a+b-x;

Ordinary least squares (OLS) estimators for a and b:
n) x; -Lxj — 2 x; 2 Lx; (3.11) é:ZLXi_B.ZXi

(3.10) b =
nyx? —(Ix)? n n

Working table:

| Xi Lx X Lx; X OLS estimators:

: 8 6 | 48 | 64 513695

2 | 6 |523| 34 | 36 b= 551529 _22555 = 50— 04583
3 6 |523| 34 | 36

4 3 4213 12 9 (slope = Moran‘s |)

5 2 3 6 4 5 =§—o,4583§ 27085

> | 25 | 25 | 136 | 149

AN

Regression line:  Lx =2.7085+0.4583-x
31



e Regression values [x;:

AN

AN

L)Aq =2,7085+0,4583-8 = 6,3749
L)Aiz =2,7085+0,4583-6 =5,4583
Lx3=2,7085+0,4583-6 =35,4583

Lx4 =2,7085+0,4583-3 =4,0834

Lx5=2,7085+0,4583-2 =3,6251

Fitted values Lx; and residuals e;:

1 X; Lx; L:Xi e;

1 8 6 6,3749 | -0,3749
2 6 52/3 |5,4583 | 0,2084
3 6 52/3 |5,4583 | 0,2084
4 3 42/3 14,0834 | 0,5833
5 2 3 3,6251 | -0,6251
) 25 25 25 0
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e Moran Scatterplot
» Standardization of the unemployment rate and its lagged values

5

X=1 ¥x; =.-25=5

S i 5
—

s. Table: 25

—x? =§-149—52 =29,8-25=48 55, =/4,8=2,191

s. Table: 149

Standardized values (z-values) of the x-values:

Zxi

Z,, Lagged values of z,;: Lz,

8-5)/2.191 =1.369 Lz, =0.5:0.456 + 0.5-:0.456 = 0.456

6-5)/2.191=0.456 |Lz, = (1/3)1.369 + (1/3)-0.456 + (1/3)-(-0.913) = 0.304

3-5)/2191=-0.913 |Lz,=(1/3):0.456 + (1/3)-0.456 + (1/3):(-1.369) = -0.152

Z,q1 = (
Z,o = (
Z;=(6-5)/2.191 = 0.456 Lz, = (1/3)-1.369 + (1/3)-0.456 + (1/3)-(-0.913) = 0.304
Zy4 = (
Z,5 = (

2-5)/2191=-1369 |Lz;5=1-(-0.913)=-0.913 33




* Regression line for the standardized values (Moran scatterplot)

- Lowest z,; value (region 5):

Z.; =-1.369
A\
Lxg =3.625
A\
Standardized Lxs value:
VAN
5 s = Lxs—X 3.625-5 _ 0.628
Sy 2.191
- Largest z,; value (region 1):
z,, = 1.369
N\
LXI =6.375
VAN
Standardized Lx; value:
VAN
Pl = Lx;-X _ 6.375-5 _0.608
Sx 2.191
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e Moran scatterplot (5 regions)

Lz

1.0

0.5

0.0

-0.5

-1.0

Moran scatterplot (5 regions)

R2oR

o R5

o R4

1.5
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R-Code for Moran Scatterplot

# Moran scatterplot (example script)

X =¢(8, 6, 6, 3, 2)

n = length(x)

WS = matrix(c(0,1,1,0,0,1,0,1,1,0,1,1,0,1,0,0,1,1,0,1,0,0,0,1,0), nrow=n,
ncol=n)

ws.rsum = apply(WS, 1, sum)

W = WS/ws.rsum

Lx = W%*%X

X.Im = Im(Lx~x)

X.Im

Lx.fit = Lx.Im$fitted.values

Xm = mean(x)

sx = sqrt((n-1)/n)*sd(x)

Z = (X-xm)/sx

Lz = W%*%z

|z.fit = (Lx.fit - xm)/sx

plot(z, Lz, main="Moran scatterplot (5 regions)",xlim=c(-1.5, 1.5),
ylim=c(-1, 1), cex.main=1.15, font.main=1)
abline(h=0, v=0)

lines(z, Lz.fit)

box(which="figure")
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Table: Types of local spatial association

Spatially lagged unemployment rate
(LX)

high

low

Unemployment
rate (X)

high

Quadrant I: HH
Regions 1,2 and 3

Quadrant IV: HL

low

Quadrant Il: LH

Quadrant Ill: LL
Regions 4 and 5

Positive spatial association: all regions (spatial clusters)
Negative spatial association: no region (no spatial outliers)

General outlier detection:
No observations outside the [-2; 2] interval
- No outliers according to the two-sigma rule




e Hat matrix and leverage points

Observation matrix;: X =

1 1111
X'X =
{86632

1,2417

-1
X'X)™! =
(XX L 0,2083

|

e e e ek e

1

1
1
1
1

DO W O O OO0

D W O O OO

{

—-0,2083
0,0417

5 25
25 149

|



H=XXX)"'X'=

1,2417  -0,2083 |1 1 1 1 1
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~0,0500 01167 01167 03667  0,4500
| —0,1750 0,0750 0,0750 0,4500  0,5750 |

Diagonal elements of the ,hat” matrix H (cut-off value: 4/(n=5)=0,8):
h,=0,5750, h,=0,2417, h;=0,2417, h,=0,3667, h;=0,5750




e Cook's distance

s2: Unbiased estimate of the error variance

n
s? = Ye? /(n—k)=0,9584/(5-2)=0,3195

1=1

O ef-h;  0,1406-0,5750 0,080845 _
1 j— ju— j— ju— )
k-s?-(1-h))* 2-0,3195-(1-0,5750)> 0,115419
O e5-hy,  0,0434-0,2417 0,010490 _ 1 qs
2 j— j— pu— j— )
k-s?-(1-h,)*> 2-0,3195-(1-0,2417)> 0,367437
b _ es-hy  0,0434.02417  0,010490 00085
3 — - - — Y,
k-s>-(1-h3)* 2-0,3195-(1-0,2417)> 0,367437
O - es-hy  0,3402-0,3667 0124751 _ . yoce
4= = = =0,
k-s?-(1-hy)*> 2-0,3195-(1-0,3667)> 0,256283
2
D= hs  _ 03908:05750 0224710 4,00

k-s2.(1-hs)2  2-03195-(1-0,5750)2  0,115419

Region 5: (D;=1,9469) > 1 (=cut-off value) => Influential observation 40
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