
5.3 The spatial lag model
5.3.1 Model specification and inconsistency of OLS estimation
In analogy to time-series analysis a basic spatial autoregressive process (SAR 
process) is defined by
(5.5a) εWyy +ρ=

with y as an nx1 vector of geo-referenced endogenous variable Y, W an nxn spatial 
weights matrix and ε an nx1 disturbance vector. ρ denotes the autoregressive para-
meter. The disturbances εi are assumed to meet the standard assumptions for a linear 
regression model (see section 4.1): expection of zero,constant variance σ² and ab-
sence of autocorrelation. For geo-referenced data dependencies among the errors εi
could occur in form of spatial autocorrelation. In a pure SAR process it is assumed that 
spatial dependencies are captured by the spatial lag Wy in the endogenous variable Y. 

The basic SAR process (5.5a) is a first-order spatial autoregressive process. Although 
generalisations to higher-order spatial autoregressive processes are possible, unlike 
the time-series case, AR processes in space are mostly restricted to the form (5.5a). 
The restriction becomes intuitive obvious for spatial weight matrices that are based on 
distance instead of neighbourhoods. 
A pure SAR process is of very limited use in empirical work. Regional science models 
usually consist of several geo-referenced variables. An explanation of a variable Y 
under analysis is ordinarily not only obtained by spatial spillovers of that variable. In 
most instances other variables are additionally necessary in explaining Y. Thus, we1



augment the basic spatial lag model (5.5a) by a set of explanatory variables X1, 
X2, …, Xk: 
(5.6a)

X is an nxk matrix of the exogenous variables and β a kx1 vector of regression co-
efficients. The spatial lag model in the extended form (5.2) is a mixed regres-
sive, spatial autoregressive model. 

.

εWyXβy +ρ+=

The standard assumptions for the errors εi are assumed to hold as in the basic 
spatial lag model (5.5a). Just as for OLS estimation of the standard regression  
model (4.1) the assumption of normally distributed disturbances need not to be 
evoked for IV estimation (2SLS estimation) of the spatial lag model (5.6). Only ML 
estimation makes use of the normal assumption for parameter estimation.

For some purposes, the alternative representation of (5.6a),
εWIXβWIy 11 )()( −− ρ−+ρ−=(5.6b) ,

Is useful that follows from εXβWyy +=ρ−
and εXβyWI +=⋅ρ− )(

.The alternative representation of the spatial lag model (5.5a) reads

(5.5b)
.

(5.6c)

εWIy 1)( −−= ρ
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Biasedness and Inconsistency of OLS estimation

In time series analysis the consistency of OLS estimation of AR models is ensured
as long as the errors are free from autocorrelation. Due to the multidirectional na-
ture of spatial dependence, this property does not translate to the spatial case. 
In fact, it can be shown, that OLS estimation of the spatial lag model always leads
to inconsistent parameter estimates. This particular means that a bias present in
small samples will not vanish with increasing sample size. As the inconsistency 
is only affected by the endogenous lag variable Wy, we can keep the spatial lag 
model as simple as possible. For showing the inconsistency of OLS estimation,
we omit possible exogenous variables X1, X2, …, Xk and confine our discussion 
to the basic spatial lag model (5.1).

The OLS estimator of the autoregressive parameter ρ of the spatial lag model

εWyy +ρ=

reads:
yWyWyWy )'(])'[(ˆ 1−=ρ

(5.5a)

(5.7)
.We substitute (5.5a) in (5.7) to obtain

)()'(])'[(ˆ 1 εWyWyWyWy +ρ=ρ −

εWyWyWy )'(])'[(ˆ 1−+ρ=ρ

and
(5.8) 3



Taking the expectation of both sides of (5.8) one gets 

})'(])'{[(E)ˆ(E 1 εWyWyWy −+ρ=ρ(5.9) .

As in the time series case, the second term on the right side of (5.9) does not
vanish. While in time series analysis this is due to the complex stochastic nature
of the inverse term, in the spatial case even the expectation of (Wy)’ε is not equal
to zero except for the case ρ=0 (where the spatial lag model is suspended):

}]')({[E])'[(E 1 εεWIWεWy −ρ−=

Excursus:
An estimator     for the parameter  θ is termed to be consistent, if it converges
in probability to θ:

.

Convergence in probability is abbreviated by the probability limit (plim operator):

.
We use the subscript n  with the estimator in order to elucidate that depends on the 
sample size n.                                                                                              □

θ̂

0,0)ˆ(Plim n
n

>δ=δ>θ−θ
∞→

θ=θnˆlimp

(using (5.5b)) Because of                 the OLS estimator      is a biased 
estimator for ρ.

ρ≠ρ)ˆ(E ρ̂

]')'('[E 1 εWWIε −ρ−=
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In order to assess consistency of OLS estimator    , we have therefore to take the 
probability limit  of (5.8). According to the product rule we obtain

ρ̂

εWyWyWy )'(limp])'[(limpˆlimp 1
n ⋅+ρ=ρ −

or

.

With

(5.10)

(5.10) tranlates into

(5.11)

The last term in equation (5.11) consists of a quadratic form in ε. For values of
ρ ≠0 (the case ρ=0 excludes the endogenous spatial lag variable), the expression
is unequal to zero. Thus, because of

ρ≠ρnˆlimp

the OLS estimator of the autoregressive parameter ρ of the spatial lag mo-
del (5.5) [and likewise (5.6)] is inconsistent.

ρ̂

εWIWεWyεεWy 1)('')'( −ρ−==

εWyWyWy )'(
n
1limp])'(

n
1[limpˆlimp 1

n ⋅+ρ=ρ −

εWIWεWyWy 11
n )('

n
1limp])'(

n
1[limpˆlimp −− ρ−⋅+ρ=ρ
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5.3.2 Method of instrumental variables (IV method, 2SLS)
In contrast to OLS the IV method (2SLS) allows a consistent estimation of the
parameters of the mixed regressive spatial autoregressive model

(5.6)

.In order to facilitate estimation, we arrange the x-values and the values of the 
endogenous lagged variable LY in an nx(k+1) matrix Z,

and the respective regression coefficients in a (k+1)x1 parameter vector θ:

.

(5.12)

(5.13)

With the definitions (5.12) and (5.13) the extended spatial lag model (5.6) reads

(5.6a)

or

(5.6b) εθZy +⋅= .

εWyXβy +ρ+=









=

+ 1nxnxk)1k(nx
WyXZ















ρ=
+

1x1

1kx
1x)1k(

β
θ

[ ] ε
β

WyXy +







ρ

⋅=
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An IV estimator          is based on the assumption that a set of p instruments, p ≥
k+1, arranged in an instrument matrix Q of size nxp, is asymptotically uncorrelat-
ed with the disturbances εi,

IVθ̂

(5.14) 0εQ ='
n
1limp ,

but (preferably strongly) correlated with the original variables stored in matrix Z,

(5.15) QZ'
n
1limp MZQ =

where MQZ is a finite nonsingular moment matrix.

Case 1: Number of instruments (p) = Number of exploratory variables (k+1)
Suppose at first  the number of instruments are equal to the number of original 
explanatory variables X1,X2, …, Xk, LY. Then both matrices Z and Q are of size
nx(k+1).  As the x-variables are a priori fixed, it is natural to use them as their
own instruments, because they fulfill the requirements (5.14) and (5.15). Thus 
only one additional instrument variable is needed which does not belong to the
original set of regressors. Such an additional instrument variable must be – at 
least in large samples – uncorrelated with the error term ε, but the same time
should be strongly correlated with LY. It can, however, not be viewed as a 
single instrument for the spatially lagged endogenous variable, because informa-
tion carried by the x-variables will also be used for approximating LY. While the 
x-variables are perfect instruments for themselves, the spatially lagged endoge-
nous will be instrumented by all instrument variables in Q. 

,
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In order to derive an IV estimator for θ for the case that  the number of instruments
are equal to the number of exploratory variables, we premultiply (5.6b) by (1/n)Q‘:

(5.16) εQZθQyQ '
n
1'

n
1'

n
1

+= .

For large n (n→∞) the last term goes in probability to zero. In this case equation 
(5.16) reduces to

(5.17) ZθQyQ '
n
1'

n
1

= .

Since Q and Z are both matrices of size nx(k+1), the matrix product Q’Z gives a
matrix of size (k+1)x(k+1). Provided that the inverse of Q’Z exists, the IV estimator
of θ is given by

(5.18) yQZQθ ')'(ˆ 1
IV

−= .

As (5.18) converges in probability to θ,

θθ =IVˆlimp(5.19) ,

is a consistent estimator for θ.IVθ̂
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Proof of (5.19):

Using equation (5.6b) for y in (5.18), the IV estimator         can be expressed asIVθ̂

(5.20) )(')'(')'(ˆ 11
IV εZθQZQyQZQθ +== −−

εQZQθεQZQZθQZQ ')'(')'(')'( 111 −−− +=+= .

If we extend the second term on the right-hand side of (5.20) by the factor 1/n,
we will obtain the expression

εQZQθθ '
n
1)'

n
1(ˆ 1

IV
−+=

which probability limit reads

(5.20) )'
n
1(limp)'

n
1(limpˆlimp 1

IV εQZQθθ ⋅+= − .

With regard to the assumptions (5.14) and (5.15) equation (5.20) takes the form

0Mθθ ⋅+= −1
QZIVˆlimp

and thus

θθ =IVˆlimp .                                                                                          □
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Case 2: Number of instruments (p) > Number of explanatory variables (k+1)

In general, the number of instruments will exceed the number of explanatory vari-
ables (p > k+1). Think, for instance, of the basic spatial lag model where the endo-
genous spatial lag variable LY is the only explanatory variable. Data on two or 
more variables may be available that cover information for predicting LY. Informa-
tion would be given away by choosing a single instrument which is expected to 
come along with a loss of efficiency. This means that IV estimation would become
more imprecise by resorting to only one instrument variable when several instru-
ments are available.

When the number of instruments is larger than the number of explanatory variables,
an IV estimator for θ of the simple form (5.18) cannot be derived. Assuming that the
instruments are not collinear, the rank of Q will exeed the rank of Z,

[rk(Q) = p] > [rk(Z) = k+1],

given n > k. In this case Q‘Z does not yield a quadratic matrix, so that it cannot be
inverted. Thus an IV estimator        for θ has to be derived on other grounds. We 
derive an IV estimator in the general case as a two-stage least squares
estimator (2SLS estimator). Thereafter we discuss the issue of choosing suitable
instruments for the spatially lagged endogenous variable LY.

IVθ̂
IVθ̂
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IV estimator as a 2SLS estimator
1st stage

Regress each variable in Z on all instruments in Q
(Remark: As the k x-variables are perfect instruments of themselves, their remains
in reality only the regression of Wy on all instruments in Q)

The predicted values of Z are given by
(5.21a)

or

(5.21b)
)1k(nxnxn

Q
)1k(nx

ˆ
++

⋅= ZPZ

)1k(nxpxn

1

pxpnxp)1k(nx
''(ˆ

+

−

+
= ZQ)QQQZ

where

(5.22) ')'(
pxn

1

pxpnxpnxn
Q QQQQP −=

denotes a symmetric and idempotent projection matrix (“hat” matrix).

Excursus:
Symmetric matrix A:  A = A’
Idempotent matrix A: A = A·A = A²











==

=⋅=

===

−
=

−−

−−
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')'(')'(

')'(]'')'([

Q
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PQQQQQQQQP
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
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The first k columns of     are identical with the first k columns of Q, since the exoge-
nous variables x1, x2, …, xk are perfect instruments for themselves. The (k+1)th co-
lumn of     contains the ultimate instrument         for Wy which may be constructed
by a linear combination of all instruments x1, x2, …, xk, Wx2, …, Wxk in Q:

Ẑ

Ẑ
^

Wy

Regress y on the predicted variables (exogenous variables x1, x2, …, xk and in-
strumented variable        ) in     :  

][ˆ
1nxnxk)1k(nx

^
WyXZ =

+

^
Wy Ẑ

(5.23)

.

The number of instruments must be larger or at least be equal to the number of
of explanatory variables. We have seen that the x-variables prove to be “natural”
choices as instruments.  At least one additional variable has to serve as an in-
strument. The use of the spatially lagged variables Wx2, …, Wxk can be gene-
rated from the x-variables and thus lend oneself as instruments. Usually, all k-1
spatially lagged exogenous variables will be used for instrumenting Wy in order
to avoid loss of efficiency which is expected to arise by omitting some of them.
In applications, where the spatial lag of Y in the previous period, Wyt-1, is known,
it can be alternatively used as an instrument for Wy.

The 2SLS estimator of θ is known to be is an IV estimator:
1nxxn)1k(

1
)1k(nxxn)1k(1x)1k(

IV
1x)1k(

SLS 'ˆ)ˆ'ˆ(ˆˆ yZZZθθ
+

−

++++
==

2nd stage
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The variance-covariance matrix of          is given byIVθ̂

Significance tests for the regression coefficients

(5.23a)

or

(5.23b) 12
IV )ˆ'ˆ()ˆ(Cov −σ= ZZθ

1
Q

2
IV )'()ˆ(Cov −σ= ZPZθ

with σ² as the variance of the disturbances εi. The error variance σ² can be
estimated by

For the spatial lag model with k=2  (a constant and another x-variable) the
estimated variance-covariance matrix of        reads:

(5.24) .

IVθ̂



















σ=
333231

232221

131211

2

3x3
IV

zpzzpzzpz
zpzzpzzpz
zpzzpzzpz

ˆ)ˆ(Cov
^

θ

zpzjj denotes the j-th diagonal element of the inverse                   or            .1
Q )'( −ZPZ 1)ˆ'ˆ( −ZZ

n/)ˆ()'ˆ(n/ˆ IVIVIV
'
IV

2 θZyθZyee −−=⋅=σ
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The principal diagonal of                   covers the estimated variances of the regres-
sion coefficients, while the off-diagonal  elements are their covariances.

)ˆ(Cov IV
^

θ

(5.25)

and

k1,2,...,j,
zpzσ̂

β̂
z

jj
j

j ==

Null hypotheses:

H0: βj = 0, j=1,2,…,k         and          H0: ρ = 0        

Test statistics:

(5.26)

For independently normally distributed errors εi with E(εi)=0 and Var(εi)=σ² for
all i, the test statistics (5.25) and (5.26) are standard normally distributed.

1k1,kρ
zpzσ

ρ
++

=
ˆ

ˆ
z

14



Example:
We again use the data on output growth (X) and productivity growth (Y) of the 5-
region example in order to illustrate IV estimation of the mixed regressive,  spatial 
autoregressive model:

Region 1 2 3 4 5
Output 

growth (X)
0.6 1.0 1.6 2.6 2.2

Productivity 
growth (Y)

0.4 0.6 0.9 1.1 1.2

The extended spatial lag model presumes that regional productivity growth is 
determined by own region‘s output growth and productivity growth in neighbouring
regions

ij
n

1j
iji21i ywxy ε+∑ ⋅⋅ρ+⋅β+β=

=with xi1=1 for all i and xi2 = xi. The endogenous spatial lag may capture regional 
productivity spilllovers suggested by endogenous growth theory. 

Unlike spatial lags in the exploratory variables X2, …, Xn, the spatial lag in the 
dependent variable Y is not exogenous but endogenous, so that the disturban-
ces are no more uncorrelated with all regressors. In this case OLS would produce
biased and inconsistent estimates of the regression coefficients. In order to ob-
tain consistent parameter estimates, we apply the method of instrumental variables 
(IV method, 2SLS))

(5.24)

15



1nxxn)1k(
1

)1k(nxxn)1k(1x)1k(
IV 'ˆ)ˆ'ˆ(ˆ yZZZθ

+

−

+++
=IV estimator:









=

1x52x53x5
WyXZ

with k=2:

nx(k+1) matrix of ex-
ploratory variables Z
(n=5, k=2):























=























=

1.12.21
9.06.21
7.06.11
8.00.11
75.06.01

Lyx1
Lyx1
Lyx1
Lyx1
Lyx1

55

44

33

22

11

Vector of the endogenous variable y: [ ]'2.11.19.06.04.0y =

Standardized weights matrix W:























=

01000
3/103/13/10

03/103/13/1
03/13/103/1
002/12/10

W

nx1 vector of the spatially lagged variable LY:























=













































=

1.1
9.0
7.0
8.0

75.0

2.1
1.1
9.0
6.0
4.0

01000
3/103/13/10

03/103/13/1
03/13/103/1
002/12/10

1x5
Wy

















ρ
β
β

=
ˆ

ˆ
ˆ

ˆ 2
1

1x3
IVθ
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1st stage:

)1k(nxpxn

1

pxpnxp)1k(nx
''(ˆ

+

−

+
= ZQ)QQQZ

nxp matrix of instruments Q
(n=5, p=3):

nx(k+1) matrix of estimated z-variables
[n=5, k=2, p=(k-1)·2+1=3]:























=























=

6.22.21
6.16.21
4.16.11
6.10.11
3.16.01

Lxx1
Lxx1
Lxx1
Lxx1
Lxx1

55

44

33

22

11

3x5
Q























=













































=

6.2
6.1
4.1
6.1
3.1

2.2
6.2
6.1
0.1
6.0

01000
3/103/13/10

03/103/13/1
03/13/103/1
002/12/10

Wx
nx1 vector of the spatially lagged 
exogenous variable X2(=X) :
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)1k(nxpxn

1

pxpnxp)1k(nx
''(ˆ

+

−

+
= ZQ)QQQZnx(k+1) matrix of estimated z-variables

[n=5, k=2, p=(k-1)·2+1=3]:

Inverse of the product
matrix Q’Q of instruments:

Product matrix Q’Q of instruments:
















=






































=

53.155.145.8
5.1452.158
5.885

6.22.21
6.16.21
4.16.11
6.10.11
3.16.01

6.26.14.16.13.1
2.26.26.10.16.0

11111
'

3x55x3
QQ

















−−
−−
−−

=−

2784.14230.04965.1
4230.05076.00931.0
4965.10931.08930.2

)'( 1QQ
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)1k(nxpxn

1

pxpnxp)1k(nx
''(ˆ

+

−

+
= ZQ)QQQZnx(k+1) matrix of estimated z-variables

[n=5, k=2, p=(k-1)·2+1=3]:

















−−
−−
−−























== −

2784.14230.04965.1
4230.05076.00931.0
4965.10931.08930.2

6.22.21
6.16.21
4.16.11
6.10.11
3.16.01

''(ˆ 1 ZQ)QQQZ







































1.12.21
9.06.21
7.06.11
8.00.11

75.06.01

6.26.14.16.13.1
2.26.26.10.16.0

11111























−−
−
−

−
−−

=

8968.00761.02027.1
5509.05499.02566.0
3835.01269.06490.0

1260.02623.04055.0
0884.03384.08917.0

















535.75.145.8
13.752.158
25.485























=

1029.12.21
8607.06.21
7730.06.11
8025.00.11
7109.06.01
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2nd stage

IV estimator for θ
(as a 2 SLS estimator): 1nxxn)1k(

1
)1k(nxxn)1k(1x)1k(

SLS2
1x)1k(

IV 'ˆ)ˆ'ˆ(]ˆ[ˆ yZZZθθ
+

−
++++

==






































=

1029.12.21
8607.06.21
7730.06.11
8025.00.11
7109.06.01

1029.18607.07730.08025.07109.0
2.26.26.10.16.0

11111
ˆ'ˆ ZZ

Product matrix       :

Inverse of the product matrix       :
















=

7041.313.725.4
13.752.158
25.485

ZZ ˆ'ˆ

ZZ ˆ'ˆ

















−−
−
−

=−

3979.193534.27228.12
3534.26532.09553.0
7228.129553.04858.9

)ˆ'ˆ( 1ZZ
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IV estimator for θ
(as a 2 SLS estimator): 1nxxn)1k(

1
)1k(nxxn)1k(1x)1k(

SLS2
1x)1k(

IV 'ˆ)ˆ'ˆ(]ˆ[ˆ yZZZθθ
+

−
++++

==
















=






































=

7318.3
78.7
2.4

2.1
1.1
9.0
6.0
4.0

1029.18607.07730.08025.07109.0
2.26.26.10.16.0

11111
'ˆ

1x55x3
yZ

















=ρ
=β
−=β

=
























−−
−
−

=
6437.0ˆ
3116.0ˆ
2057.0ˆ

7318.3
78.7
2.4

3979.193534.27228.12
3534.26532.09553.0
7228.129553.04858.9

ˆ 2
1

1x3
IVθ
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Residual variance and standard error of regression

Estimated error variance:

[ ]'2.11.19.06.04.0y =























=

1.12.21
9.06.21
7.06.11
8.00.11
75.06.01

Z

















=ρ
=β
−=β

=
6437.0
3116.0ˆ
2057.0ˆ

ˆ 2

1

IVθ



















=
















=ρ
=β
−=β



















==

1879.1
1838.1
7434.0
6209.0
4640.0

6437.0
3116.0ˆ
2057.0ˆ

1.12.21
9.06.21
7.06.11
8.00.11

75.06.01

ˆˆ 2
1

IVθZy

n/)ˆ()'ˆ(n/ˆ IVIVIV
'
IV

2 θZyθZyee −−=⋅=σ





















−

−
−

=





















−





















=−=−=

0121.0
0838.0

1566.0
0209.0
0640.0

1879.1
1838.1
7434.0
6209.0
4640.0

2.1
1.1
9.0
6.0
4.0

ˆˆ IVIV θZyyye

22



Standard error of regression (SER):

0851.00072.0ˆSER ==σ=

Estimated error variance

[ ]

0072.0
5

0362.0
0121.0
0838.0

1566.0
0209.0
0640.0

0121.00838.01566.00209.00640.0
5
1

n/)ˆ()'ˆ(n/ˆ IVIVIV
'
IV

2

==





















−

−
−

−−−=

−−=⋅=σ θZyθZyee
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Estimated variance-covariance matrix of regression coefficients

















−−
−
−

⋅=



















σ=

3979.193534.27228.12
3534.26532.09553.0
7228.129553.04858.9

0072.0

zpzzpzzpz
zpzzpzzpz
zpzzpzzpz

ˆ)ˆ(Cov
333231

232221

131211

2

3x3
IV

^
θ
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iy iŷ yyi −
2

i )yy( − yŷi −
2

i )yŷ( −i
1 0.4 0.4640 -0.44 0.1936 -0.3760 0.1414
2 0.6 0.6229 -0.24 0.0576 -0.2171 0.0471
3 0.9 0.7434 0.06 0.0036 -0.0966 0.0093
4 1.1 1.1838 0.26 0.0676 0.3438 0.1182
5 1.2 1.1879 0.36 0.1296 0.3479 0.1210
Σ 4.2 4.2 0 0.4520 0 0.4370

Coefficient of determination

Working table (              )84.0y =

SST = 0.4520, SSE = 0.4370, SSR = SST – SSE = 0.4520 -0.4370 = 0.0150

967.0
4520.0
4370.0

SST
SSER2 ===

967.0033.01
4520.0
0150.01

SST
SSR1R2 =−=−=−=

or
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Critical value (α=0.05, two-sided test): z0.975 = 1.96

2057.0ˆ1 −=β

Test statistic:

Test of significance of regression coefficients

- for β1 (H0: β1 = 0)

IV (2SLS) estimator for β1:

- for β2 (H0: β2 = 0)

IV (2SLS) estimator for β2: 3116.0ˆ 2 =β

Test statistic:

Testing decision: | z2 |=4.530 >  z0.975=1.96 => Reject H0

Critical value (α=0.05, two-sided test): z0.975 = 1.96

Testing decision: | z1 |=0.785 < z0.975=1.96 => Accept H0

530.4
6532.00851.0

3116.0

zpzˆ

ˆ
z

22
2

2 =
⋅

=
⋅σ

β
=

785.0
4858.90851.0

2057.0

zpzˆ

ˆ
z

11
1

1 −=
⋅

−
=

⋅σ

β
=
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Critical value (α=0.05, two-sided test): z0.975 = 1.96

Test statistic:

Test of significance of regression coefficients

- for ρ (H0: ρ = 0)

IV (2SLS) estimator for ρ:

Testing decision: | zρ |=1.717 < z0.975=1.96 => Accept H0 at 5% sign. level

6437.0ˆ =ρ

717.1
3979.190851.0

6437.0

zpzˆ

ˆz
33

=
⋅

=
⋅σ

ρ
=ρ

27

Critical value (α=0.10, two-sided test): z0.95 = 1.6449

Testing decision: | zρ |=1.717 > z0.95=1.6449 => Reject H0 at 10% sign. level



F test for the regression as a whole

Null hypothesis H0: β2 = ρ =0

Constrained residual sum of squares: SSRc = SST = 0.4520
Unconstrained residual sum of squares: SSRu = SSR = 0.0150

133.29
)125/(0150.0
2/)0150.04520.0(

)1kn/(SSR
k/)SSRSSR(F

u
uc =

−−
−=

−−
−

=

Test statistic:

or 303.29
)125/()967.01(

2/967.0
)1kn/()R1(

k/RF 2

2
=

−−−
=

−−−
=

(The difference of both computations of F are only due to rounding errors.)

Critical value(α=0.05): F(2;2;0.95) = 19.0

Testing decision: (F=29.133) > [F(2;2;0.95)=19.0]  =>  Reject H0
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