5.3.2 Maximum likelihood (ML) method

Excursus A:

e Point estimation in inductive statistics by maximum likelihood

given: sample (x4, X,, ..., X,) of n identically and independently distributed (i.i.d)
sample variables X,, X, ..., X, from a population with an unknown parameter 0

Known type of distribution of the random variable X in the population (e.g. normal
distribution)

Density function: f(x|0) for all x

As the sample variables X are distributed like X and independently drawn from
the population, the joint density function fy,,...,y, of the n sample variables is
given by the product of the marginal density functions f:

n
(A5.1)  fxpoeox, (X1 Xn[0) = £(x10)...F(x|0) =TT £(xi[6)

1=1



e ldea of the maximum likelihood method.:
Which value of the parameter 8 in the population will maximise the probabilty of
the given sample values to be realised?

Before drawing the sample:
Parameter 0 is a fixed quantity, wheras the potential sample values X,.X,,....X,

are variable

After the drawing of the sample:
Sample values x,,X,,...,X, have been realised (fixed), so that fy,,...,x, can be
viewed as a function of the unknown parameter 6

In order to stress the situation after drawing the sample, one replaces the joint
density function fy,,...,«, in (A5.1) by the likelihood function L.:

n
(A5.2) L(O‘Xl,...,Xn)Z I1 f(xi‘e)

=1
The likelihood function of an unknown parameter 6 renders the joint densitiy for
each value of 8 for a given sample (x4,X5,...,X,).



e Maximising of the likelihood function

Maximising the likelihood function L with respect to 0 is based on differential
calculus. Because sums can be easier differentiated than products, usually the
log-likelihood function (logarithm of the likelihood function) is considered:

n
(A5.3) InL(0x,....xp)= > Inf(x;|0)
1=1

As the logarithm of a function is a monotonic transformation, the value of 6

that maximises In L as well maximises L. The necessary condition for a maxi-
mum of In L reads

dlnL(G‘xl,...,xn)iO
do i

(A5.4)

The maximum likelihood estimator (ML estimator) éML for the unknown
parameter 0 is obtained by solving the equation (A5.4).



Example: Maximum likelihood (ML) estimator of parameter p
Probability of event A: P(A) =p

Random variable X: Number of realizations of A in n Bernoulli trials

Random variable X in ith trial: 1 if A occurs, 0 else

X =

INVE

X
[
0.1

Probability function of Bernoulli distribution:  (x;|p) = p%i - (1—p)ti

. N «x 1—x
p,n)= . |P (1-p)

Joint probability function: £ (x

Likelihood function:

i=1
T

n
The sum x can result from [ j permutations of n x; (0, 1) values
X




dL(p‘ Xl,...,Xn)iO
dp

Necessary condition:

dL(p) _ [nj [x 2 (1-p)"* +p* - (n=x)-(1—p)" 2 °(—1)]
dp X

=£2j p* . (1—p)" -[x-(l—p)—p-(n—X)FO

X-(1-p)—p-(n—x)=0
p-(N—x) =x—X-p
p-(N—x+Xx)=x
pP-N=X

o X
Py =— (ML estimator of p)
n



e ML estimators for y and o2 of the normal distribution

Suppose, the random variable X is normally distributed with the unknown parame-

ters
(A5.5) E(X)=p and (A5.6) Var(X) = o2,

Then the probability density function of X is given by

_I(X—ujz 1 _1(X—MJ2
1 2\ © :(ljz.GZG

. e 2

(A57) tlx|n0?)-

O+2T NG

If we take a simple random sample (x4, X, ..., X,) from the normally distributed
population, the likelihood function of this sample reads

(AS.8) 1 1(xi—uj2 n 1(xi—uj2
n (] ol e 1 n.o 7,
L(p,c52|xl,...,xn):1‘[ ( 2}2.6 2\ © :( jZ,H e 2L ©

i=1 \ 2o 21Mo

By taking the logs of both sides of (A5.8), the log likelihood function

1 o 1(x;—pn
nL{uo? [x...xp )= 21 ¥ ——( i j
S

21O

results.



By simplifying (A5.9) we obtain

2
n - —
(A5.10) lnL(u,cs2 |xl,...,xn):E(lml—anncsz)—l > (Xl “)
2 2 o

n
= —%(11r1275+1nc52)—L > (x5 —;,L)z

n n o) ] n 7
=——In2n——Inc” ——— 3 (x; —p)
2 2 267 i=1

The necessary conditions for a maximum of the log likelihood function are obtained
by setting the partial derivatives of In L with respect to y and o2 equal to zero:

2 n !
po.tra) Ontho’) LS (xi —n)0
o c” i=l

2
(A5.11b) omLc?) n ¥ (x; —p)?=0

802 2(52 2(54 i=1

ML estimators [y and 612\/1L of the paramaters (A5.5) and (A5.6) are the values
of y and o2 which meet the conditions (A5.11a) and (A5.11b).



With o2 # 0, (A5.11a) simplifies to

n n
2 (xj —pE XX —np=0

1=1 1=1

what from
n
2Xj =1y
and 1=1
. 1 B
(A5.12)  fiML =~ XX;
N1

follows. Thus, the ML estimator for y is simply equal to the sample mean.
Inserting X by uin (A5.11b), we have

%(Xi - 2)2/204 = 1’1/262 ,
1=1

and

IZI)(Xi —i)z = 25" n/262 =6”n

i=1

From this the ML estimator for o2
. 10 _
(A5.13) 63 = X(xj ~x)
1=1

follows, which is equal to the sample variance with the factor 1/n instead of
1/(n-1).



Excursus B:

e Maximum likelihood estimation of 8 in the standard regression model
We assume the errors u of the standard regression model
(41) y=XB+u

to be identically independently normally distributed (i.i.n.d.) with the expected
value and variance-covariance matrix

E(u)=0 and Cov(u) = E(uu’) = o211,
respectively:
(B5.1) u~N(0, o2).

Then the density function of the disturbance variable of region i is given by

1 1
(B5.2) f(ui;O,Gz) = 5 exp[——uizj
21C



In case of a normal distribution the uncorrelatedness of the errors u, entails
stochastical independence. Thus, the joint density function f,; . is given by the
product of the marginal density functions f:

n
(B5.3) fuy....u, (050,071 = 1T f(us0.6%)

Using (B5.2) we obtain

2 2
2 1 Uy 1 un
f(u;0,0°1) = expl ——= |+ .. exp| ——%=
o2 (62)!2 { 202} o2 (6212 2
1 1 o) o) 2} 1 ( 1 zj
= exp| ———= Uy +u5 +...+uy |= exp| — ——= 2 u;
(27[)n/2 (02 )n/2 ( 202 : 2 (2G)n/2 (02 )n/2 202 !

or because of Y ui=uu

2 1 1
B5.4) f(u;0,6°T)= exp[— _u.uj
( ) 20" 2 (622 52

10



The joint density function for y, f,, is given by

(BS.9) f}’1,..-,yn (y) = ful,...,un (u)-

where |6u/dy| is absolute value of the Jacobian (Jacobian determinant) J
formed by the partial derivatives of the elements of u with respect to the ele-

ments of y:
Ou/0y; 0Oup/dyp -+ Oup/dyy
0 ouy / ouy / v OUn/
@56 J-2" - 2fW1 2.@9 | 2.@m
oy : : " :
Oup /0yy Oup/0yp -+ Oup/Oyy

As the relation between u and y reads [from (4.1)]
(B5.7) u=y-Xp

the partial derivatives du/dy; are equal to 1 for i=j and O for i#j. Thus, in the
standard regression model, the Jacobian J is equal to 1, so that

1 1 ,
(B58) fyl,...,yn (Y) = ful,...,un (ll) = (zn)n/z(cz)n/z exp(— g(y - XB) (y - XB))

follows on account of (B5.5). 11




Given the sample data y and X, the likelihood function L depends on 8 and o?2:

y,X) =

1 1
-—(y-Xp)(y-X
RECYEREI: /zeXp( 52 (y - XB)'(y B)j

(B5.9) L(B,o”

ML estimators ﬁML and &y, are given by the parameter values B and o2
that maximise the likelihood function:

y,X)

(85.10) Llpwr.oku )= ll\;lagiL(B,cz
,O
For ease of calculations, we maximise the log likelihood function

(B5.11) 1nL(ﬁ,02

= M nen)-"me? - (v - XB) (v -
1 X)==2n2n)-S1nc? ~ L (v XB) (v~ Xp)

instead of L. As B does only appear in the last term of (B5.11), maximising the
log likelihood function L with respect to B is equal to minimising the function

(B5.12) Q(P) = u'u = (y — XB)'(y — XB)

The function Q renders exactly the least-squares criterion. Thus, in the stan-
dard regression model, the ML estimator for 8 coincides with the OLS estimator:

(B5.13) Bumr =BoLs = (XX) Xy 12



According to the Gauss-Markov theorem, ﬁML(: ﬁoLs) is the best unbiased linear
estimator. In case of the normal distribution By has the lowest variance of any un-

biased estimator (efficient estimator). Moreover, fy is consistent and normally
distributed.

In order to obtain a ML estimator for the error variance o2, we set the partial deri-
vative of the log likelihood function (B5.11) with respect to 62 equal to 0:

2
OInL|B,c°|y, X 1 ,
: Y ). 5+ (y-XB)-(y-XB)=0
0o 26° 20

From (B5.14) we obtain

n=6i2<y—xs)'<y—xm

(B5.14)

and with ﬁML for B

1
n

(B5.15) 612\/[L= ( —XﬁML)(y—XﬁML)

On account of ﬁML = ﬁOLs the components of y —XﬁML are identical with the
OLS residuals 1; . Thus, the ML estimator for the error variance is given by

) Lavn 10,
(B5.16)6}q = —0'Gi=— ¥ o7
n -
13



612\/[L is asymptotically unbiased. An unbiased estimator for o2 is obtained by

replacing the sample size n by the degrees of freedom n-k:

n
(B5.17)62 = 1 ga—_1 Y07
n—-k n—ki

In general, ML estimators must not possess desirable small but large sample
properties. Under usually fulfilled regularity conditions they are asymptotically
unbiased, consistent and asymptotically efficient.

14



5.3.3 Maximum likelihood estimation in the spatial lag model

The spatial lag model discussed in section 5.3.1 is given in augmented form by
the equation (5.6),

(5.6a) y=Xp+pWy+e,
or equation (5.6b):
(5.6b) y=1-pW) 'XB+(T-pW) ¢ .

The errors ¢ are assumed to be identically and independently normally
distributed (i.i.n.d.):

(5.27) & ~N(0,6°T)
By solving (5.6a) for &,
(5.28) e=(I-pW)-y—-Xp
we obtain the Jacobian
o€
5.29 J=—|=1-pW
(5.29) oy | |

15



Thus, the log likelihood function for y of the spatial lag model is obtained by
adding the term In |I-pW]| to the log likelihood function of the standard regres-
sion model (B5.11) and replacing u by € according to (5.28):

(5.308)  InL(p.p.o?

__h D62 +inll— oWl — g
y,X)— 2111(27t) 21110 +In[I-pW| 52 g'e .
Replacing the random vector g by (5.28) with

e=(I1-pW)-y-Xp=y-pWy-Xp
the log likelihood function reads

(5.30) In L(B,p,cs2

y,X): —gln(2n)—gln o+ In|I—-pW,|

—%(y—pWy—XB)'(y—pWy—XB)

20
Maximising the log likelihood function, In L ,is equal to minimising the sum of
squared errors, g’g, corrected by the log of the Jacobian, In |I-pW . On account of
this correction the ML estimates will differ from the OLS estimates. They coincide
for p—>0 where the spatial lag model approaches the standard regression model.

[ Asymptotic properties like consistency, asymptotic efficiency and asymptotic nor-
mality of the ML estimates will only hold if regularity conditions are satisfied.
Particularly the Jacobian J is required to be positive: J= \ I —pW\ >0 ]

16



The ML estimator for B results from the first partial derivative of the log likelihood
function In L with respect to B:

(5.31a) by = (X'X) X (1-pW)y

The ML estimator for B depends on the unknown autoregressive parameter p. It
can be decomposed in the OLS estimator Po of a regression of y on X and the
OLS estimator Py of a regression of Wy on X:

(5.31b) BmL = {X'X)_l X'y - ng'X)‘l X'Wy =80 —p-BL |
:Bo :BL
The vector of ML residuals e, also depends on p and can be similarly decom-

posed: emL =Y —pWy — XBmr
(5.32) =y-pWy-X(PBo-p-BL)
=y —XBo —p(Wy—XBp)=eq—p-er
%/_/ A ~ J
=Co =L

Thus, according to the first order condition, the error variance c? can estimated by
. 1, 1 ,
(5.33) ShL =_(emr-emL) = (e —p-eL)(eo —p-er)

Substituting p and o? by their estimates (5.31) and (5.33) into the likelihood
function(5.30) yields the concentrated loglikelihood function that is nonlinear in p:

(5:34) InLo(p)=C~2-Inl(eo —per)'(eo —per)]+Inl—pW| "



e Estimation procedure

Preliminary values for B and ¢ are estimated for the log likelihood function only
depending on the autoregressive parameter p:

1st step: Regression of y only on X
OLS estimator: Bo=(X'X)"'X'y
Residual vector: eo =¥ —XBo

2nd step: Regression of Wy only on X
OLS estimator: pr=(X'X)" X'Wy

Residual vector: ér, = Wy —Xpp,

3rd step: Maximisation of the concentrated likelihood function L given eq and ep
to obtain an ML estimator py for the autoregressive parameter p:

Max. InL.(p)=C —1—; 1L (e —per )'(eq — per )]+ In[T — pW|
1l
p

4rth step: ML estimates for B and o2

- . . - i 1 ) R
Py =Bo —Pwmr -Br. and 63y :H(PD —Ppmr -ep)' (e —Pmr -er)

18



Example:

We use the data on output growth (X) and productivity growth (Y) of the 5-region
example in order to illustrate maximum likelihood (ML) estimation of the mixed
regressive, spatial autoregressive model:

Region 1 2 3 4 5
Output 0.6 1.0 1.6 2.6 2.2
growth (X)
Productivity 04 0.6 0.9 1.1 1.2
growth (Y)

The extended spatial lag model presumes that regional productivity growth is

determined by own region’s output growth and productivity growth in neighbouring
regions

n
(5.24) Yi =P1+PB2-Xj+p- Wiy +E
j=1

with x,,=1 for all i and x;, = x.. The endogenous spatial lag may capture regional
productivity spilllovers suggested by endogenous growth theory.

19



ML estimation in the extended spatial lag model

1st step: Regression of y only on X (see section 4.1)

OLS estimator: Bo =(X'X)"' X'y :[

Residual vector: eo =y -XBo =

2nd step: Regression of Wy only on X

[ 0

1/3

1/3
0
0

1/2
0
1/3
1/3
0

1/2
1/3
0
1/3
0

0
1/3
1/3

0

1

0.6
0.9
1.1

(0.4

|

1.1412 —0.588214.20
—0.5882 0.3676 | 7.78
(0.4503] [—=0.0503]
0.6062| | —0.0062
—1 0.8400 |=| 0.0600
1.2297 —0.1297
11.0738 | | 0.1262
04] [0.75]
0.6 0.8

_ X =
09|=| 07| and o)
1.1 0.9
12| [ 1.1

|

Y s Wy VI Wy W

0.6 |

1.0
1.6
2.6
2.2

0.2165
0.3897

20



[0.75 ]
0.8

X'Wy:[l 1 1 1 1} 0.7 :{4.25}

6 10 16 26 22 1
06 1.0 1.6 2.6 0o | L713
11
: i 11412 —0.588274.25] [0.6562
. . —(X'X X' _ —
OLS estimator: Pr =(X'X) “X'Wy [—0.5882 0.3676 }{7.13} {0.1211}
1 0.6] 70.7289"
1 1.0 0.7773
: 6562
Xpr =1 1.6 {g ?3? J: 0.8500
1 26|5 0.9711
1 22| 0.9226

[0.75] [0.72897] [ 0.0211
0.8 | |0.7773 0.0227
Residual vector: er = Wy —Xpr =| 0.7 |—| 0.8500 | =| —0.1500
09 | 09711 |-0.0711
1.1 | 10.9226| | 0.1774

21



3rd step: Maximisation of the concentrated likelihood function L given é5 and ép
to obtain an ML estimator PML for the autoregressive parameter p

Figure: Log L. function of the extended spatial lag model

15
14 ML estimator for p:
z o TN Py =0.2872
. L N

O // N Log Lc function

< A e \ at pyp =0.2872:
8// InL.*=12.5729
7 (neglecting the

constant C)

-1 -08 06 04 0.2 0 0.2 0.4 0.6 0.8 1

22



MATLAB code for plotting the In LC function of the extended spatial lag model

% Program LCLAGPLOT

% Plot of the concentrated log likelihood function
% (1ln Lc) of the extended spatial lag model

% Input:

% Residual vectors: eO and el

% Spatial weights matrix: W

% Number of regions: n

% Output:

% Coordiate system

% x—axlis: Autoregressive parameter rho

% y—-axis: Concentrated log likelihood function (1ln Lc)
% Autoregressive parameter: rho

% Loglikelihood function at rho: Lcmax

% Plot of Concentrated log likelihood function (1n Lc)

3
Il
Ul

e0O = [-0.0503; -0.0062; 0.0600; -0.1297; 0.1262];
[

el, = [0.0211; 0.0227; -0.1500;, -0.0711, O0.1774];
e0Ot = e0';
elLt = el';

I5 = eye(d);
w=([(0O0.50.500;1/301/3 1/3 0;1/3 1/3 0 1/3 0;0 1/3 1/3 0 1/3;0 0 0 1

01, 23



x=-1:0.00
Lc=x;
rho = -0.
for j=1:2
if <
d
else
d
end
Lc(3)

01:1;

9999;

0000

10000

=-(10000-73) /10000;

= (§J-1-10000) /10000;

= - n/2*log((e0t-d*elLt) * (e0O-d*el) /n)

if §==

L
end
if Lc

cmax = Lc(l);

(J)>Lcmax

rho = d;

L
end
end
plot (x,Lc
grid on;
xlabel ('

cmax = Lc(3);

) ;

\rho');

ylabel ("In L( \rho)");

'rho = "',

rho, 'In Lc(rho) = ', Lcmax

+ log (det (I5-d*W)) ;
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R code for plotting the In LC function of the extended spatial lag model

# Program LCLAGPLOT

#

# Plot of the concentrated log likelihood function
# (In Lc) of the spatial lag model (SAR model)

#

# Input:

# Residual vectors: eO and eL

# Spatial weights matrix: W

# Number of regions: n

# Output:

# Coordiate system

# x-axis: Autoregressive parameter rho

# y-axis: Concentrated log likelihood function (In Lc)
# Autoregressive parameter: rho

# Loglikelihood function at rho: Lcmax

= 5,
eO = ¢(-0.0503, -0.0062, 0.0600, -0.1297, 0.1262)
eL = ¢(0.0211, 0.0227, -0.1500, -0.0711, 0.1774)
15 = diag(5)
W = matrix(c(0, 0.5, 0.5, 0, 0, 1/3, 0, 1/3, 1/3, 0, 1/3, 1/3, 0, 1/3, O, O, 1/3, 1/3, 0, 1/3, 0, O, O, 1,
0), nrow=5, ncol=5, byrow=TRUE) 25



x =seq(-1, 1, by=0.0001)
Lc =X
rho = -0.9999
for (j in 1:20000) {
if (j<10000) {
d =-(10000-j)/10000
} else {
d = (j-1-10000)/10000
}
Lc[j] = -n/2*log((eO-d*eL)%*%(eO-d*eL)/n) + log(det(15-d*W))
if (j==1){
Lcmax = Lc[1]
}
if (Lc[j]>Lcmax) {
rho = d;
Lcmax = Lc[j]
}
}

plot(x, Lc, main="Log Lc function of the spatial lag model", cex.main=1.0, xlab="rho",
ylab="In L(rho)", type="I")

26



4rth step: ML estimates for B and 2

ML estimator for f:
A Y ~10.2165
BmL =Bo —pPMmL ‘BPL = {0.3897} 0.2872 [

ML estimator of the error variance:

0.6562
0.1211

-

0.0280
0.3549

[—0.0503] [ 0.0211 ] [-0.0564
—0.0062 0.0227 ~0.0127
eML = €0 —PML -er =| 0.0600 [—0.2872-| —0.1500 0.1031
~0.1297 —0.0711| |-0.1093
| 0.1262 | | 0.1774 | | 0.0753
) 1 A \ .
SML :H(eO_PML'eL) (€0 —PML -€eL) 0.0564"
| ~0.0127
:g'[‘ 0.0564 —0.0127 0.1031 —0.1093 0.0753]| 0.1031
~0.1093
] | 0.0753 |

= 0.0316 =0.0063
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