2. Linear regression models based on cross-sectional
data

2.1. Basic structure

Multiple linear regression model:

Y = Bot BiXyt PoXyt PoXgt-- -+ BiXy t Bexy T €

y. Dependent variable

X1y Xoy X3,--+5 X1, %o EXplanatory variables

B,: Intercept (constant)

B;: This parameter measures the effect of an increase of x, on 'y, holding alll
other observed and unobserved factors fixed

B,: This parameter measures the effect of an increase of x, ony, holding all
other observed and unobserved factors fixed

B,: This parameter measures the effect of an increase of x, on 'y, holding alll
other observed and unobserved factors fixed
€. Error term

Key assumption for the error term ¢:
E(elx,, X500, X)) =0
It states that the error term € is mean independent of the explanatory variables.1



Example: Determinants of wages

We consider a multiple linear regression model that explains wage by
education time (educ), work experience (exper), and other unobserved factors
(terminology: "wage is regressed on educ and exper"):

wage = B,+ B,educ + p,exper + €

The following assumption must be met:

E(eleduc, exper) =0

We also consider a multiple linear regression model that explains wage by
education time (educ), work experience (exper), on-the-job training (training),

education of the mother (motheduc), and other unobserved factors
(terminology: "wage is regressed on educ, exper, training, and motheduc"):

wage = B,+ B,educ + p,exper + B,training + ,motheduc + ¢

Compared to the previous linear regression model with two explanatory
variables, the factors on-the-job training and education of the mother are
removed from the error term and explicitly included in the regression model.

The following assumption must now be met:
E(eleduc, exper, training, motheduc) = 0



On the linearity of regression models:

The linearity of the corresponding regression models refers to the unknown
regression parameters 3,, B;, B,,..., but not to the structure of the explanatory
and dependent variables. Thus, nonlinearities can also be included in linear
regression models.

Popular approaches of incorporating nonlinear relationships into linear

regression models include the use of logarithmized and/or squared variables
such as:

logy = Bo+ Bix,+ Box,+ BaXa o+ BraXp T Bux t e

Y =Pot Piogx, + Box,+ BaXg et Xy T BuX &

Y = Bot Bixyt Boxy '+ BoXo ot BraXot BXia 8

logy = B+ Bx,+ BoX, "+ Balogx,+ Bxgt---+ By Xt ByX,y* &

The last example can be transformed into the original structure of the multiple
linear regression model with y = logy, X, = X;2, X3 =109X,, X, = X3,...., Xi = X 1.



Example: Determinants of the logarithm of wages

Now, we consider a multiple linear regression model that explains the logarithm
of wage (logwage) by education time (educ), squared education time (sgeduc),
work experience (exper), on-the-job training (training), education of the mother
(motheduc), and other unobserved factors:

logwage = B,+ B,educ + B,sqeduc + B,exper + B,training + . motheduc + ¢
Another example is a linear regression model, where the effect of age and the

logarithm of the years with the current employer (logtenure) on wage is
examined:

wage = 3, + B,age + B,logtenure + ¢

The handling of such specified linear regression models will be discussed
below. Nonlinear regression models (with respect to the regression
parameters) will not be examined in this course.



2.2 Estimation of the unknown parameters with the OLS method

For the further analysis of linear regression models a sample of size n from the
population is required.

Multiple linear regression model with k explanatory variables:
{(Xi1, Xigs-oes Xo Vi) 1= 1,00, 0}

Including the observations i = 1,..., n leads to the following linear regression
models:

Yi = Bt BXipt BoXpp e+ Xt g

For example, X, is the value of explanatory variable number k for observation i.

Essential task of regression analyses:
Estimation of unknown regression parameters B, B4, Bs,---

Optimization approach in the ordinary least squares (OLS) method for multiple
linear regression models:

min Z(yi- bo' blxil- bzxiz'“" bkxik)2
=1

by, by, by ..., by 4



It follows for the first order conditions for the k+1 estimated regression
parameters:

>0 Bo- B B Bsa) =0
iXil(yi_ Bo' leil— Bzxiz""- kaik) ~0

iXiZ(yi- Bo' leif BZXiZ""' kaik) ~0

ixik(yi_ BO' leil_ Bzxiz_..._ kaik) -0

OLS fitted values (predicted values) are the estimated values of the dependent
variable:

Y. =Byt Bxy+ Boxipte-+ Bx, fori=1,...,n

OLS regression equation:

A
A

Y =PBot Bxy+ Box, et Bix,



Interpretation of the OLS estimated parameters in multiple linear regression
models (under the aforementioned key assumption for ¢):

g = Byt Byt Box,+o ot Bix,

Ay = BlAX1+ f&ZAX2+- -+ BkAxk

If the explanatory variables x,, X3, X,,..., X, are held fixed, it follows:
Ay = B,AX,

The estimated parameter of the explanatory variable x, thus indicates in this
case the change of the fitted value if x, increases by one unit.

If X1, X5, X3,--., X1 @re held fixed, it follows:
Ay = B Ax,

The estimated parameter for the explanatory variable x, thus indicates in this
case the change of the fitted value if x, increases by one unit.

The estimated parameters can thus be interpreted as estimated partial effects,
l.e. when estimating the effect of one variable, the other explanatory variables
are controlled for. This is the great advantage of regression analyses (or
general econometric analyses), i.e. a ceteris paribus consideration is possible
without having to conduct a randomized controlled experiment. However, this
interpretation is only possible for E(g|x,, X,,..., X,) = 0 (see below).



Example 1: Determinants of net income

By using a linear regression model, the effects of age in years (age), the years
with the current employer (tenure), and working hours per week (workinghours)
on the monthly net income in Euro (nincomemonth) are examined:

nincomemonth = B,+ B,age + B,tenure + B,workinghours + ¢

The following OLS regression equation was estimated on the basis of n =
1,456 employees subject to social security contributions (Earnings Structure
Survey 2018):

nincomémonth = -682.021 + 7.705age + 21.746tenure + 56.951workinghours

Interpretation:

« Estimated positive effect of age: If tenure and workinghours are held fixed,
an increase of age by one year leads to an estimated increase of the
monthly net income by 7.71 Euro

* As expected, tenure and workinghours also have estimated positive effects
if the other explanatory variables are held fixed, respectively



Example 1: Determinants of net income (Stata output)

The OLS estimation with Stata leads to the following results:

reg nincomemonth age tenure workinghours

Source | SS df MS Number of obs = 1,456
————————————— Fm————_—————— F(3, 1452) = 431.82
Model | 754937870 3 251645957 Prob > F = 0.0000
Residual | 846161629 1,452 582755.943 R-squared = 0.4715
————————————— - Adj R-squared = 0.4704
Total | 1.6011e+09 1,455 1100412.03 Root MSE = 763.38
nincomemonth | Coefficient Std. err t P>|t| [95% conf. interval]
_____________ o
age | 7.70454 1.956777 3.94 0.000 3.866128 11.54295

tenure | 21.74587 2.194552 9.91 0.000 17.44104 26.0507
workinghours | 56.95107 1.860032 30.62 0.000 53.30244 60.59971
_cons | -682.0207 109.3244 -6.24 0.000 -896.4714 -467.5701



Example 2: Determinants of (gross) income

By using a linear regression model, the effects of education in years (educ),
age in years (age), and household size (hhsize) on the monthly (gross) income
iIn Euro (income) are examined:

income = B,+ B,educ + B,age + B,hhsize + ¢

The following OLS regression equation was estimated on the basis of n =
1,652 full- and parttime workers (SOEP 2019):

Income = -1,616.504 + 270.974educ + 26.473age + 64.370hhsize

Interpretation:

« Estimated positive effect of educ: If age and hhsize are held fixed, an
increase of educ by one year leads to an estimated increase of the monthly
income by 270.97 Euro

« Age and household size also have estimated positive effects if the other
explanatory variables are held fixed, respectively

10



Example 2: Determinants of (gross) income (Stata output)

The OLS estimation with Stata leads to the following results:

reg income educ age hhsize

Model

1.1615e+09
5.0571e+09

387170345
3068619.67

Number of obs

1,652
126.17
0.0000
0.1868
0.1853
1751.7

age

270.9736
26.47332
64.36995
-1616.504

15.2336
4.011118
30.95926
289.1115

F(3, 1648) =

Prob > F =

R-squared

Adj R-squared

Root MSE =
P>t [95% conf.
0.000 241.0943
0.000 18.60589
0.038 3.64631
0.000 -2183.569

300.8528
34.34074
125.0936
-1049.439

11



Residuals (estimated error terms): Difference between the actually observed
values of the dependent variable and the OLS fitted values

—Yi- —Yi- BO BlXIl BZ 2= "7 BkXIk fOI'l_l

If the residual is positive:

Actual observed dependent variable is larger than the corresponding fitted
value and is thus underestimated

If the residual is negative:

Actual observed dependent variable is smaller than the corresponding fitted
value and is thus overestimated

Therefore, the OLS method can be alternatively characterized as follows: The
OLS estimators are obtained by minimizing the sum of squared residuals

mln ZS —Bmm.Z(y. Bo lell Bz i2” """ Bk |k)

BOBl'—

12



Example: Determinants of executive board salaries

By using a linear regression model, the effect of corporate return on equity in %
(roe) on the salary of executive board members of these companies in 1,000
dollars (salary) is examined:

salary = 3,+ B,roe +u

Using a sample of n = 209 executive board members, the following OLS
regression equation was estimated:

salary = 963.191 + 18.501roe
The OLS estimation with Stata leads to the following results:

reg salary roe

Source | SS df MS Number of obs = 209
————————————— - F( 1, 207) = 2.77
Model | 5166419.33 1 5166419.33 Prob > F = 0.0978
Residual | 386566563 207 1867471.32 R-sgquared = 0.0132
————————————— Fo— Adj R-squared = 0.0084
Total | 391732982 208 1883331.64 Root MSE = 1366.6

salary | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_____________ +________________________________________________________________
roe | 18.50119 11.12325 1.66 0.098 -3.428195 40.43057

cons | 963.1913 213.2403 4.52 0.000 542.7902 1383.592



Example: Determinants of executive board salaries (continued)

It follows for the first five board members:

Ot;]suer;\gagiron roe salary salary €
1 14.1 1,095 1,224.058 -129.058
2 10.9 1,001 1,164.854 -163.854
3 23.5 1,122 1,397.969 -275.969
4 5.9 578 1,072.348 -494.348
) 13.8 1,368 1,218.508 149.492

For the first board member, for example, the following applies to the residual:

1,095 - (963.191 + 18.501-14.1) = 1,095 - 1,224.058 = -129.058

The first four board members thus receive a lower salary than implied by the
corresponding fitted values so that the salary is overestimated. In contrast, the

salary of the fifth board member is underestimated.

14



Alternative formulation of linear regression models:
yi =Vt g = Bo+ [§1Xi1+ Bz7(i2+“’+ BkXik+ g fori=1,..,n
Total sum of squares:
n
SST = Z(yi_ y)°
i=1
Explained sum of squares:
n _ n
SSE = Z(yi_ 9)° = Z(yi- y)°
i=1 i=1
Residual sum of squares (or sum of squared residuals):

SSR = zn:(éi- &) = Zn:(e,f
i=1 i=1

General rule:
SST = SSE + SSR
SSR SSE

+ =1
SST SST

15



Coefficient of determination: Ratio between the explained variation and the

total variation (of the dependent variable y,)
R? = SSE _ 1. SSR

SST SST

The coefficient of determination also corresponds to the squared correlation
coefficient between the dependent variables and the OLS fitted values:

(i(yi-vxyi-?) j (i(yi-vxyi-w j

R? = - =

@(yi-vfj@(yi-wj [Z(yy)j(zwy)j

Properties of the coefficient of determination:
« 0sR2<1

« RZnever decreases if an additional (and possibly irrelevant) explanatory
variable is included (since SSR never rises in this case)

« For this reason, R? is a poor measure for assessing the quality or goodness

of a linear regression model (also the adjusted coefficient of determination,

which takes the number of explanatory variables into account, is an
inappropriate measure for evaluating the quality of a linear regression
model)



Example: Determinants of net income

As before, we consider the OLS regression equation examined to analyze

monthly net

income:

nincomémonth = -682.021 + 7.705age + 21.746tenure + 56.951workinghours

The R? is 0.4715, i.e. the variation in age, tenure, and working hours explains

47.15% of the variation in monthly net income.

reg nincomemonth age tenure workinghours

Model

754937870
846161629

251645957
582755.943

Number of obs

F(3,

Prob > F
R-squared
Adj R-squared

1452)

1,456
431.82
0.0000
0.4715
0.4704
763.38

age

tenure
workinghours
_cons

7.70454
21.74587
56.95107

-682.0207

1.956777
2.194552
1.860032
109.3244

Root MSE
P>l t] [95% conf
0.000 3.866128
0.000 17.44104
0.000 53.30244
0.000 -896.4714

11.54295
26.0507
60.59971
-467.5701



2.3 Expected value and variance of OLS estimators

Assumptions for the analysis of the expected value of OLS estimators:

Assumption Al: Linear in the parameters

The relationship between the dependent variable y and the explanatory
variables x4, X,,..., X, is linear in the parameters with

Y =Bo+Bxp*+ BoXp +...+ Bex t+ €

Assumption A2: Random sampling

The OLS estimation is based on a random sample of size n from the
population with {(Xi;, Xi,,--., Xy, ¥i), 1 = 1,..., n} so that it follows for a particular
observation i: y, = By + By Xi; T BoXip +...+ B Xy + §

Assumption A3: No perfect collinearity

In the sample (and therefore also in the population) none of the explanatory
variables is constant, and there is no exact linear relationship between the
explanatory variables

Assumption A4: Conditional expected value of € is zero
E(g|X, X5.-0, %) =0

Under these four assumptions, all OLS estimated parameters are unbiased:
E(B,)=p, forh=0,1,...,k

18



About assumption A4

If this assumption is satisfied, the explanatory variables are characterized as
exogenous. If A4 is violated, endogenous explanatory variables or endogeneity
are present.

In this case, the interpretation of the parameters as causal effects is no
longer valid

Although there are still true theoretical parameter values in the correct
structural causal model, OLS does not estimate these values correctly, i.e.
the OLS estimated parameters are biased

In the presence of endogeneity, the causal effect is therefore not identifiable
and cannot be correctly estimated with OLS

To obtain more reliable estimates of causal effects, alternative estimation
methods such as instrumental variable (IV) estimation or panel data
approaches that address different types of endogeneity should be applied

A violation of A4 can occur e.g. in the presence of measurement errors in
the explanatory variables or if the functional relationship between the
dependent and explanatory variables is misspecified

One important violation of A4 arises when a relevant explanatory variable
that is correlated with other explanatory variables is omitted

Another major violation of A4 occurs in the case of reverse causality or

simultaneity 19



Possible bias due to reverse causality and simultaneity

The effect of the explanatory variable x, on the dependent variable y is
considered and estimated. However, suppose that y (also) has an effect on x;.
The corresponding linear regression models are as follows:

Y= Bot Bixyt Boxot -t BraXp T Bex €
Xi=YoT VY TV Xt T Y X T VXt U
Since x, now depends on y and y depends on g, X, is correlated with €.

Therefore, x, is endogenous, violating A4. As a result, the estimator B,, which is
intended to capture the estimated causal effect of x; ony, is biased.

In the presence of (true) simultaneity, y and X, are jointly and simultaneously

determined within the same system (e.g. a market equilibrium). Endogeneity

arises since both variables are determined at the same point of time together
with the same structural error term.

Examples:

* Price and guantity (at the macro level): Price and quantity of goods are
determined simultaneously by supply and demand in the market equilibrium

« Wages and working hours in negotiated contracts: The employer sets the
wage depending on the hours the employee is willing to work, while the
employee decides how many hours to work depending on the wage oi‘fered20

« Time spent with child and working hours each day



In contrast, reverse causality refers to situations in which causality only runs in
the opposite direction or in both directions, but not necessarily simultaneously
(bidirectional causality). The two causal mechanisms are conceptually or
behaviorally distinct. Although there may be feedback between y and x,, the
variables are not jointly determined in a simultaneous system. Instead, there is
a temporal or structural sequence between the variables, leading to
endogeneity even in the absence of true simultaneity.

Examples:

* Income and health: While a better health can enhance productivity and thus
iIncrease income, a higher income enables access to improved healthcare,
which can lead to better health

« Education and cognitive ability: While greater cognitive ability can facilitate
educational attainment, which leads to more education, education exposes
individuals to cognitively demanding tasks, which can strengthen skills and
thus increase cognitive ability

« Wages and training: While training programs can enhance productivity,
leading to higher wages, more productive or better-paid workers are also
more likely to be offered training opportunities

« Happiness and income: While higher income can increase happiness by
improving living standards, happier individuals can be more motivated,
which can lead to higher productivity, better employment prospects, and 21
ultimately a higher income



Interpretation of OLS estimated parameters in the presence of reverse
causality (but in the absence of omitted variable bias, see below):

Although the estimated parameters are biased with respect to the causal
effects of the explanatory variables, they can still be interpreted as

estimated statistical correlations, specifically as estimated partial (linear)
correlations between the relevant variables (e.g. happiness and income)

If the same control variables are included in both reverse linear regression
models (e.g. when happiness is regressed on income and income is
regressed on happiness), the estimated parameters of the relevant variables
have the same sign (and the corresponding t-values are identical, see
below)

However, the magnitudes of the estimated parameters differ due to different
scales and units of the variables

In contrast, the underlying estimated partial correlations are identical in both
regression models since they represent non-scaled linear associations
between the variables, controlling for the same variables

However, if different control variables are included in the two regression
models, the estimated partial correlations (and the t-values) differ, which can
even lead to a change in the sign of the estimated parameters

22



Example: Reverse causality between happiness and income

By using a linear regression model, the effects of the monthly (gross) income in
1,000 Euro (income1000), education in years (educ), and age in years (age) on
happiness (happiness), measured on an eleven-stage scale, are examined:

happiness = B,+ B,income1000 + B,educ + P,age + ¢

However, as discussed above, it is possible that happiness can affect income.
The corresponding linear regression model with the same control variables is:

Income1000 = y,+ y,happiness + y,educ + y,age + u
The following OLS regression equations were estimated:
happiness = 7.388 + 0.086income1000 + 0.021educ - 0.008age

Incomel1000 = -2.254 + 0.122happiness + 0.266educ + 0.026age

Interpretation:

« Estimated positive partial correlation between happiness and incomel1000
when controlling for educ and age (i.e. holding educ and age fixed)

« An increase of incomel000 by one unit (i.e. an increase of income by 1,000
Euro) is associated with an estimated increase of happiness by 0.086 points

« An increase of happiness by one point is associated with an estimated
increase of income1000 by 0.122 units (i.e. 122 Euro) 23



Example: Reverse causality between happiness and income (Stata output)

The OLS estimations with Stata lead to the following results:

reg happiness incomel000 educ age

Source

Model
Residual

22.8215157
2.15425278

Number of obs

1,652
10.59
0.0000
0.0189
0.0171
1.4677

incomel000
educ

.1265583
.0487987
-.0010418
7.824512

Model

400.466762
3.044415

1,652
131.54
0.0000
0.1932
0.1917
1.7448

happiness
educ

interval]

SS df
68.4645471 3
3550.20858 1,648
3618.67312 1,651

Coefficient Std. err
.0861289 .0206124
.0214697 .0139334

-.0076401 .0033041
7.387825 .2226399
happiness educ age

SS df
1201.40028 3
5017.19592 1,648

6218.5962 1,651
Coefficient Std. err
.1217184 .0291297
.2656497 .0152293
.0259021 .0039543
-2.254379 .3372995

F(3, 1648) =
Prob > F =
R-squared =
Adj R-squared =
Root MSE =
P>|t| [95% conf.
0.000 .0456996
0.124 -.0058592
0.023 -.0142385
0.000 6.951138
Number of obs
F(3, 1648) =
Prob > F =
R-squared =
Adj R-squared =
Root MSE =
P>t [95% conf.
0.000 .0645832
0.000 .2357788
0.000 .0181461
0.000 -2.91596

.1788536
.2955206
.0336581
-1.592799



Remarks:

If the effects are positive in both directions (e.g. income has a positive effect
on happiness and happiness has a positive effect on income), the true
positive (causal) effects are overestimated. Similarly, if the effects are
negative in both directions, the true negative effects are overestimated, i.e.
the absolute values of the estimated negative parameters are too large.

If one effect is positive and the other is negative, the true positive or
negative effects are underestimated, i.e. the absolute values of the
estimated parameters are too small

However, rather than the direction of the bias, it is usually the magnitude
that is of greater concern. The exact size of the bias cannot typically be
determined or estimated without additional information or assumptions.

Possible bias due to the omission of relevant explanatory variables (,omitted
variable bias®)

The correct linear regression model is specified as follows (where the
assumptions Al to A4 above are satisfied):

Y =Bt BXyt Boxot ot Xt Bex T e
However, the following misspecified linear regression model, which omits the
explanatory variable x, (e.g. due to ignorance or lack of data), is estimated:

Y =Bt Bxy+ Bx,te o+ Bx it e

25



This leads to the following OLS regression equations in the correctly specified
and misspecified linear regression models:

y= 6o+ BlX1+ Bzxz oot Bk-lxk-1+ ﬁkxk

y= Bo+ B1X1+ Bzxz oot Bk-le-l

The following relationship applies (h =1,..., k-1):

Bh — Bh+ Bksh

5, (h=1,..., k-1) is the OLS estimated slope parameter for x,, from a regression
of x, on all other explanatory variables (including a constant). It follows:

E(Bh) =Byt Byoy,
The OLS estimator of the slope parameter is thus usually biased unless either

B, or &, is zero. If §, is zero, x, and x, are uncorrelated in the sample. If B, is
zero, the "misspecified" linear regression model is correctly specified.

As a rule, however, x,, and x, are correlated, leading to omitted variable bias.
The direction of the bias can be summarized as follows:

« Positive bias: B, > 0 and corr (X, x,) > 0 or B, < 0 and corr (x;, X,) <0

* Negative bias: B, < 0 and corr (%, X,) > 0 or B, > 0 and corr (x;, x,) <0

As discussed above, it is rather the magnitude of the bias that is of greater
concern. The size of the bias cannot generally be calculated or estimated. 25



Example 1: Determinants of net income

As before, we consider the OLS regression equation examined to analyze
monthly net income:

nincomémonth = -682.021 + 7.705age + 21.746tenure + 56.951workinghours

In the next step, we exclude tenure from the linear regression model. The
following OLS regression equation was estimated:

nincoméemonth = -1048.895 + 18.261age + 61.278workinghours

Interpretation:

« The effect of age appears to be strongly overestimated in the second
regression model

* One plausible explanation for this overestimation is the strong positive
correlation between age and tenure

« These interpretations are based on the assumption that the first regression
model is correctly specified, i.e. that no endogeneity problems are present,
e.g. due to further omitted variables (the possibility of reverse causality
between age and nincomemonth can be practically excluded)



Example 1: Determinants of net income (Stata output)

The OLS estimations with Stata lead to the following results:

reg nincomemonth age tenure workinghours

Source | SS daf MS Number of obs = 1,456
————————————— e F(3, 1452) = 431.82
Model | 754937870 3 251645957 Prob > F = 0.0000
Residual | 846161629 1,452 582755.943 R-squared = 0.4715
————————————— == Adj R-squared = 0.4704
Total | 1.6011e+09 1,455 1100412.03 Root MSE = 763.38
nincomemonth | Coefficient Std. err t P>t [95% conf. interval]
_____________ +________________________________________________________________
age | 7.70454 1.956777 3.94 0.000 3.866128 11.54295
tenure | 21.74587 2.194552 9.91 0.000 17.44104 26.0507
workinghours | 56.95107 1.860032 30.62 0.000 53.30244 60.59971
_cons | -682.0207 109.3244 -6.24 0.000 -896.4714 -467.5701

reg nincomemonth age workinghours
Source | SS daf MS Number of obs = 1,456
————————————— - F(2, 1453) = 561.10
Model | 697717779 2 348858890 Prob > F = 0.0000
Residual | 903381720 1,453 621735.526 R-squared = 0.4358
————————————— - Adj R-squared = 0.4350
Total | 1.6011e+09 1,455 1100412.03 Root MSE = 788.5
nincomemonth | Coefficient Std. err. t P>t [95% conf. interval]
_____________ +________________________________________________________________
age | 18.2608 1.695369 10.77 0.000 14.93516 21.58643
workinghours | 61.27775 1.867546 32.81 0.000 57.61438 64.94112
_cons | -1048.895 106.2486 -9.87 0.000 -1257.312 -840.4778



Example 2: Determinants of total rents

By using a linear regression model, the effects of the total area of the rental
apartment in square meters (space), household net income in Euro
(nethhincome), and household size (hhsize) on the total rent in Euro (totalrent)
Is examined with a sample of 4,573 rental households (main income earners):

totalrent = B,+ B,space + B,nethhincome + B,hhsize + ¢

The following OLS regression equation was estimated:

totalrent = 80.795 + 4.910space + 0.041nethhincome + 4.912hhsize

In the next step, we first exclude nethhincome and then space from the linear
regression model. The following OLS regression equations were estimated:

totalrent = 76.111 + 5.836space + 15.316hhsize

totalrent = 276.639 + 0.074nethhincome + 49.873hhsize
Interpretation:

« The effect of household size appears to be strongly overestimated in the
latter regression models

« One plausible explanation for this overestimation is the strong positive
correlation between hhsize and nethhincome, and especially space



Example 2: Determinants of total rents (Stata output)

The OLS estimation of the first regression model with Stata leads to the

following results:

reg totalrent nethhincome space hhsize

Source | SS df MS Number of obs = 4,573
————————————— Fm————_—————— F(3, 4569) = 1754.18
Model | 127229802 3 42409934 Prob > F = 0.0000
Residual | 110462356 4,569 24176.4842 R-squared = 0.5353
————————————— - Adj R-squared = 0.5350
Total | 237692158 4,572 51988.661 Root MSE = 155.49
totalrent | Coefficient Std. err t P>|t| [95% conf. interval]
_____________ o
nethhincome | .0411824 .00192106 21.43 0.000 .0374151 .044949¢6
space | 4.909524 .1112115 44 .15 0.000 4.6914906 5.127553

hhsize | 4.912236 2.673225 1.84 0.066 -.3285778 10.15305

_cons | 80.79485 6.563701 12.31 0.000 67.92682 93.66287
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Example 2: Determinants of total rents (Stata output continued)

The OLS estimations of the latter two regression models with Stata lead to the
following results:

reg totalrent space hhsize

Source

Model
Residual

121566647

58062755.6
26601.0169

|
+
| 116125511
|
+
|

Number of obs

4,573
2182.73
0.0000
0.4886
0.4883
163.1

5.836396
15.31582
76.11138

.1074724
2.757444
6.881142

F(2, 4570)

Prob > F

R-squared

Adj R-squared

Root MSE
P>t [95% conf.
0.000 5.625698
0.000 9.909898
0.000 62.62102

6.047094
20.72175
89.60175

Model

80113319.8
157578839

40056659.9
34481.1463

Number of obs

4,573
1161.70
0.0000
0.3370
0.3368
185.69

hhsize

.0741717
49.87345
276.6393

.0021142
2.951713
5.777168

35.08
16.90
47.88

F(2, 4570)

Prob > F

R-squared

Adj R-squared

Root MSE
P>t [95% conf.
0.000 .0700268
0.000 44.08667
0.000 265.3132

interval]

.0783166
55.66024
287.9653



Remarks:

In the case of omitting relevant explanatory variables, the estimated
parameters are not only biased with respect to the causal effects of the
explanatory variables, but also to partial correlations between the relevant
variables (e.g. between age and nincomemonth in the previous example)

Specifically, the estimated parameters reflect biased effects or biased partial
correlations that incorporate the effect of the omitted variable(s)

In contrast, in the case of reverse causality without omitted variable bias, the
partial correlations between the variables are statistically correctly
estimated, although the estimated parameters are biased as causal effects

Omitted variable bias and reverse causality can naturally also occur
simultaneously (e.g. reverse causality between happiness and income, with
health omitted from the explanation of happiness)

Inclusion of irrelevant explanatory variables

In contrast to the biased parameter estimators that result from the omission of
relevant explanatory variables, the inclusion of irrelevant explanatory variables
that have no (partial) effect on the dependent variable, does not affect the
unbiasedness of the OLS estimators and thus does not lead to bias

— However, the inclusion of irrelevant explanatory variables does affect the

variance of the OLS estimators, typically increasing their variance 32



Assumptions for considering the variance of OLS estimators:

« Assumptions Al to A4 when considering the expected value of OLS
estimators

« Assumption A5: Homoskedasticity
The conditional variance of the error term € is constant, i.e.
Var(g|Xy, X,,..., X, ) = 02. If this condition does not hold, i.e. if the variance
depends on explanatory variables, the error terms are heteroskedastic.

— The assumptions A1 to A5 are also known as the Gauss-Markov
assumptions (in the case of regression analyses with cross-sectional data)

Under the assumptions Al to A5, the variance of the OLS estimated slope
parameters in linear regression models is:

2 2
A 6) 6)
Var(B,) =

LR)Y (-, (RUSST

R,2 is the coefficient of determination from the auxiliary regression of x,, on all
other explanatory variables (including a constant).

forh=1,...,k

— While the assumption of homoskedasticity is not required for the
unbiasedness of the estimated parameters, the above variance is valid
only under this assumption, but not in the case of heteroskedasticity



Estimation of the variance o2 of the error term «:

The estimation of 02 is the basis for estimating the variance of the OLS
estimated regression parameters

Since 02 = E(&?), the following estimator for g2 could be used:

., SSR
Z

However, this estimator is biased. An unbiased estimator is given by the ratio
between SSR and the difference between the sample size n and the number
k+1 of regression parameters:

&
n-k-14= n-k-1

The corresponding (consistent, but biased) estimator of the standard deviation
o of the error term €, also known as standard error of the regression (SER), is:

56" - \/nklZ

52 1 Z”:A ,  SSR
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An unbiased estimator of the variance of the OLS estimated slope parameters
in linear regression models is therefore:

n2
0]

(1-R2)SST,

Vér(ﬁh) = forh=1,...,k

The corresponding standard deviation of the OLS estimated slope parameters

~ 0]

Var(B,) = forh=1,...,k
J-R2)SST,

7
~
=
~

This standard deviation can then be estimated as follows:

VoY

JVarB,) = © forh=1,....k

- Ja-RyssT,

The correct use of these estimates (also called standard errors of the
estimated parameters) is particularly based on the homoskedasticity
assumption A5. In the presence of heteroskedasticity (see below), the OLS
estimated slope parameters remain unbiased, but their estimated variances
and standard deviations are biased.
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Under the assumptions Al to A5, it follows:

The OLS estimators are the best linear unbiased estimators (BLUE) of the
regression parameters in linear regression models

Components of BLUE:
 “Unbiased” means that the estimator is not biased

 “Linear” means that the estimator is a linear function of the data and the
dependent variable

 “Best” means that the estimator has the lowest variance

In accordance with the Gauss-Markov theorem, OLS estimators have the
smallest variance in the class of all linear and unbiased estimators. However,
the prerequisite for this property is that the assumptions Al to A5 are satisfied.
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2.4 Testing of hypotheses about regression parameters

Additional assumption A6: Normality

The error term ¢ is independent of the explanatory variables x,, X, ..., X, and is
normally distributed with an expected value of zero and a variance of g2
e ~ N(0; 0?)

— The assumptions A1 to A6 are commonly referred to as the classical linear
model assumptions. The corresponding regression model is therefore also
called the classical linear regression model.

Under the assumptions Al to A6, it follows for the dependent variable:
.2
YIX1s Xgseews X~ N(Bot Bixy+ Box,+---4 Bix, 5 07)

In particular, it follows:

The OLS estimators are the best unbiased estimators (BUE) of the regression
parameters in linear regression models. The OLS estimators thus have the
lowest variance not only in the class of all linear unbiased estimators, but also
among the broader class of all unbiased estimators.

— While we assume in the following that the error term € is normally
distributed, statistical tests can still be conducted when this assumption A6
does not hold, provided that the sample size n is sufficiently large (see

below) 37



However, if the assumption A6 (normally distributed error term ¢€) is satisfied,
the OLS estimated slope parameters in linear regression models are also
normally distributed, i.e. it follows (h = 1,..., k):

2
a o)

B,~NI[B,; Var(B,)] resp. B,~N|By; n
(1'Rﬁ)z (Xih B Xh)2

It follows (h =1,..., k):

Bh_ Bh - N(O, 1) resp. Bh;Bh - N(O, 1)

yVar(p,) n
\/(1'Rﬁ)z (Xih B Xh )2

In addition, any linear function of the OLS estimated regression parameters
By, By.-.., By is also normally distributed.
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However, the variances and standard deviations of the OLS estimated slope
parameters in linear regression models are usually unknown and must
therefore be estimated. Under the assumptions Al to A6, it follows:

BBy resp — Buby

- 1:n-k-l
yVar(,) 0
\/(1'Rﬁ)z (Xih - Xh )2

k+1 is the number of unknown regression parameters (including the constant).

The main null hypothesis that is tested in empirical applications is:
H,:B,=0 forh=1,...,k

The null hypothesis about the slope parameter [3,, implies that the explanatory
variable x;, has no partial effect on the dependent variable y. The test statistic of
the corresponding t-test is the following t-statistic (t-value), which incorporates
the estimated standard deviation (standard error) of the estimated parameter:

t=t, =t = i

" Jvar,)
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Testing H,: B, = 0 at a given significance level a is based on the fact that the t-
statistic is t-distributed with n-k-1 degrees of freedom under the null hypothesis.
In empirical analyses, two-tailed t-tests are usually examined. This leads to the
following alternative hypothesis:

H:B,#0 forh=1,...,k
The null hypothesis is thus rejected if:

|t| > tn-k-l;l-a/2

More general null hypothesis:
H,:B,=a, forh=1,..,k

This null hypothesis is rejected if B, differs substantially from a,. The
appropriate test statistic is the following more general t-statistic:

t= ﬁh_ ay
JVar(B,)

If Hy: By, = &, IS true, this t-statistic is again t-distributed with n-k-1 degrees of
freedom. The null hypothesis is rejected at a significance level a in favor of the
alternative hypothesis Hy: B, # ap if [t| >t 1.1

40



Example 1: Determinants of electricity consumption

By using a linear regression model, the effects of age in years (Age),
household size (HHSize), and the logarithm of household living space in
square meters (LogApartmentSize) on the logarithm of household electricity
consumption (LogElecUse) are examined with a sample of n = 3,705
individuals. The following OLS regression equation was estimated, including
the estimated standard deviation of the estimated parameters:

LogElecUse = -5.387 + 0.006Age + 0.174HHSize + 0.395LogApartSize
(0.072) (0.0005) (0.008) (0.018)

Interpretation:

* Due to the high conventional t-values, all explanatory variables have a
significant effect at common significance levels (e.g. 0.05, 0.01)

« Another interesting null hypothesis tests whether (3; equals one, i.e.
Ho: B3 = 1. In this case, it follows t = (0.395-1)/0.018 = -32.718. Therefore,
the null hypothesis is rejected at all common significance levels (indicating
that the estimated elasticity is strongly significantly different from the value
of one).

« These (and the following) interpretations are based on the assumptions Al
to A6 41



Example 1: Determinants of electricity consumption (Stata output)

The OLS estimation with Stata leads to the following results:

reg LogElecUse Age HHSize LogApartSize

Source | SS df MS Number of obs = 3,705
————————————— Fm————_—————— F(3, 3701) = 741.40
Model | 418.672194 3 139.557398 Prob > F = 0.0000
Residual | 096.65628 3,701 .188234607 R-squared = 0.3754
————————————— Fom Adj R-squared = 0.3749
Total | 1115.32847 3,704 .301114599 Root MSE = .43386
LogElecUse | Coefficient Std. err. t P>|t] [95% conf. interval]
_____________ +________________________________________________________________
Age | .0056057 .0005076 11.04 0.000 .0046105 .0066009

HHSize | .1742857 .0079202 22.01 0.000 .1587574 .1898141
LogApartSize | .395196 .0184851 21.38 0.000 .358954 .431438
_cons | 5.387003 .0716573 75.18 0.000 5.246511 5.527494

Remarks about “significance”:

« Statistical significance should be assessed first and is a necessary
condition, but the true relevance of an explanatory variable depends on its
economic significance, i.e. the magnitude of the estimated slope parameter

 If a null hypothesis is not rejected at a given significance level, this does not
imply that it is true. Therefore, the correct phrasing is that the "null
hypothesis cannot be rejected at that significance level". 42



Example 2: Determinants of happiness

As before, we consider the OLS estimation results with Stata to analyze
happiness:

reg happiness incomelQ00 educ age

Source | SS df MS Number of obs = 1,652
————————————— Fm————_—————— F(3, 1648) = 10.59
Model | 68.4645471 3 22.8215157 Prob > F = 0.0000
Residual | 3550.20858 1,648 2.15425278 R-squared = 0.0189
————————————— - Adj R-squared = 0.0171
Total | 3618.67312 1,651 2.19180686 Root MSE = 1.4677
happiness | Coefficient Std. err t P>|t| [95% conf. interval]
_____________ o
incomel000 | .0861289 .0206124 4.18 0.000 .0456996 .1265583
educ | .0214697 .0139334 1.54 0.124 -.0058592 .0487987

age | -.0076401 .0033641 -2.27 0.023 -.0142385 -.0010418

_cons | 7.387825 .2226399 33.18 0.000 6.951138 7.824512

Interpretation:

« The null hypothesis that the parameter of educ is zero cannot be rejected at
common significance levels. Therefore, educ has no significant effect on
happiness.

« The null hypothesis that the parameter of age is zero can be rejected at the
10% and 5% significance levels, but not at the 1% significance level 43



In addition to individual parameter tests, hypotheses about linear combinations
of slope parameters can also be tested. For any values r,, r,,...,r, and c, the
null hypothesis can be specified as follows:

Ho 0B+ o+ -+ 5By, =c resp. Hy: g+ o, +-+ 1P -c=0

The inclusion of the estimated variance of this linear combination of the slope
parameters leads to the following t-statistic, which is t-distributed with n-k-1
degrees of freedom under the null hypothesis:

. [+t L, -

\/Vér(r1ﬁ1+" -t rkBk)
A common example is testing the equality of two parameters, e.g.:
Hy: B,= P, resp. Hy: - B,=0
The corresponding t-statistic becomes:
t= Bl_BZ

Jvar(p,-f,)

The null hypothesis H, is thus rejected at a significance level a (in the case of a
two-tailed test) if [t| >t 1.1
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Example: Determinants of total rents

As before, we consider the OLS estimation results with Stata to analyze total
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