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Aufgabe 1

10 Punkte

Man betrachte ein Pendel, das aus einer Masse m am Ende eines masselosen Stabes der
Länge l besteht. Das andere Ende des Stabes möge vertikal oszillieren, wobei seine Posi-
tion gegeben sei durch y(t) = A cos(ωt) (A << l).
Wenn ω groß genug ist und das Pendel zu Beginn nahezu senkrecht kopfüber steht,
dann fällt es überraschenderweise nicht um. Stattdessen wird es um die Ausgangspo-
sition ”schwingen”.
Man bestimme die Bewegungsgleichung für θ (θ sei der Winkel der Auslenkung aus der
senkrechten Kopfüberposition des Pendels). Außerdem erkläre man, warum das Pendel
nicht umfällt und bestimme die Frequenz der Vor- und Zurückbewegung des Pendels.

6.9 Problems 247

initial average acceleration (averaged over a few periods) of the left
mass? In which direction does it move?

6.5. Inverted pendulum ****
A pendulum consists of a mass m at the end of a massless stick of length
!. The other end of the stick is made to oscillate vertically with a position
given by y(t) = A cos(ωt), where A ! !. See Fig. 6.12. It turns out
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Fig. 6.12

that if ω is large enough, and if the pendulum is initially nearly upside-
down, then surprisingly it will not fall over as time goes by. Instead, it
will (sort of) oscillate back and forth around the vertical position. If you
want to do the experiment yourself, see the 28th demonstration of the
entertaining collection in Ehrlich (1994).

Find the equation of motion for the angle of the pendulum (measured
relative to its upside-down position). Explain why the pendulum doesn’t
fall over, and find the frequency of the back and forth motion.

Section 6.2: The principle of stationary action

6.6. Minimum or saddle **

(a) In Eq. (6.26), let t1 = 0 and t2 = T , for convenience. And let
ξ(t) be an easy-to-deal-with “triangular” function, of the form

ξ(t) =
{

εt/T , 0 ≤ t ≤ T/2,
ε(1 − t/T ), T/2 ≤ t ≤ T .

(6.93)

Under what condition is the harmonic-oscillator %S in Eq. (6.26)
negative?

(b) Answer the same question, but now with ξ(t) = ε sin(π t/T ).

Section 6.3: Forces of constraint

6.7. Normal force from a plane **
A mass m slides down a frictionless plane that is inclined at an angle θ .
Show, using the method in Section 6.3, that the normal force from the
plane is the familiar mg cos θ .

Section 6.5: Conservation laws

6.8. Bead on a stick *
A stick is pivoted at the origin and is arranged to swing around in a
horizontal plane at constant angular speed ω. A bead of mass m slides
frictionlessly along the stick. Let r be the radial position of the bead.
Find the conserved quantity E given in Eq. (6.52). Explain why this
quantity is not the energy of the bead.
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