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Übungen zur Vorlesung Theoretische Mechanik
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Aufgabe 1

5 Punkte

Eine Masse M gleite reibungsfrei auf einer Schiene. An dieser Masse hänge ein Pendel
der Masse m und Länge l. Man finde die Bewegungsgleichungen sowie die Schwingungs-
frequenz für kleine Winkel θ.

248 The Lagrangian method

Section 6.6: Noether’s theorem

6.9. Atwood’s machine **
Consider the Atwood’s machine shown in Fig. 6.13. The masses are
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Fig. 6.13

4m, 3m, and m. Let x and y be the heights of the left and right masses,
relative to their initial positions. Find the conserved momentum.

Section 6.7: Small oscillations

6.10. Hoop and pulley **
A mass M is attached to a massless hoop of radius R that lies in a vertical
plane. The hoop is free to rotate about its fixed center. M is tied to a
string which winds part way around the hoop, then rises vertically up
and over a massless pulley. A mass m hangs on the other end of the string
(see Fig. 6.14). Find the equation of motion for the angle of rotation of
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Fig. 6.14
the hoop. What is the frequency of small oscillations? Assume that m
moves only vertically, and assume M > m.

6.11. Bead on a rotating hoop **
A bead is free to slide along a frictionless hoop of radius R. The hoop
rotates with constant angular speed ω around a vertical diameter (see
Fig. 6.15). Find the equation of motion for the angle θ shown. What are
the equilibrium positions? What is the frequency of small oscillations
about the stable equilibrium? There is one value of ω that is rather
special; what is it, and why is it special?
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6.12. Another bead on a rotating hoop **

A bead is free to slide along a frictionless hoop of radius r. The plane of
the hoop is horizontal, and the center of the hoop travels in a horizontal
circle of radius R, with constant angular speed ω, about a given point
(see Fig. 6.16). Find the equation of motion for the angle θ shown. Also,
find the frequency of small oscillations about the equilibrium point.R
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6.13. Mass on a wheel **
A mass m is fixed to a given point on the rim of a wheel of radius R that
rolls without slipping on the ground. The wheel is massless, except for
a mass M located at its center. Find the equation of motion for the angle
through which the wheel rolls. For the case where the wheel undergoes
small oscillations, find the frequency.

6.14. Pendulum with a free support **
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Fig. 6.17

A mass M is free to slide along a frictionless rail. A pendulum of length #

and mass m hangs from M (see Fig. 6.17). Find the equations of motion.
For small oscillations, find the normal modes and their frequencies.

Abbildung 1: Zur Aufgabe 1

Aufgabe 2

5 Punkte

Ein Partikel gleite auf der inneren Fläche eines reibungsfreien Kegels. Man nehme an,
dass der Kegel mit seiner Spitze am Boden befestigt sei und seine Achse die Vertikale
sei. Es seien α der Halbwinkel an der Spitze, r die Distanz des Partikels zur Achse und
θ der Winkel um den Zylinder herum. Man finde die Bewegungsgleichungen. Finden Sie
die Kreisfrequenz ω für den Fall, dass sich der Partikel auf einem Kreis mit Radius r0 im
Kegel bewegt.

6.9 Problems 249

6.15. Pendulum support on an inclined plane **
A mass M is free to slide down a frictionless plane inclined at an
angle β. A pendulum of length " and mass m hangs from M ;
see Fig. 6.18 (assume that M extends a short distance beyond the side
of the plane, so the pendulum can hang down). Find the equations
of motion. For small oscillations, find the normal modes and their
frequencies.

6.16. Tilting plane ***
A mass M is fixed at the right-angled vertex where a massless rod of
length " is attached to a very long massless rod (see Fig. 6.19). Amass m
is free to move frictionlessly along the long rod (assume that it can pass
through M ). The rod of length " is hinged at a support, and the whole
system is free to rotate, in the plane of the rods, about the hinge. Let θ

be the angle of rotation of the system, and let x be the distance between
m and M . Find the equations of motion. Find the normal modes when θ

and x are both very small.
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6.17. Rotating curve ***
The curve y(x) = b(x/a)λ is rotated around the y axis with constant
frequency ω (see Fig. 6.20). Abead moves frictionlessly along the curve.
Find the frequency of small oscillations about the equilibrium point.
Under what conditions do oscillations exist? (This problem gets a little
messy.)
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6.18. Motion in a cone ***
A particle slides on the inside surface of a frictionless cone. The cone
is fixed with its tip on the ground and its axis vertical. The half-angle
at the tip is α (see Fig. 6.21). Let r be the distance from the particle to
the axis, and let θ be the angle around the cone. Find the equations of
motion.

If the particle moves in a circle of radius r0, what is the frequency, ω,
of this motion? If the particle is then perturbed slightly from this circular
motion, what is the frequency, ', of the oscillations about the radius r0?
Under what conditions does ' = ω?

6.19. Double pendulum ****
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Consider a double pendulum made of two masses, m1 and m2, and two
rods of lengths "1 and "2 (see Fig. 6.22). Find the equations of motion.

For small oscillations, find the normal modes and their frequencies
for the special case "1 = "2 (and consider the cases m1 = m2, m1 ! m2,
and m1 " m2). Do the same for the special case m1 = m2 (and consider
the cases "1 = "2, "1 ! "2, and "1 " "2).

Abbildung 2: Zur Aufgabe 2
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Aufgabe 3

4 Punkte

Eine kleine Kugel der Masse m befinde sich ruhend auf dem höchsten Punkt einer Halb-
kugel mit Radius R. Bestimmen Sie die Zwangskraft, welche die Kugeloberfläche auf die
Masse m ausübt, sowie den Winkel, bei dem die Masse m die Halbkugel verlässt.
Hinweis: Gegeben sei eine Gleichung der Art

ẍ = f(x),

dann ergibt sich mithilfe des Gedanken

ẍ =
d

dt

dx

dt
=
dẋ

dt
=
dẋ

dx

dx

dt
= ẋ

dẋ

dx

die Integration ∫
ẋdẋ =

∫
f(x)dx.
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