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We introduce quantum sensing schemes for measuring veltly foezes with a single trapped ion. They use
the spin-motional coupling induced by the laser-ion intéom to transfer the relevant force information to the
spin-degree of freedom. Therefore, the force estimaticaiiged out simply by observing the Ramsey-type os-
cillations of the ion spin states. Three quantum probesaisidered, which are represented by systems obeying
the Jaynes-Cummings, quantum Rabi (in 1D) and Jahn-T&ll@X) models. By using dynamical decoupling
schemes in the Jaynes-Cummings and Jahn-Teller model®roarsensing protocols can be made robust to the
spin dephasing caused by the thermal and magnetic field #itichis. In the quantum-Rabi probe, the residual
spin-phonon coupling vanishes, which makes this sensiop@ol naturally robust to thermally-induced spin
dephasing. We show that the proposed techniques can beaisedse the axial and transverse components of
the force with a sensitivity beyond the yN/Hz range, i.e. in the x}y/Hz (xennonewton, 10?7). The Jahn-
Teller protocol, in particular, can be used to implement a-tliannel vector spectrum analyzer for measuring
ultra-low voltages.

PACS numbers: 03.67.Ac, 03.67.Bg, 03.67.Lx, 42.50.Dv

I. INTRODUCTION require specific adiabatic evolution of the control pararet
but rather they rely on using Ramsey-type oscillations ef th

Over the last few years, research of mechanical systerﬁ?ns spin states, which are detected via state-dependent f_I
coupled to quantum two-level systems has attracted gre&f€Scence measurements. Moreover, we show that by using
deal of experimental and theoretical interektg]. Micro-  dynamical decoupling schemes, the sensing protocols becom
and nano-mechanical oscillators can respond to very weaiPPust against dephasing of the spin states caused by therma
electric, magnetic and optical forces, which allows one to?"d magnetic-field fluctuations.
use them as highly sensitive force detectds [For exam- We consider a quantum system described by the Jaynes-
ple, the cantilever with attonewton (18 N) force sensitiv- Cummings (JC) model which can be used as a highly sensi-
ity can be used to test the violation of Newtonian gravity attive quantum probe for sensing of the axial force component.
sub-millimeter length scale4]. With current quantum tech- By applying an additional strong driving field?, 13] the de-
nologies coupling between a nanomechanical oscillator angihasing of the spin states induced by the residual spingrhon
a single spin can be achieved experimentally by using strontteraction can be suppressed such that the sensing protoco
magnetic-field gradient. Such a coupling paves the way fofloes not require initial ground-state cooling of the iontwa-
sensing the magnetic force associated with the singleretect tional state. We show that the axial force sensing can be im-
spin [5]. To this end, a recent experiment demonstrated thaplemented also by using a probe represented by the quantum
the coherent evolution of the electronic spin of an indigidu Rabi (QR) model. Because of the absence of residual spin-
nitrogen vacancy center can be used to detect the vibration énotional coupling in this case, the force estimation is stbu
a magnetized mechanical resonagjr [ to spin dephasing induced by the thermal motion fluctuations

Another promising quantum platform with application in ~ Furthermore, we introduce a sensing scheme capable to ex-
high-precision sensing is the system of laser-cooled &dpp tract the two-dimensional map of the applied force. Here the
ions, which allows excellent control over the internal angtm quantum probe is represented by the Jahn-Teller (JT) model,
tional degrees of freedorf], Force sensitivity of order of 170 in which the spin states are coupled with phonons in two spa-
yN Hz /2 (1024 N) was reported recently with an ensemble tial directions. We show that the two transverse components
of ions in a Penning trap8]. Force measurement down to 5 Of the force can be measured by observing simply the coherent
yN has been demonstrated experimentally using the injectio €volution of the spin states. In order to protect the spirecoh
locking technique with a single trapped io8].[ Moreover, —ence during the force estimation we propose a dynamical de-
force detection with sensitivity in the range of 1 yN'Hz2is  coupling sequence composed of phonon phase-shift opgrator
possible for single-ion experiments based on the measutemeWhich average to zero the residual spin-phonon interaction
of the ion’s displacement amplitud&(]. We estimate the optimal force sensitivity in the presence of

In this work, we propose ion-based sensing schemes fonotional heating and find that with current ion trap technolo
measuring very rapidly varying forces, which follow an ear- gies force sensitivity better than 1 yN HZ?2 can be achieved.
lier proposal [L1] wherein the relevant force information is Thus, a single trapped ion may serve as a high-precision sen-
mapped into the spin degrees of freedom of the single trappegbr of very weak electric fields generated by small needte ele
ion. In contrast to 1], the techniques proposed here do nottrodes with sensitivity as low as{1V/m Hz /2,
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This paper is arranged as follows. In Sét.we describe 1.0
the sensing protocol for detection of the axial component of \\ @ ARY
very weak forces using a quantum probe represented by the 0.8 |\ J \
Jaynes-Cummings and quantum Rabi models. It is shown that oo \
by using dynamical decoupling technique the sensing proto- § 0.6 ‘\\ K v
col using Jaynes-Cummings system is immune to thermal spin & </ e 0.6
. . . . > .

dephasing. In Sed!l we introduce a sensing scheme, which  § oo
is able to detect the two components of the external force. Fi &
nally, in Sec.lV we summarize our findings. 02 0.4
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A. Jaynes-Cummings quantum probe
Figure 1: (Color online) a) Time-evolution of the probatyilio find
In our model we consider a single two-state ion with athe system in spin stat¢) for the JC system. We compare the prob-
transrtlon frequencyAb, |n a ||near Paul trap Wlth an ax- abilities derived from the Original Ham|lt0n|a8)((d0ts) and the ef-

ial trap frequencyw,. The small axial oscillation of the ion fective Hamiltonian 4a) (solid lines). We assume an initial thermal
is described by the vibrational Hamiltoni&ﬁh _ ﬁwzéfé distribution with a mean phonon numbes1.2. The parameters are
X — ]

2
A . o set tog =4 kHz, w = 170 kHz,A = g° /2w, Zax = 14.5 nm,F = 20
wherea’ () creates (annihilates) a phonon excitation. We asyN andQ = 10 kHz. For the same initial state but in the absence of

sume that the ion interacts with a Iasgr field with a frequen_%lriving field (Q = 0), the signal loses contrast (blue dashed line). b)
@ = o — w;+ 90, tuned near the red-sideband resonance Witheontrast of the Rabi oscillations definedis Pi(t2) — P (tp) with
a detuning. The interaction Hamiltonian in the Lamb-Dicke t, — 11/2QF andt, = 11/QF with QF = 60 kHz as a function of the

limit and the rotating-wave approximation readg{16] mean phonon numbex
Hjc = hwa'a+hAo, + hg(o—a' + 07 4), (1)

with 6 = A — @, whereA is the effective spin frequency and This result indicates that the spin-motional interaction i

wis _the efffctlve phonon fr?quenc.)/' Hew,y, are the Pauli Eq. (3) shifts the effective spin frequency by the amount
matrices,g™ are the respective raising and lowering operators:

AR - o
for the effective spin system, amtetermines the strength of tA ~ A’t' g’/ ﬁwt’WWh'letLhe effecttof[the tl?t:ce tterm 'f'htof'rt‘gg‘ie
the spin-phonon coupling. ransitions between the spin states. The strength o ra

The external time-varying force with a frequenay = siti(_)n i.S quantifi_ed by the Rabi f_requenq(: = Q2 /2N,
W, — @, e..,F(t) = F cogaxt), displaces the motional am- which is proportional to the applied forée Hence the force
plitude, of th,e ion oscillator al(,)ng the axial direction, = d estimation can be carried out by observing the coherent evo-

scribed by the term lution of the spin population that can be read out via state-
dependent fluorescence.

Zax (é’f+a)_ (2) The last ternﬂjc in Eg. (@9 is the residual spin-motional

2 coupling. This term affects the force estimation because it
Here zsx = /h/2mwy, is the spread of the zero-point wave- can be a source of pure spin dephasibg.[ Indeed, theo,
function along the axial direction arfé is the parameter we factor inHj induces transitions between the eigenstates
wish to estimate. The origin of the oscillating force can of the operatowy depending on the vibrational state of the
be a very weak electric field, an optical dipole force, spin-oscillator. As long as the oscillator is prepared initiatyan
dependent forces created in a magnetic-field gradient or Ecoherent vibrational state at a finite temperature thisldo
Stark-shift gradient, etc. With the terr@)(the total Hamil-  lead to a random componentin the spin energy. As we will see
tonian becomes below, by using dynamical decoupling the effect of the pure

Fir = Fyet P 3) spin dephas_,ing can be reduced. _ .
The sensing protocol starts by preparing the system in state

In the following, we consider the weak-coupling regime P(0) = 1) (1] ® Pose Whereposc Stands for the initial density
g < w, in which the phonon degree of freedom can be elimi-gpperator of the oscillator. According to Eddj, the evolution
nated from the dynamics. This can be carried out by applyingf the system is driven by the unitary propagaige(t,0) =

He =

the canonical transformatidh= eSto Fir (3) suchthatilS =  o-iR3/m Assuming for the moment th@ibsc = |0) (0| where

e SHre> with S= (g/w)(cta— o &") + (Qr /g)(a—4&").  |n) is the harmonic oscillator Fock state withphonon ex-

Keeping only the terms of order @f/ w we arrive at the fol-  citations, the probability to find the system in state is

lowing effective Hamiltonian (see the Appendix), Pi(t) = cog(Qrt), where for simplicity we sef = g?/2w,
2C _ R A hencel = 0. In this case, the effect &) automatically van-
Hef = A0, — e 0x—He. (43)  ishes such that the signal exhibits a cosine behavior airgprd
F'ﬂc: EG{T& (4b) to the effective Hamiltoniard@. An initial thermal phonon

distribution, however, would introduce dephasing on tha sp



The shot-noise-limited sensitivity for measuriQg is

»
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5o = 2P (©)

P (t)
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whereAP; (t) stands for the variance of the signal ang: T /1
is the repetition number. Her€ is the total experimental
time, and the time includes the evolution time as well as the
preparation and measurement times. Because our technique
relies on state-projective detection, such that the pedijoer
and measurement times are much smaller than the other time
scale, we assume=t. From Eq. 6) we find that the sen-
10 15 20 sitivity, which characterizes the minimal force differentat
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Figure 2: (Color online) The sensitivity of the force measuent
versus time for various values ofv. We assume an initial thermal VT = hw
FrinVT = —— (7)

vibrational state with a mean phonon numbet 1. The solid lines gZax /T

represent the analytical result given by Ed) while the dots are

the exact numerical solution with the Hamiltonia) {ncluding the In Fig. 2we show the sensitivity of the force estimation ver-
strong driving term. The other parameters are s¢ft04 kHz and  sys timet for different frequencies assuming an initial ther-
Q=7kHz. mal vibrational state. For an evolution time of 20 ms, force

sensitivity of 2 yN Hz ¥/2 can be achieved.

o ) ) Let us now estimate the effect of the motional heating
oscillations caused by thermal fluctuations. The spin coher,pich limits the force estimation. Indeed, the heating @ th

ence can be protected, for example, by applying a sequence pfy motion causes damping of the signal, which lead€. [
fast pulses, which flip the spin states and average the rasidu

spin-motional interaction to zero during the force estiorat
[18]. On the other hand, because the relevant force informa-
tion is encoded in they term in Eq. ¢2), continuously apply-

ing an additional strong driving fieldy = hQoy in the same ~ Wherey is the decoherence rate. We assume fhat (Nax)
basis [L2, 13], such thaHt — Hr -+ Hg, would not affects the Where(nay) stands for the axial ion’s heating rate. Thus, the
force estimation but rather will suppress the effect of tmid-  optimal force sensitivity is73]

ual spin-motional coupling. Indeed, going in the interawati

frame with respect tbly, the residual spin-motional coupling FrinV'T = @ \/2<h—ax>e. 9)
becomes 9%

Pi(t) = %[1+ e " cog2QFt)), (8)

R A _ Using the parameters in Fig.with co = 180 kHz and assum-

Hic(t) = E(ez'Qt ) (—|+e 2% y+pa'a  (5) ing (Nax) = 0.01 ms™* we estimate force sensitivity of 2.4 yN
Hz /2. For a cryogenic ion trap with heating rate in the range

The latter result indicates that the off-resonance tramsibe- ~ Of (Nax) = 1 s 1 and evolution time of = 500 ms, the force

tween stategt) induced byH ) are suppressed i /2w < sensitivity would be 0.8 yN HzY/2.

Q. By separating the pulse sequences ftom0 tot/2 with

a HamiﬂltoniaArﬂT +Hg, and then from /2 tot with a Hamil-

tonianHt — Hy, the spin states are protected from the thermal B. Quantum Rabi model

dephasing and the signal depends only on the Rabi frequency

Qr atthe final time. Note that the effect of the magnetic field  An alternative approach to sense the axial component of the

fluctuations of the spin states is described by an additiopal force is to use a probe described by the quantum Rabi model,

term in Eq. @8), therefore the strong driving field used here

suppresses the spin dephasing caused by the magnetic-field HQR = hwa'a+ ﬁgox(éT+é), (10)

fluctuations, as was experimentally demonstrai€iZ0].

In Fig. 1(a) we show the time evolution of the probabil- Which includes it the counter-rotating wave terms. This
ity Py(t) for an initial thermal vibrational state. Applying the Hamiltonian can be implemented by using a bichromatic laser
driving field during the force estimation leads to reductdn field along the axial direction2]. In the weak-coupling
the spin dephasing and hence protecting the contrast of tH€gime,g < w, we find by using the unitary transformation
Rabi oscillations, see Figl(b). We note that a similar tech- U = > with S= —(g/w)ox(a" — &) — (2Qf /g) (& — &) that
nique using a strong driving carrier field for dynamical deco (see the Appendix)
pling was proposed for the implementation of a high-fidelity .
phase gate with two trapped ioril[ 2. AR = —2hQF ox. (11)
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1.0 the HamiltonianH; = P (&}, + &)4,) are coupled with the
spin states via Jahn-Teller interaction. Such a coupling ca
0.8 be achieved by using bihromatic laser fields with frequencie
Wy = tp £ (x — w) tuned respectively near the blue- and
c red-sideband resonances, with a detuningvhich excite the
-% 0.6 transversex andy vibrational modes of the trapped ion. The
3 interaction Hamiltonian of the system is given [26][27]
x 04 Hor = Roo(a}ax + aay) + Pgox (af + &) + hgoy (&) + &).
(13)
0.2 Herea”; anddg are the creation and annihilation operators of
phonon excitations along the transverse directiBn=(x,y)
0 with an effective frequency. The last two terms in Eq1Q)
0 40 80 120 160 describe the Jahn-Tell&® e spin-phonon interaction with a
Time (ms) coupling strengthg. In the following, we assume that a clas-

_ _ _ _ - sical oscillating force with a frequeney = w — w displaces
Figure 3: (Color online) Time-evolution of the probabilityfind the  the vibrational amplitudes along the transvexsady direc-

system in spin statél) for the QR system. We assume an initial tions of the quantum oscillator described by
thermal vibrational state with a mean phonon nunioer1.2. Due

to the absence of residual spin-motion coupling the Rabilagons g Zt_Fx At | A Zt_Fy At A
are robust with respect to the spin dephasing caused by ¢neh He = (8x+80) + 2 (ay—i-ay), (14)

2
fluctuations. We compare the probability derived from theniitt®-

nian Hr = For + He with the analytical solutio®;, = cog(20¢). ~ Wherez = \/h/2ma is the size of the transverse ion's har-

The parameters are setdo= 4 kHz, w = 170 kHz,z = 145 nm,  monic oscillator ground-state wavefunctidf.andFy are the

F =20 yN. two transverse components of the force we wish to estimate.
With the perturbation terml{) the total Hamiltonian becomes

In contrast to Eq.4a), now the effective Hamiltonian1() Hr = Hor+He. (15)
does not contain an additional residual spin-motional couAssuming the weak-coupling reging< w, the two phonon
pling, which implies that the spins are immune to dephasmodes are only virtually excited. After performing the cano
ing caused by the thermal motion fluctuations, see Fg. jcal transformatiot) — €S of Hr (15), where

Thereby the force estimation can be carried out without ad-

ditional strong driving field. We find that the optimal force  S— (3, — &) (90x+ %) + (& — a}) (90y+ &) 7
sensitivity is similar to Eq.¥) but with extra factor of 2 in the w g w g

denominator, . ] ) o (16)
we obtain the following effective Hamiltonian (see the Ap-
FrinV/'T = _Zﬁ“’ 2N €. (12) Pendx) ) )
YZax A3 = —RQxox — AQyay + Hir. (17)

Up to now we have considered probes that are re_sponsiwqere Qyy = gzFxy/hw are the respective driving Rabi fre-
only to the axial component of the force. In the following we quencies of the transition between spin stateésnd|]). The

propose a sensing technique that can be used to detect the ty¢gt term in Eq. {7) is the residual spin-phonon interaction
transverse components of the time-varying external force.  described by

TREPTLL (SN

1. JAHN-TELLER QUANTUM PROBE Hor= Z'FUZ(aIay_ ay). (18)
which can be a source of thermal spin dephasing as long as the

In conventional ion trap sensing methods, the informatiortwo phonon modes are prepared in initial thermal vibrationa
on the force direction can be extracted by using the three spatates.
tial vibrational modes of the ionlp, 25]. Such an experi- The two-dimensional force sensing protocol starts
ment requires an independent measurement of the displacky preparing the system in statey(0)) = (c;(0)|1) +
ment amplitudes in each vibrational mode, which, howeverg (0)|]))  |0x,0y), wherec; | (0) are the respective initial
increases the complexity of the measurement procedure anghin probability amplitudes anfhy, ny) stands for the Fock
can lead to longer total experimental times. Here we showate withng excitations in each phonon mode. According to

that by utilizing the laser-induced coupling between thie Sp the effective Hamiltoniani(?) the evolution of the system is
states and the transverse ion oscillation we are able mtdetedriven by the free propagatbiyr — o iR/ Neglecting the

the transverse components of the force by observing simply__. L :

the coherent evolution of the spin states. Yesidual spin-motional coupling.8) the propagator reads
Indeed, let us consider the case in which the small trans- G9:(t,0) — a b (19)

verse oscillations of the ion with a frequeneydescribed by IS 7 bt a*
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Figure 4: (Color online) a) Time-evolution of the probatyilio find
the system in spin stafé) for the JT system. We compare the proba-
b|||ty calculated from the HamiltoniarLf) assuming the initial states

|W(0) = [1) |0x,0y) (red dots) and(0)) = 2 /(1) + |1))[0x,0y)
(blue trlangles) with those given by the effective Hamilton (17)
(solid lines). The parameters are sefgte- 4 kHz, w = 170 kHz,
7 =12 nm,F, =20 yN andry, = 15 yN. b) Oscillations of the signal
for fixed t as a function of the phasg for an initial superposition
spin state.

Herea = cogQt) andb = ie ¢ sin(Qt) are the Cayley-Klein
parameters, which depend on the rms Rabi frequéney
%|Fl|, which is proportional to the magnitude of the force

IF.|=/F2+F2 In addition to|F, |, we introduce the rela-
tive amplitude parametér=tan ! (%) . Assuming an initial

state withc;(0) = 1, ¢, (0) = 0, the respective probability to
find the system in statg) is P (t) = cog(Qt), which implies

5

Hence, for fixed evolution time the Ramsey oscillations ver-
sus the phase provide a measure of the relative phdsesee
Fig. 4(b).

Infact, Eq. £2) allows one to determine both the magnitude
ofthe force{§~2| and the mixing parametérfrom the same sig-
nal when plotted vs the evolution tinte|Q| is related to the
oscillation frequency and to the oscillation amplitude. The
parameteg can be determined also by varying the externally
controlled superposition phage until the oscillation ampli-
tude vanishes at some valgg this signals the valué = @
(modulom).

Finally, we discuss the dynamical decoupling schemes,
which can be used to suppress the effects of the p{18)
during the force estimation. In that case, applying continu
ous driving field, e.g., along they direction, would reduce
the thermal fluctuation induced By}, but additionally, the
relevant force information, which is encoded in tigterm
in (17), will be spoiled. Here we propose an alternative dy-
namical decoupling scheme, which follows the Carr-Puscell
Meiboom-Gill (CPMG) pulse sequenc8(, 31], in which,
however, the single instantaneoapulse is replaced by the
phonon phase-flip operatBy, — €% Such a phonon phase
shift AwyT = 1T can be achieved by switching the RF poten-
tial of the trap by the fixed amoutay for a time 7 [32].
The effect ofRy is to change the sign of thid); such that
RIA/ Ry = —HJ; but it leaves the other part of the Hamil-
tonian (L7) unaffected. Using that the pulse sequeblge=
RUsrR-U;r eliminates the residual spin-phonon coupling in
the first order of the interaction tintea high-order reduction
can be achieved by the recursidp= R, Un_1RUn_1, which
eliminates the spin-phonon coupling uprtit order int.

that the Rabi oscillations depends only on the magnitude of

the force, see Fig4(a). Using Eq. §) we find that the shot-
noise-limited sensitivity for measuring the magnitude fod t
force is given by
IFL[minV/T = Zg \[ (20)

In the presence of motional heating of both vibrational nspde
the signal is damped with decoherence nate (ny) + (ny),
where (ng) is the heating rate along th spatial direction.
Therefore we find that the optimal force sensitivity is

~ ﬁw

|Fi|min\/-|_- = 5=

2((Nx) + (fy) )e. (21)

IV. SUMMARY AND OUTLOOK

We have proposed quantum sensing protocols, which rely
on mapping the relevant force information onto the spin de-
grees of freedom of the single trapped ion. The force sensing
is carried out by observing the Ramsey-type oscillatiortbef
spin states, which can be detected via state-dependerggluor
cence. We have considered quantum probes represented by
the JC and QR systems, which can be used to sense the axial
component of the force. We have shown that when using a
JC system as a quantum probe, one can apply dynamical de-
coupling schemes to suppress the effect of the spin deghasin
during the force estimation. When using a QR system as a

It is important that due to the strong transverse confinemerfifobe, the absence of a residual spin-phonon coupling makes

the sensing scheme for measur|fg| is less sensitive to the
ion’s heating P8, 29]. Using the parameters in Fig4 and
assumingry) = (fy) = 1 s~ we estimate force sensitivity of
0.6 yN Hz Y2,

In order to detect the parametérwe prepare the spin
state in an initial superposition state with(0) = 1/+/2 and
¢, (0) = €%/+/2. Then the probability oscillates with time as

Pu(t) = = [1+sin(E — ) sin(201)| (22)

2

the sensing protocol robust to thermally-induced spin dsph
ing. Furthermore, we have shown that the transverse-force
direction can be measured by using a system described by the
JT model, in which the spin states are coupled with the two
spatial phonon modes. Here the information of the magnitude
of the force and the relative ratio can be extracted by observ
ing the time evolution of the respective ion’s spin statdscv
simplify significantly the experimental procedure.

Tuning the trap frequencies over the broad range, the force
sensing methods proposed here can be employed to imple-



ment a spectrum analyzer for ultra-low voltages. Moreoverfind
because in the force-field direction sensing the mutual ra-

tio can be additionally estimated our method can be used to}[[ .} g § =
implement a two-channel vector spectrum analyzer. Fipally 3 nts N
the realization of the proposed force sensing protocols are 4ﬁg3
not restricted only to trapped ions but could be implemented

with other quantum optical setups such as cavity-QER) ¢r
circuit-QED systemsd4].

Appendix A: Elimination of thevibrational degree of freedom

Let us make the canonical transformation of Hamiltonian

H = Ho + Hint,
Het = € >He>=Ho+ Hint+ [Ho, § + [Hint, S

+3[H0,S, 9+ 3[Hint, S, 9 + - . (A1)

Our goalis to choos8in a such a way that all terms of order
g in Heg are canceled and the first term describing the spin-

boson interaction is of ordef/w. If we determineS by the
condition

Flint + Mo, § = 0, (A2)
then the effective Hamiltonian becomes
Her ~ Ho + %[Hint, Q (A3)

Let us consider the time-dependent operat§t) =

ghot/NSeifot/N  \which obeys the Heisenberg equation

ih§(t) = [§(t), Ho]. Using Eq. A2) we arrive at the equation
iRS(t) = Hin(t), (A4)
whereHiny(t) = e“j'ot/ﬁﬁime*i*qot/ﬁ. Solving Eq. £4) we de-

termine the desired operatsr

1. Jaynes-Cummings model

We identify Hy = hwa'a and Hiy, = hig(o~&" + 04) +
=F (4" +&). Using Eq. £4) we obtain

c_ 9 aty, ZaxF s At
S= oo( ta-o a)+zﬁw(a a, (A5)
which fulfills the condition A2). For the effective Hamilto-

nian we derive

2
= ﬁw‘T”+ﬁ<A—zg—w> 07 — hQF oy
e . A ZF
0% 20 ae M RO

Where Qr = gzxF /2hw is the Rabi frequency andl’ =
[[H.m,ﬂ § +... contains the higher-order terms ifi). We

>

N
QI\)
)

- ‘;ﬁgj(o*au ot a)

(0-a'a'a+ora'aa). (A7)

3w 292

As long asg/w < 1 the higher-order terms can be neglected
and thus the lowest-order effective Hamiltonian is given by

Eq. @3).

2. Quantum Rabi Model

Here the interaction Hamiltonian I8, = Aigoy (&' + &) +
ZaXTF(éTJré) and the canonical transformation is given by the
operator

a_ 9 & At ZaxF At
S= wox(a a)+ Zﬁw(a a'). (A8)
The effective Hamiltonian is
g (zxF)?
Hes = 2hQ . A9
off = hwa'a — 2RQF o — o T (A9)

Remarkably, due to the equalifjHin;, §,§ = 0 all higher-
order terms in Eq.A1) vanish.

3. Jahn-Teller Model

Following the same procedure we have

Ho = Re(8fax + é;éy),
- ST P F A+ 4
Fin: = Rgox(@] + &) + figoy (8 + &) + “2* (&l + &)

2arya,), (A10)

2
In this case the canonical transformation is representedeoy
operator

. . Fea
R A
;*ﬁg)(ay a;>. (AL1)

Using Egq. A11) we obtain the following effective Hamilto-
nian

AfA A i
« At A 2h F -
Ay y)_ng_Zg' L (at2)

whereQyy = gzFyy/hw are the respective Rabi driving fre-
guencies. The next higher-order terms&Hh(A12) are given



by
1.~ aa 0%z At A -gzthy At A
5[[Hint,5]a3 =2 2 az(ay—ay)—2|702(ax—ax)
_tﬁ)_gsay{(a; +8y)(1+ 2) — 2818y
oat, AR 4 A .
—28%a)} — wgsax{(a;“+ax)(1+2ny)
—24l%a, —24%a]}. (A13)
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