
Introduction to 
Earthquake Engineering

Response Analysis

Prof. Dr.-Ing. Uwe E. Dorka



Modeling of buildings
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masses lumped in floors
frames with plastic hinges



Soil-structure interaction 

3

structure with soil in FE and BE simplified model 

boundary elements

From  Clough, Penzien (3)
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Modeling of bridges
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superstructure, bearings and columns with FE Þ multiple base input
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Model with 20 dynamic DOFs
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with D1=D2=5% and w1=100.06, w2=429.44 gives:
a = 8.11515890
b = 0.00018886

Rayleigh-damping:

𝐶 = 𝛼𝑀 + 𝛽𝐾 𝛼 =
2 ) 𝜔! ) 𝜔"
𝜔"" −𝜔!"

𝜔" ) 𝐷! −𝜔! ) 𝐷" 𝛽 =
2 ) 𝜔" ) 𝐷" −𝜔! ) 𝐷!

𝜔"" −𝜔!"

8.1151589058.1151589050.000188857



Earthquake loading
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lumped MDOF-sytem with rigid 
base translation (horizontal case)

From  Clough, Penzien (3)
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𝐦 ) 𝐯̈𝐭 + 𝐜 ) 𝐯̇ + 𝐤 ) 𝐯 = 𝟎

𝐯𝐭 = 𝐯 + 𝐣 ) 𝐯𝐠
where j − direction cosine, for buildings typically 1

𝐦 ) 𝐯̈ + 𝐜 ) 𝐯̇ + 𝐤 ) 𝐯 = 𝐩𝐞𝐟𝐟 𝐭

𝐩𝐞𝐟𝐟 𝐭 = −𝐦 ) 𝐣 ) 𝐯̈𝐠 𝐭



Description of non-linear behaviour
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Hysteresis models (1D) – non-degrading models

From Wakabayashi (1)

Bilinear Model Trilinear Model

Ramberg-Osgood model

Prof. Dr.-Ing. Dorka | Response Analysis



Description of non-linear behaviour
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Hysteresis models (1D) – degrading models

From Wakabayashi (1)

Piecewise linear model 
(Clough and Johnston)

Trilinear Takeda model 
for rc-members
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Description of non-linear behaviour
Hysteresis models (1D) – slip-type models

From Wakabayashi (1)

Double bilinear model by 
Tanabashi and Kaneta Slip-type model
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Description of non-linear behaviour
Example for slip-type hysteresis model 
(friction connection with multiple stops)
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Description of non-linear behaviour
2D hysteresis model (2D Bouc-When)

From Pradlwarter, Schuëller, Dorka (7)
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Time history analysis

Dynamic equilibrium:

with fr : vector of non-linear restoring forces

Shape functions for discretizing x in time:

Time discretization:

with:
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𝑀
𝑑M

𝑑𝑡M
𝑥 + 𝐶

𝑑
𝑑𝑡
𝑥 + 𝐾𝑥 + 𝑓N = 𝑝 𝑡

𝑁!"# =
𝜉 $ 1 + 𝜉

2
;

𝑁!"# = 1 − 𝜉 $ 1 + 𝜉 ;

𝑁!$# = −
𝜉 $ 1 − 𝜉

2

𝜉 =
𝑡
∆𝑡
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Weighted residual formulation

Weighting functions W:
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!
!"

"

𝑊

𝑀 $ 𝑢#!"
𝑑$

𝑑𝑡$𝑁#!" + 𝑢
# 𝑑

$

𝑑𝑡$𝑁# + 𝑢
#%" 𝑑

$

𝑑𝑡$𝑁#%"

+𝐶 $ 𝑢#!"
𝑑
𝑑𝑡 𝑁#!" + 𝑢

# 𝑑
𝑑𝑡 𝑁# + 𝑢

#%" 𝑑
𝑑𝑡 𝑁#%"

+𝐾 $ 𝑢#!"𝑁#!" + 𝑢#𝑁# + 𝑢#%"𝑁#%"
+𝑓∗#!"𝑁#!" + 𝑓∗#𝑁# + 𝑓∗#%"𝑁#%"

𝑑𝜉

𝑓∗ = 𝑓& − 𝑝

𝛾 =
∫"#
# 𝑊 𝜉 + 12 𝑑𝜉

∫"#
# 𝑊𝑑𝜉

𝛽 =
∫"#
# 𝑊1

2 1 + 𝜉 𝜉 𝑑𝜉

∫"#
# 𝑊𝑑𝜉



3-point recurrence scheme
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with:
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𝑢#%" = 𝑀 + 𝛾∆𝑡𝐶 + 𝛽∆𝑡$𝐾 !" $

2𝑀 − 1 − 2𝛾 ∆𝑡𝐶 −
1
2 − 2𝛽 + 𝛾 ∆𝑡$𝐾 $ 𝑢#

− 𝑀 − 1 − 𝛾 ∆𝑡𝐶 +
1
2 + 𝛽 − 𝛾 ∆𝑡$𝐾 $ 𝑢#!"

+𝛽∆𝑡$𝑓∗#%" +
1
2 − 2𝛽 + 𝛾 ∆𝑡$𝑓∗#

+
1
2 + 𝛽 − 𝛾 ∆𝑡$𝑓∗#!"

𝑢' = 𝑀 + 𝛾∆𝑡𝐶 + 𝛽∆𝑡$𝐾 !" $

2𝑀 − 1 − 2𝛾 ∆𝑡𝐶 −
1
2 − 2𝛽 + 𝛾 ∆𝑡$𝐾 $ 𝑢#

− 𝑀 − 1 − 𝛾 ∆𝑡𝐶 +
1
2 + 𝛽 − 𝛾 ∆𝑡$𝐾 $ 𝑢#!"

−𝛽∆𝑡$𝑝#%" +
1
2 − 2𝛽 + 𝛾 ∆𝑡$𝑓∗#

+
1
2 + 𝛽 − 𝛾 ∆𝑡$𝑓∗#!"

𝑢!"# = 𝑢$ + 𝐺 𝑓%!"#

𝐺 = 𝛽∆𝑡' 𝑀 + 𝛾∆𝑡𝐶 + 𝛽∆𝑡'𝐾 "#



Stability and accuracy
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Solution for linear SDOF-
system:
and its recurrent form:

yields a characteristic equation:

exact solution:
stable solution with numerical 
damping:

unstable solution:
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𝑦 𝑡 = 𝑌𝑒()

𝑦!$# = 𝑌𝑒( )$∆) = 𝑒(∆) 𝑌𝑒() = 𝜆𝑦!

𝜆' 𝑚 + 𝛾∆𝑡𝑐 + 𝛽∆𝑡'𝑘

+𝜆 −2𝑚 + 1 − 2𝛾 ∆𝑡𝑐 +
1
2
− 2𝛽 + 𝛾 ∆𝑡'𝑘

+ 𝑚 − 1 − 𝛾 ∆𝑡𝑐 +
1
2
+ 𝛽 − 𝛾 ∆𝑡'𝑘 = 0

𝜆 = 1

𝜆 > 1

𝜆 < 1
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DT/T 

Dt/T 

|r|

period elongation numerical damping

unconditionally stable Newmark 
scheme without numerical damping

Stability and accuracy
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𝛾 = 0.5 𝛽 = 0.25
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Newton-Raphson iteration within a time step

From  Chopra (4)

Since the response fr at time n+1 is not known, an 
iteration within each time step is required to solve this 
equation:
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𝑢OPQ = 𝑢R + 𝐺 𝑓NOPQ
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From  Chopra (4)

Newton-Raphson iteration within a time step
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• Sub-stepping avoids iteration within the 
time step. This is 100-times faster and 
more robust.

• It can be used in so-called hybrid 
simulations where specimen are 
connected to numerical structures

The Subfeed algorithm

𝑢#%" = 𝑢'#%" + 𝐺 𝑓(#%" + 𝑓)#%"



Examples of computed time histories
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Response of linear SDOF-system with T=0,5 s and z=0 to El Centro ground motion

From Chopra (4)
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𝑓! 𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑒

𝑢̈" 𝑡𝑜𝑡𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠

𝑓# 𝑝𝑒𝑎𝑘 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒

𝑒𝑙𝑎𝑠𝑡𝑖𝑐 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑒

𝑢# 𝑝𝑒𝑎𝑘 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒

𝑡𝑜𝑡𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑤 𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑠𝑠
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From Chopra (4)
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Examples of computed time histories

̅𝑓* =
𝑓*
𝑓+
=
𝑢*
𝑢+

𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ

𝜇 =
𝑢,
𝑢*

𝑑𝑢𝑐𝑡𝑖𝑙𝑖𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟



Examples of computed time histories
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From Chopra (4)

deformation

resisting force 
expressed as  
acceleration

time intervalls of 
yielding

force-deformation 
relation (hysteresis)

yield strength
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Response of elasto-plastic system with T=0,5 s, z=0 and fy=0,125 
to El Centro ground motion
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From Chopra (4)

Deformation response and yielding of four systems due to El Centro 
ground motion; T=0,5 s, z=5% and fy=1- 0,5 - 0,25 and 0,125
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Examples of computed time histories



Response spectra
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viscously damped SDOF oscillator

solving this equation for various w and z,
but only for one ground motion gives the 
maximum absolute acceleration of every 
SDOF system subjected to this ground 
motion

From Petersen (2)

From Meskouris (5)
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where: Eigenfrequency:

Damping ratio:

𝑚 ) 𝑢̈ + 𝑑 ) 𝑢̇ + 𝑘 ) 𝑢 = −𝑚 ) 𝑦̈' 𝑡 Y)
1
𝑚

𝑢̈ + 2 ) 𝜔 ) 𝜍 ) 𝑢̇ + 𝜔" ) 𝑢 = −𝑦̈' 𝑡

𝜔 =
𝑘
𝑚

𝜍 =
𝑑

2 ) 𝑚 ) 𝜔



Elastic design spectra given in codes
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The acceleration response spectra in EC 8 are 
given with respect to the subsoil classes
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From Meskouris (5)

Elastic and inelastic response spectra
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Modal analysis
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linear equations of motion for a MDOF, 
homogeneous, un-damped case

solving the eigenvalue problem gives us 
the modal matrix F

with this modal matrix, the equations of 
motion can be transform into modal 
coordinates

or for a damped case with ground acceleration:

now we have uncoupled equations of motion for n SDOF-systems in modal 
coordinates
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𝑚 . 𝑢̈ + 𝑘 . 𝑢 = 0

Φ = ΦQ ΦM Φ[…ΦO

Φ\ . 𝑚 . Φ . 𝑢̈ + Φ\ . 𝑘 . Φ . 𝑢 = 0
𝑀 . 𝜂̈ + 𝐾 . 𝜂 = 0

ΦG " 𝑚 " Φ " 𝑢̈ + ΦG " 𝑐 " Φ " 𝑢̇ + ΦG " 𝑘 " Φ " 𝑢 = −ΦG " 𝑚 " 𝑗 " 𝑢̈H 𝑡
𝑀 " 𝜂̈ + 𝐶 " 𝜂̇ + 𝐾 " 𝜂 = 0
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These n equations could be solved in 
known ways, so we get n solutions in 
modal coordinates in the time domain 

With the modal matrix we are able to 
transform these solutions back into 
local coordinates

Modal analysis
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𝜂 𝑡 =

𝜂# 𝑡
𝜂' 𝑡
⋮

𝜂+ 𝑡
⋮

𝜂! 𝑡

𝑢 𝑡 = Φ $ 𝜂 𝑡 =

𝑢# 𝑡
𝑢' 𝑡
⋮

𝑢+ 𝑡
⋮

𝑢! 𝑡



Modal analysis using response spectra
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The modal responses attain their peaks 
at different time instants. How do we 
have to combine these peak values?
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𝑆 =J
-."

#

𝑆- 𝑆𝑢𝑝𝑒𝑟𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑣𝑎𝑙𝑢𝑒𝑠

𝑆 = J
-."

#

𝑆-$

𝑆𝑞𝑢𝑎𝑟𝑒 − 𝑅𝑜𝑜𝑡 − 𝑆𝑢𝑚 − 𝑜𝑓 − 𝑆𝑞𝑢𝑎𝑟𝑒 (𝑆𝑅𝑆𝑆)

𝑆 = J
-."

#

J
/."

#

𝑆- $ 𝜌-/ $ 𝑆/

𝜌-/ = 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡
𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝐶𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 (𝐶𝑄𝐶)
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