
�

�t
B��r�E

�

�t
D�r�H

GhK

TET

�

�t
p�r � T

�

�t
S�symfrvg

EFT I – Exam
19.09.01

Solution
Electromagnetic Field Theory I

Problem 1

1a) The magnetic flux density B(z) on the z–axis of a circular wire loop centered around the
z–axis in the xy–plane at z − 0 (from an old lecture, exercise, or exam):

B (x = y = 0, z) =
µ0 I0

2

a2

(z2 + a2)
3
2

ez

with I0 constant current in the loop and a (a > 0) the radius of the loop.
In the origin the magnetic flux density is

B (x = y = z = 0) =
µ0 I0

2

1

a
ez .

This yields for the given problem:
Inner loop:

B1 (x = y = z = 0) =
I1µ0

2

1

a
ez .

Outer loop:

B2 (x = y = z = 0) =
I2µ0

2

1

3a
ez .

Superposition of both flux densities:

B (0) =
I1µ0

2

1

a
ez +

I2µ0

2

1

3a
ez

B (0) =
µ0

2

1

a

(
I1 +

I2

3

)
ez

!
= 0

⇒ I1 +
I2

3
!
= 0

⇒ I2 = −3I1 .
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1b)

J(R) = I1 δ (z) δ (r − a) eϕ (ϕ) + I2 δ (z) δ (r − 3a) eϕ (ϕ)

= δ (z) [I1 δ (r − a) + I2 δ (r − 3a)] eϕ (ϕ)

1c) Solution in Cartesian coordinates:

∞�
z=−∞

∞�
x=0

J(R) · eydxdz

=

∞�
z=−∞

∞�
x=0

δ (z)
[
I1 δ(

√
x2 + y2 − a) + I2 δ

(√
x2 + y2 − 3a

)]
eϕ (ϕ) · eydxdz

∣∣∣
ϕ=0;y=0

(1.1)

=

∞�
z=−∞

∞�
x=0

δ (z) [I1 δ(x − a) + I2 δ (x − 3a)] ey · ey︸ ︷︷ ︸
=1

dxdz (1.2)

=

∞�
x=0

[I1 δ(x − a) + I2 δ (x − 3a)] ey · ey︸ ︷︷ ︸
=1

dx (1.3)

= I1 + I2 (1.4)

Solution in cylindrical coordinates:

∞�
z=−∞

∞�
r=0

J(R)
∣∣∣
ϕ=0;y=0

· eϕ (ϕ)
∣∣∣
ϕ=0;y=0

dr dz

=




∞�
z=−∞

∞�
r=0

δ (z) [I1 δ(r − a) + I2 δ (r − 3a)] eϕ (ϕ) · eϕ (ϕ)︸ ︷︷ ︸
= 1

dr dz




ϕ=0;y=0

(1.5)

=

∞�
z=−∞

∞�
r=0

δ (z) [I1 δ(r − a) + I2 δ (r − 3a)] dr dz (1.6)

=

∞�
r=0

[I1 δ(r − a) + I2 δ (r − 3a)] dr (1.7)

= I1

∞�
r=0

δ(r − a) dr + I2

∞�
r=0

δ (r − 3a) dr (1.8)

= I1 + I2 (1.9)
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Problem 2

a)

D(R) = DR(R) eR�
S=∂V

D(R) ·dS =
�

V

�(R) dV

dS = eR R2 sin ϑ dϑ dϕ

dV = R2 sin ϑ dR dϑ dϕ�
S=∂V

D(R) ·dS =

2π�
0

π�
0

DR(R)eR · eR R2 sin ϑ dϑ dϕ

= 4πR2 DR(R)

Inside sphere:

2π�
0

π�
0

R�
0

�(R′) dV ′ = �0π
R4

R0

Outside sphere:

2π�
0

π�
0

R0�
0

�(R′) dV ′ = �0πR3
0

DR(R) =




�0

4

R2

R0

: 0 ≤ R ≤ R0

�0

4

R3
0

R2
: R0 < R ≤ ∞

b)

E =
D

ε0εr

εr(R) =




5
R

R0

0 ≤ R ≤ R0

1 R0 < R ≤ ∞
(Note that this is a fictitious relative permittivity, because the value start at R = 0 with
zero, but we all known that εr must be always greater than zero.)

ER(R) =




�0

20ε0

R 0 ≤ R ≤ R0

�0

4ε0

R3
0

R2
R0 < R ≤ ∞
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c)

P = D − ε0E

PR(R) =




�0

4

[
R2

R0

− R

5

]
0 ≤ R ≤ R0

0 R0 < R ≤ ∞

d)

0  
0

 ρ
0

R
0

ρ(R)

0  
0

1

5

R
0

ε(R)
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0  
0

 R
0
ρ

0
/4

R
0

D
R

(R)

0  
0

 

 R
0
ρ

0
/(4ε

0
)

R
0
ρ

0
/(20ε

0
)

R
0

E
R

(R)

0  
0

 R
0
ρ

0
/(5)

P
R

(R)
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Problem 3

a)

Q1 = +2Q : R1 = 0

Q2 = −Q : R2 = D ey + D ez

Q3 = −Q : R3 = −D ey + D ez

Q4 = −Q : R4 = −D ey − D ez

Q5 = −Q : R5 = D ey − D ez

�(R) = Q1 δ(R − R1) + Q2 δ(R − R2) + Q3 δ(R − R3) + Q4 δ(R − R4)

=
5∑

n=1

Qn δ(R − Rn)

b)

p
e

=

∞�
−∞

�(R − Rn)R d3R

=

∞�
−∞

5∑
n=1

Qnδ(R − Rn)R d3R

=
5∑

n=1

Qn

∞�
−∞

δ(R − Rn)R d3R

︸ ︷︷ ︸
Rn

=
5∑

n=1

QnRn

= 0

c)

q
e

=

∞�
−∞

�(R − Rn)RR d3R

=

∞�
−∞

5∑
n=1

Qn δ(R − Rn)RR d3R

=
5∑

n=1

Qn

∞�
−∞

δ(R − Rn)RR d3R

︸ ︷︷ ︸
Rn Rn

=
5∑

n=1

Qn Rn Rn

= −4QD2
(
ey ey + ez ez

)
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Problem 4

4a) Charges:

Q1 = −Q : R1 = x1 ex + z1 ez

Q2 = +Q : R2 = y2 ey + z2 ez

Images:

Q3 = +Q : R3 = x1 ex − z1 ez

Q4 = −Q : R4 = y2 ey − z2 ez

Φ(R) =




1

4πε0

4∑
n=1

Qn

|R − Rn|
z ≥ 0

0 z < 0

4b) We find the electric surface density as the normal component of the electric flux density
at the xy–plane:

η(R)
∣∣∣
z=0

= n ·D(R, t)
∣∣∣
z=0

(4.1)

where n is the surface normal unit vector.

D(R) = ε0E(R) (4.2)

=




1

4π

4∑
n=1

Qn
R − Rn

|R − Rn|3
z ≥ 0

0 z < 0

(4.3)

η(R)
∣∣∣
z=0

= n ·D(R)
∣∣∣
z=0

(4.4)

= ez · 1

4π

4∑
n=1

Qn
R − Rn

|R − Rn|3
∣∣∣
z=0

. (4.5)

At z = 0 we find

η(x, y) = n ·D(x, y) (4.6)

= ez ·D(x, y) (4.7)

=
1

4π

4∑
n=1

Qn
ez · (R − Rn)

|R − Rn|3
∣∣∣
z=0

(4.8)

=
Q

4π

[
2z1

[(x − x1)2 + y2 + z2
1 ]

3/2
− 2z2

[x2 + (y − y2)2 + z2
2 ]

3/2

]
(4.9)

=
Q

2π

[
z1

[(x − x1)2 + y2 + z2
1 ]

3/2
− z2

[x2 + (y − y2)2 + z2
2 ]

3/2

]
. (4.10)
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4c) The electric surface charge η (x, y) reaches a extremum, i. e. |η (x, y) | = max, for the
condition

∇η(x, y) = 0 . (4.11)

We compute

∇η(x, y) =
Q

2π

[
z1∇

[
(x − x1)

2 + y2 + z2
1

]−3/2 − z2∇
[
x2 + (y − y2)

2 + z2
2

]−3/2
]

(4.12)

= −3Q

2π

[
z1

(x − x1)ex + yey

[(x − x1)2 + y2 + z2
1 ]

5/2
− z2

xex + (y − y2)ey

[x2 + (y − y2)2 + z2
2 ]

5/2

]
. (4.13)

∇η1(x, y) = −3Q

2π
z1

(x − x1)ex + yey

[(x − x1)2 + y2 + z2
1 ]

5/2
. (4.14)

∇η2(x, y) =
3Q

2π
z2

xex + (y − y2)ey

[x2 + (y − y2)2 + z2
2 ]

5/2
. (4.15)

The vector function ∇η1 (x, y) reaches an extremum at R1(x, y, z) = (x1, 0, 0) and the vector
function ∇η2 (x, y) reaches an extremum at R2(x, y, z) = (0, y2, 0). This means that the ex-
trema of the electric surface charge are measured at the position R1 and R2, because η1 and
η2 are continues and smooth functions. These are the direct projections of the source points to
the perfectly electrically conducting xy–plane.
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Figure 4.1: Electric surface charge density
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