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EFT I — Exam

19.09.01
Solution
Electromagnetic Field Theory I
Problem 1

la) The magnetic flux density B(z) on the z—axis of a circular wire loop centered around the
z—axis in the zy—plane at z — 0 (from an old lecture, exercise, or exam):
I a?
Bx=y=0z = 2= ce.
2 (224 a2)2
with Iy constant current in the loop and a (@ > 0) the radius of the loop.
In the origin the magnetic flux density is

oI 1
Blo=y=2=0) = 102
This yields for the given problem:
Inner loop:
T 1
B (roy=zm0) = Mol
Outer loop:
Loy 1
B = = = = @ —

B(0) = -0 20—
B(0) 5 o& T Ty 3.
o 1 I
B(O) = 22 (n+2
B(0) 2@(1+3)92
-~ 0
I
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1b)

JR) = 5Ld(z)d(r—a)e,(p)+1Ld(z)d(r—3a)e,(p)
= 0(2) [10(r—a)+ 10 (r—3a)l e, (v)

1c) Solution in Cartesian coordinates:

:’f’ T J(R)-e,dvdz

z=—00 =0

= f f 0 (2) [Il 5(\/x2+y2—a)+]25< x2+y2—3a>] e, (¢) -e,drdz . (01.1)
z=—o00 =0 L
= f I 0(2) [16(x —a)+ Lo (z —3a)|e,-e,drdz (1.2)
z=—o00 =0 \7’1_/
= f [[16(x —a)+ [0 (x —3a)|e,-e,dr (1.3)
= L+ (1.4)
Solution in cylindrical coordinates:
[ [am e, (¢ drd:
e om0 p=0;y=0 »=0;y=0
= [ [0 0ot —a)+ Lo —30)e, (¥) e, (¢) drdz (1.5)
z=—00T= —
’ =1 e=0;y=0
= j j d(z dr—a)+ 10 (r—3a)| drdz (1.6)
= j d(r—a)+ 10 (r —3a)] dr (1.7)
= Iljér—a)dr—l—fgfér—?)a)d (1.8)
= I+ 1'2 (1.9)
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Problem 2
a)
D(E) = DR(R)QR
{) p®)-das = [[[e®)av
S=0V V
dS = gRR2sin19d19d<p
dV = R*sinddRdYdy
2r
() D®)-dS = [ [ Dr(R)eq-ep R sinddi dy
S=oV 00
= 47R? Dg(R)
Inside sphere:
2r ™ R 4
/ r v
J ] Jo@)av' = gy
000
Outside sphere:
2 ™ Ry
[ [e@)av' = grR;
000
2
%Z— 0<R<R,
Dr(R) = Rg
0o iy
Zﬁ Ry < R<
b)
g _ D
EQEr
5£ 0<R<R,
s(R) = ¢ T
1 Ry< R<x

(Note that this is a fictitious relative permittivity, because the value start at R = 0 with
zero, but we all known that e, must be always greater than zero.)

00
—R O0<R<R
2060 - =0

00 R%
—— Ry<R<
4€0R2 0 =

Er(R) =

3
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c)

P = D-5E
2
@[R——E} 0<R<R,
Pp(R) = ¢ 4 Lo 5
0 Ry < R< 0

Po

&(R)
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D4R)
Rop /4
0 I
[ F{O

Eq(R)
Rypy/(4eg)
Rypy/(20eg) 1

0 I
Ry

Pr(R)

Rypy/(5)
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Problem 3

a)
Q=+2Q : R =0
Q2=-Q : Ry=De,+ De,
Rs=-Q : Ry=-De,+ De,
Qu=-Q : Ry =-De,—De,
Qs=—-Q : Ry=De,—De,

oR) = Q10(R—R))+Q:0(R—Ry) +Q36(R—Ry) +Qs6(R—-Ry)

5
= > Qui(R-R,)
n=1

p, = ﬁof oR-R,)RI'R

= ﬂgj i Qu0(R - R,)Rd'R

—oo n=l1

- 25:@” ﬁofé(ﬂ ~R,)R&R

/

-~

|=

n

5

= Z Qnﬂn

n=1

=0
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Problem 4

4a) Charges:

Images:

BR) =

Q1
Q2

@s
Q4

=—Q R, =m1e,+2z1e,
=+Q : Ry=1e, +ne,
= +Q R;=11e, —21€,

=—-Q : Ry=ye,— e,

4
1 Qn
>0
A, ; R-R,| -

0 z2<0

4b) We find the electric surface density as the normal component of the electric flux density

at the zy—plane:

where n is the surface normal unit vector.

At z =0 we find

n(x,y)

n(R) = n-D(R,?) L (4.1)
DR) = =E(R) (4.2)
4
1 R-R
o Qn — —" el 0
_ 4%2 R-R,|’ (4.3)
0 z2<0
n®)| = n-DR) (4.4)
4
1 R-R
IS } n 4.5
E'D(xvy>
e.-D(z,y)
4
1 e.-(R-R))
— i = 4.8
w2 TR R 5
Q [ 221 222 ] (4 9)
47 _ 2 2 213/ 2 _ 2 213/2 )
(2 —21)? + 32 + 27] [22 + (y — y2)? + 23] |
Q 21 Z9
< (4.10)
2 (@ — a2+ g2+ A7 (= )2+ 31




EFT I — Electromagnetic Field Theory I SS 01 Exam Solution 19.09.01

4c) The electric surface charge n(z,y) reaches a extremum, i. e. |n(z,y)| = max, for the
condition

Vi(z,y) = 0. (4.11)

We compute

Q _ _
Vin(z,y) = o [Zlv (2 = 21)* + 9 + 2] v (2% + (y — y2)* + 23] 3/2} (4.12)
_ Q| _(womle e,  ve t(y—pe, (4.13)
2 | e =)y A Tt (- )+ A
3Q (z —z1)e, +ve
Vin(z,y) = —5 = el (4.14)
T [(x—x1)?+y?+ 2
3 e, +(y—1y)e
Vin(ey) = o2z 2 W= se)e, (4.15)

z :
27 a4 (y — o) + 23
The vector function V1, (x,y) reaches an extremum at R, (z,y, 2) = (21,0,0) and the vector
function Vny (z,y) reaches an extremum at R,(z,y,2) = (0,y2,0). This means that the ex-
trema of the electric surface charge are measured at the position R, and R,, because n; and
1 are continues and smooth functions. These are the direct projections of the source points to
the perfectly electrically conducting zy—plane.



EFT I — Electromagnetic Field Theory I SS 01 Exam Solution 19.09.01

Electric surface charge density

yinm

Figure 4.1: Electric surface charge density



