Aufgabe 1

a) ϱ(R) = Q_1 δ(R − R_1) + Q_2 δ(R − R_2) + Q_3 δ(R − R_3) = 3∑ n=1 Q_n δ(R − R_n)

R_1 = −a_1 e_x − b_1 e_y R_2 = a_2 e_x − b_2 e_y R_3 = a_3 e_x + b_3 e_y b) E(R) = 1 4πε_0 3∑ n=1 Q_n R − R_n | R − R_n |^3 c)

p_e = ∞ ∫∫ ∫ −∞ ϱ(R − R_n)R d^3R

= ∞ ∫∫ ∫ −∞ 3∑ n=1 Q_nδ(R − R_n)R d^3R

= 3∑ n=1 Q_n ∞ ∫∫ ∫ −∞ δ(R − R_n)R d^3R

R_n = 3∑ n=1 Q_nR_n

d) Q_1 = Q_2 = Q_3 = Q, a_2 = a_3 = b_2 = b_3 = a, a^2_1 und b^2_1 für p_e = 0

p_e = Q 3∑ n=1 R_n = Q [ −a_1 e_x − b_1 e_y + 2a e_x ] = 0 für a_1 = 2a und b_1 = 0

Aufgabe 2

ϱ(R) = ϱ_0 ( R R_0

)_2 (R < R_0)

PSfrag replacements

a) Q(R) in der Kugel R < R_0

dV^′ = R^′ sin ϑ^′dφ^′dϑ^′dR^′ Q(R) = ∫∫∫ R^′∈K ϱ(R^′) dV^′

= 4π R∫ R^′=0

ϱ_0 R^{′2} R^2_0

R^{′2} dR^{′2}

= 4π R^2_0 ϱ_0 R∫ R^′=0

R^{′4} dR^′

= 1 5 R^{′5} | | | R

R^′ 1 5 R^5

Q(R) = 4πϱ_0 5R^2_0

R^5 R < R_0

b) Q(R) in der Kugel R > R_0

Q(R) = 4πϱ_0 R^2_0

R_0∫

R^′=0

R^{′4} dR^′

= 4πϱ_0 R^2_0 1 5 R^5_0 = 4πϱ_0 5 R^3_0 R ≥ R_0 c) ∫∫ S=∂V n · D(R) dS R^2 sin ϑ dϑ dφ

= Q(R)

n = e_R n · D(R) = D_R(R)

D_R(R) = 1 4πR^2 Q(R)

mit Q(R) = 4πϱ_0 5R^2_0

R^5 für R < R_0

R^5_0 für R ≥ R_0

D_R(R) = ϱ_0 5R^2_0 1 R^2

R^5 für R < R_0

R^5_0 für R ≥ R_0 d) D_R(R) = ε(R)E_R(R) E_R(R) = 1 ε(R) D_R(R)

ε(R) = ε_0 R < R_0

ε_0ε_r R ≥ R_0

E_R(R) = ϱ_0 5ε_0R^2_0 1 R^2

R^5 R < R_0

R^5_0 ε_r R ≥ R_0 e) D(R) = ε_0E(R) + P(R)

D_R(R) = ε_0E_R(R) + P_R(R)

P_R(R) = −ε_0E_R(R) + D_R(R)

= −ε_0 1 ε(R) D_R(R) + D_R(R)

= D_R(R) [ − ε_0 ε(R) + 1 ]

= D_R(R) [ − 1 ε_r(R) + 1 ]

P_R(R) =

0 R < R_0

ϱ_0 5 1 R^2

R^3_0 [ − 1 3 + 1 ]

+ 2 3

R ≥ R_0

Aufgabe 3

a)

PSfrag replacements

ΔΦ(r) = 1 r ∂ ∂r ( r ∂ ∂r Φ(r) )

= 0

r ∂ ∂r Φ(r) = C_1 Φ(r) = C_1 ln r + C_2

r = r_i : Φ(r) = C_1 ln r_i + C_2 = 3V

r = r_a : Φ(r) = C_1 ln r_a + C_2 = 0V

C_2 = −C_1 ln r_a

Φ(r) = C_1 ln r_i − C_1 ln r_a = C_1 ln r_i r_a = 3V

C_1 = 3V ln r_i r_a

Φ(r) = C_1 ln r + C_2 = C_1 ln r − C_1 ln r_a = C_1 ln r r_a

Φ(r) = 3V ln r_i r_a ln r r_a (r_i < r < r_a)

b) E(R) = −∇Φ(R) = − ∂ ∂r Φ(r) e_r = − 3V ln ( r_i r_a ) ∂ ∂r ln ( r r_a )

1 r e_r

= − 3V ln ( r_i r_a ) 1 r e_r (r_i < r < r_a)

c)

PSfrag replacements

U_{ai} = r_i∫

r=r_a E_r(r) dr = Φ(r_a) − Φ(r_i)

U_{ai} = −3V

Aufgabe 4 a) Ladungen:

Q_1 = −Q : R_− = a e_x − b e_y + c e_z = R_1 Q_2 = +Q : R_+ = d e_x + e e_y − f e_z = R_2 Spiegelladungen:

Q_3 = +Q^{Sp} = Q : R^{Sp}_+ = −a e_x − b e_y + c e_z = R_3 Q_4 = −Q^{Sp} = −Q : R^{Sp}_− = −d e_x + e e_y − f e_z = R_4

Φ(R) = 1 4πε_0 4∑ n=1 Q_n |R − R_n| x > 0

0 x ≤ 0 b) D = ε_0 E = 1 4π 4∑ n=1 Q_n R − R_n |R − R_n|^3

(x > 0) c) η(x = 0, y, z) = e_x · D|_{x=0} = 1 4π 4∑ n=1 Q_n e_x · (R − R_n) |R − R_n|^3 | | | |_{x=0}

= 1 4π [ −Q −a [a^2 + (y + b)^2 + (z − c)^2]^{3/2} +Q −d [d^2 + (y − e)^2 + (z + f)^2]^{3/2} +Q +a [a^2 + (y + b)^2 + (z − c)^2]^{3/2} −Q +d [d^2 + (y − e)^2 + (z + f)^2]^{3/2} ]

= 1 4π [ 2Qa [a^2 + (y + b)^2 + (z − c)^{3/2}] − 2Qd [d^2 + (y − e)^2 + (z + f)^{3/2}] ]