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Metric Coefficients / Metrische Koeffizienten

Cartesian Coordinates /
Kartesische Koordinaten
X, V2 =X1,X), X3

e.e .e =e .

€8 =€ e e

e.le, le ;e le le.

Orthogonal Curvilinear Coordinates /
Orthogonale Krummlinige Koordinaten

$1,62.83

€508

e Le, Le,

x=x(£,6,%3)
y=0&.6.4) <
2=2(§,5,8)
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Cartesian Coordinates /
Kartesische Koordinaten

& =4(x,»,2)

> 52 :§2(x7yaz)
&=8Gx»2)




Metric Coefficients — Cylindrical Coordinate System /
Metrische Koeffizienten — Zylinderkoordinatensystem
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Metric Coefficients — Spherical Coordinate System /
Metrische Koeffizienten — Kugelkoordinatensystem

| Z
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Metric Coefficients / Metrische Koeffizienten

Cartesian Coordinates /
Kartesische Koordinaten

Orthogonal Curvilinear Coordinates /
Orthogonale Krummlinige Koordinaten

X, V.2 =X, SHN<
x=x(£,6,%3) & =4(x,,2)
y=y(8,$.83) &H=6H(xy,2)
2=2(§,5.8) & =&(x,2)

R=x(&,5.8)e, +(61.62,53)8,, +2(5,62,83)e,

Metric Coefficients / Metrische Koeffizienten

R _x(&,5.8%),  Me.6.8),

= e +

6.5.8),
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=123 | ARG .5.8)
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Vegio || 04 i} J[ax@l,gz,@] {ay@l,é,é)} {az(:l,f:z,«:g)]
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g =123
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Metric Coefficients / Metrische Koeffizienten

G =x
&=y
&=z

OR(x,,2)
ox

_ |oR@.y.2) OR(xy.2)
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Cartesian Coordinate System /

Cylindrical Coordinate System /
Zylinderkoordinatensystem

Spherical Coordinate System /
Kugelkoordinatensystem
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Kartesisches Koordinatensystem

Metric Coefficients / Metrische Koeffizienten

h, =1
hy=1

h, =1

h. =1
h(p:r

h, =1
hR:
h'ng
h(p:RsinS

Metric Coefficients — Cylindrical Coordinate System /
Metrische Koeffizienten — Zylinderkoordinatensystem

(3

-z
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Metric Coefficients — Spherical Coordinate System /
Metrische Koeffizienten — Kugelkoordinatensystem

| Z
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Metric Coefficients and Vector Differential Line Elements /
Metrische Koeffizienten und vektorielle differentielle Linienelemente

Cartesian Coordinate System / Cylindrical Coordinate System / Spherical Coordinate System /
Kartesisches Koordinatensystem Zylinderkoordinatensystem Kugelkoordinatensystem
he=1, h,=1, h =1 h=1, h,=r, h =1 hp =1, hg=R, h,=Rsind
dR_=sdR dR, =sdR dR, =sdR
=e h dx =e.h.dr =ephpdR
=€, dx =e.dr =e dR
4R, =sdr 4R, =5dR aR, =sdR
=e, h,dy =e,h,dp =eyhyd8
=e,dy =e,rdp =egRdS
dR_ =ndR dR, =sdR Q¢’:§dR
=e hdz =e b dz =e, h,dp
=e dz =e, dz =¢, Rsin9dep
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Metric Coefficients and Differential Volume and Surface Elements /
Metrische Koeffizienten und differentielle Volumen- und Flachenelemente

Cartesian Coordinate System /
Kartesisches Koordinatensystem

he=1 h,=1 h =1
dV =h,dvh, dyh, dz

=h,h, h, drdydz
=dzdrdz

dS,. =ndS
=(e,xe.)h, h,dydz
=e dydz

dS_ =ndS
=(e,xe . )h h drdz
:gydxdz

ds,, =nds
=(e, xe,)h h,dedy
=e_ dxdy
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Cylindrical Coordinate System /
Zylinderkoordinatensystem

b=l hy=r, h =1
dV =h.drh,dph, dz
=h,. hyh. drdpdy

=(e, e, )h, h.dpdz

=(e,xe,)h h drdz

=(e, xe,) . h,drdy

Spherical Coordinate System /
Kugelkoordinatensystem

hp =1, hg=R, hq,:RsinS
dV =hg dRhyd9h, dp
=g hg b, dRdJdg
=R*sin9dRd9dgp

@.%:Eds
=(egxe,)hgh,dIde
=e, R?sin9d9dg

dsS,, =ndS
=(e, *ep)hg h, dRdg
=eg Rsin3dRde

dSpg =ndS
=(eg xeg)hig hgdRA I
=e, RARdY

Metric Coefficients and Differential Volume, Surface, and Line Elements /
Metrische Koeffizienten und differentielle Volumen-, Flachen- und Linienelemente

Cartesian Coordinate System /
Kartesisches Koordinatensystem

he=1 h,=1 h =1
dV =h,dvh, dyh, dz

=h,h, h, drdydz
=dzdvdz

dS .. =ndS
=(e,xe.)h, h,dydz
=e dydz

dS =ndS
=(e,xe . )h h drdz
:gydxdz

ds,, =ndS
=(e,xe,)h h,dedy
=e, drdy
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Governing Equations in Integral and Differential Form /
Grundgleichungen in Integral- und Differentialform

Surface / Flache

Integral From / Integralform Q

(Global Formulation / Globale Formulierung)
Volume / Volumen

Stokes’ and Gauss’ Integral Theorem /
Stokesscher und GauBBscher Integralsatz

a

Differential Form / Differentialform Point / Punkt

(Local Formulation / Lokale Formulierung)
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Stokes’ Integral Theorem / Stokesscher Integralsatz

Stokes’ Integral Theorem / Stokesscher Integralsatz

g%c:as A(R,?)-dR = f js curl/rot A(R,?)+dS = jjs n- curl/rot A(R,?)dS = j js n- [VxA(R,1)]dS
VxA(R.1)

with the normal component of circulation - curl - of the vector field A(R,?)

at the position R "in the middle" of AS /

mit der Normalkomponente der Zirkulation/Rotation - rot - des Vektorfeldes A(R,?)
am Ort R "in der Mitte" von AS

. 1 ' '
n-[VXAR)]= lim o CAR0-dR
- lim - AR)es R
AS—0AS JC=0AS —— ~— —
A (R'.1)

= "Strength of circulation of A(R,?) around the
normal unit-vector n at the positon R"

= "Stérke der Zirkulation von A(R,?) um den
Normaleneinheitsvektor n am Ort R"
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Gauss’ Integral Theorem / GauBscher Integralsatz

Gauss’ Integral Theorem / GauBscher Integralsatz

by AR08 = [[[ divAR.0dV = [[[ VARV
V-A(R,)

Vector Field A(R,t) at Position R "in the Middle" of AS /

mit der Divergenz (Quellstirke) - div - des Vektorfeldes A(R,t)
am Ort R "in der Mitte" von AS
1

VAR = lim —f  AR'1eas

AV 0 AV I S=0AV
= tim —f AR’ ds’
AV—0 AV JIS=0Ar —— ——

4,(R'1)

= Strength of Flux (Divergence) of A(R,?)
at the Position R

= Stiirke des Flusses (Divergenz) von A(R,?)
am Ort R o,
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with the Divergence (Stength of Flux) - div - of the / ' /
AR'/)+n =An[B (m,az),t}

Del (Nabla) Operator in Orthogonal Curvilinear Coordinate System /
Nabla-Operator im orthogonal krummlinigen Koordinatensystem

Del (Nabla) Operator / Nabla-Operator

1 0 1 0 1 0
L & Az
b 08 g 08 kg 0%

L1 .9
= Z eg _ Generalized Curvilinear Coordinates /
3 i hf afl Verallgemeinerte krummlinige Koordinaten
- 1
1 0 515529‘;:3 or ‘fial=19293
= _5 _—
l h@z 0gi

The del Operator / V4 is a Vector /
Der Nabla-Operator ist ein Vektor
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Del (Nabla), Grad, Div, and Curl Operator in Cartesian Coordinate System /
Nabla-, Grad-, Div- und Rot-Operator im Kartesischen Koordinatensystem

Del (Nabla) Operator / Nabla-Operator

0
V=e, +te,—+e —
X oy 0z
Gradient / Gradient
0 0
grad =V =e,—+e,—+e —
ox oy 0z
Divergence / Divergenz
. 0 0
div=Ve=|e, —+e, —+e —|
ox oy oz
Curl / Rotation
0
curl/rot = Vx = e, ——t+e,—+e, — (X
ox oy oz
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Vector-analytical Expressions in the Different Coordinate Systems /
Vektoranalytische Ausdriicke in den verschiedenen Koordinatensystemen

Cartesian Coordinates / Cylindrical Coordinates / Spherical Coordinates /
Kartesische Koordinaten Zylinderkoordinaten Kugelkoordinaten
dR dxe, +dye, +dze, dre, +rdpe, +dze, dRe, + Rd9e,+ R sin 9 dpe,
grad ® oD oD oD oD 1 0D oD 0P 1 0D 1 0D
& t—e +——€e &t e, t—¢€ Gt €t —— ¢
=Vo® Ox oy 0oz or r op IR ROS Rsin 4 0p
divA %Jr% 04, 10(r4,) +l%+% 1 8(R’4,) . 1 0O(sin$4,) 4 1 04,
=V-A o oy oz r or rop oz R® OR  Rsind 08 Rsin9 g
o4, oA, [1 o4, 04, } 1 [oGsing4,) od,
——=le Iy - =4 . |¢
oy oz [ rop oz Rsin & 09 op |°*
curlA A A
o4, 04 04, 04, 1| 1 a4, O(RA,)
=T0tA H" e, + -—=le, —| % %l e,
v ; 0z Ox oz or R|sin$ op orR |7
= X
. 04, o4 1(0(r4,) o4, 1[o(R4,) o4
I e +— -—le. | ———L g
ox oy | rl or op Rl OR 09 |~
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Vector-Analytical Expressions in the Different Coordinate Systems /
Vektoranalytische Ausdriicke in den verschiedenen Koordinatensystemen
Cartesian Coordinates / Cylindrical Coordinates / Spherical Coordinates /
Kartesische Koordinaten Zylinderkoordinaten Kugelkoordinaten
divgrad @ 1 8(,,00 1 a(. 0D
—V.VD ) N ) 2 > Ei [ sind—
’e FD I 1g(ra£)+ia£ o R*oR\" oR) R’singad\’ = o9
=V’ ot ot o rorl or) rPop* & 1 82D
= AD TRsin 8\ 09"
4
2 2cot§ 2 04 2 04
. AA,——= A4, - -2 2 le
div gradA Ade [AA L _3%} { FRTYR Y R 89 Rising 3(p}7k
(e, , el
=V.VA Ade " 14 2 04, 1 2cos§ 4,
) yEy 1 2 04 HAdg+— g2 €
=V A A4 ——a + r e R° 0% R’sin 9 Rsin” 9 0@
+AAde, 020 T 50 [0
=AA ? Jag o2 o4 1 2cosd 04,7
+Ade ? R’sin$ dp R’sin’3 ° R’sin*9 dp |*
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Governing Equations in Integral Form / Grundgleichungen in Integralform

Faraday‘s Induction Law / Faradaysches Induktionsgesetz

ggc:as ER,7)-dR = _”s g B(R,7)-dS - .Us I, (R,7)-dS

<.ﬁczas E(R,7)dR = ”s [VxE(R,7)]-dS

Integral Form / Integralform

Stokes’ Integral Theorem /
Stokesscher Integralsatz

T [V X E®0kds =[], £ BR0ds - [[ 4, R.11d

VXE(R.() = —gg(g,z) )

Gauss' Electric Law / GauBsches elektrisches Gesetz

§b_,, DR.03aS = [ p. RV
@sqw D(R,)-dS = I,UV V+D(R,t)dV

[If, v-D®.0av =[f, p.R.Y@V
VD(R.) = p.(R.0)
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Differential Form / Differentialform

Integral Form / Integralform

Gauss’ Integral Theorem /
GauBscher Integralsatz

Differential Form / Differentialform

20




Governing Equations in Differential Form / Grundgleichungen in Differentialform
Faraday‘s Induction Law / Faradaysches Induktionsgesetz
cutlrot E(R,1) = ~£ BR.1) -1, (R.1)
Ampére-Maxwell‘s Circuital Law / Ampére-Maxwellsches Durchflutungsgesetz
curliiot HR,) = = D(R.0)+1, (R.0)
Gauss‘ Electric Law / GauBsches elektrisches Gesetz

div D(R,1) = p, (R.1)

Gauss‘ Magnetic Law / GauBsches magnetisches Gesetz

div B(R,1) = p, (R,1)

Continuity Equation for Electric Charges / Kontinuitédtsgleichung fiir die elektrischer Ladungen
. 0
dlvle (B,t) =7 Pe (B,l)
ot
Continuity Equation for Magnetic Charges / Kontinuitatsgleichung fiir die magnetischer Ladungen

divd, (R.1) = —aﬁpm (R.1)
t
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Del (Nabla), Grad, Div, and Curl Operator in Cartesian Coordinate System /
Nabla-, Grad-, Div- und Rot-Operator im Kartesischen Koordinatensystem

Del (Nabla) Operator / Nabla-Operator

0 0
V=e —+e —+e —
Fox Yoy Oz

Gradient / Gradient

grad=V:gx§+gy§+gZa—
X Y /4

Divergence / Divergenz

. 0 0 0
div=Ve=|e —+e —+e, — |
ox oy 0z
Curl / Rotation
curl/rot = Vx = gxi+g i+§Z£ X
ox oy oz
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Governing Equations in Differential Form / Grundgleichungen in Differentialform
Faraday‘s Induction Law / Faradaysches Induktionsgesetz
0
V x E(Ba t) = __E(B’t) _lm (Bal)
ot
Ampére-Maxwell‘s Circuital Law / Ampére-Maxwellsches Durchflutungsgesetz
0
V x H(Ba t) = _Q(Ba t) +Je (Ba t)
ot
Gauss' Electric Law / GauBsches elektrisches Gesetz

VeD(R,?) = p.(R,?)

Gauss‘ Magnetic Law / GauBsches magnetisches Gesetz

V+B(R,?) = py (R,1)

Continuity Equation for Electric Charges / Kontinuitédtsgleichung fiir die elektrischer Ladungen
0
\% 'Je(B’t) = __pe(Bat)
ot
Continuity Equation for Magnetic Charges / Kontinuitatsgleichung fiir die magnetischer Ladungen

0
V‘lm(gst) = _apm(ga t)
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Div and Curl Examples / Div und Rot Beispiele

o
VYVVYY

divA=V.A
curl/ ot A=VXA

)

divA=V.A=0 divA=Ve«A=0
curl/tTot A=VxA #0 curl/tTot A=VxA #0
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0 divA=V«A=0
0 curl/tot A=VxA=0
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Grad, Div and Curl Examples / Grad, Div und Rot Beispiele

Scalar Field / Skalarfeld Vektor Field / Vektorfeld
P.(R) E(R) =—grad ®.(R) = -V (R)
0 0 0
grad O, (R) = VO, (R) = e, — D (x,7.2) + &, — D, (x,7.2) + &, ~— D, (x,,2)
ox Y oy Oz
fn b b e o= oa oy e
! N T A Ny Vo, - -
- = — S — - - -
B - - —— - - -
- - — — — - = =
: - - — — — - - -
- - e — g - = -
- . ’ \ L, ‘ L
? | [ ) N = = s [ . .
::'1 . 0 0 o= = e s 0 . ..T
., '. ] . . . - - - . v
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Grad, Div and Curl Examples / Grad, Div und Rot Beispiele

Vector Field / Vektorfeld Scalar Field / Skalarfeld
D(R) pe(R)=div D(R) =V + D(R)

div D(R)= V- D(R) =6%Dx(x,y,z)+§Dy (5.3, + 2D, (3.3:)

LR S A R LT T
LI T T S T WO T I
T T T T o S U R R
=& | % o fe— See % P e —w
el R o ]
T BT + ==~ b4 -
B R T T S Y I S
] et > e, B EeE o o w g TR Y S 4
(lS a2 % G B P O v U TWMTRG W v T e
A F A 8 B s x w exwEymemSeRn w - B B
I T T g "W - Sy S
I B N e T T Ry
L T T A T R N
P A B R
L T
- e e = R
LIS I T LN B
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Grad, Div and Curl Examples / Grad, Div und Rot Beispiele

Vector Field / Vektorfeld

Vector Field / Vektorfeld

- ZBR.)

VXE(R,7)

curl/rot E(R,?)

ER,?)

jx E(x,y,z,0)

0

ox

0 0
—+e, —+e, —
Yoy oz

[Qx

=VxER, )=

curl/rot E(R,?)

e 20 Q@D @ 99 @ @

v 8 BB a3 26 E .

P 3RORRPIR @

eBRARPYRARR s .

< e P RPQPRRIDS o -
N1 LEe e
<0 @R R e -

.@®®®®®®®®@®.
v OPRARBDE e -

"2 9 8 e

ma@@ae._@®®®®®®®
EODOe R+ -8 03 &0 @ @

CODOEEBa «  +ow s -
OO s - 0

93010I0I0Ta10T RCR-NE
BOODHDOO e =
@@@@@@@@@@ ®
[SNoNONCGIORONO RO RO N- R
o000 R e -

e @ oz e

6 .

B e I SEE S S

e e e e e e T R

LR R

.ﬂ*‘W\;ﬁx«,xfr

bbes, ot
e RN R Ry

i
~|a;;ﬂﬁﬁf,ﬂ14nnu
\nfﬁﬁfﬁfﬁf/ﬂ#fikl
\\Piﬁdfﬂ/dfﬁ/ﬂ/ﬁ??b\\
\xnrﬁﬂﬁﬁﬂﬂd/?n.».k
“\kfﬁfﬁﬁﬁﬂﬂ?a.\h\%
1_‘\sﬁﬁ/ﬂxﬂdf¢,ﬁa‘x
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P T T R
N A AL B

'
I i I A B
.
.

by
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e i I SRR I

B e e

R e o T Y
e R

kS \\s..ﬂ.*lvjwfwm.ffv
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End of 3rd Lecture /
Ende der 3. Vorlesung
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