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Transition Conditions / Ubergangsbedingungen
n
Medium (2) f - -
Medium (1)

B €S I(nterface)

nx[E® (R)-EV (R) [0

n+[D® (R)-D(R) |=7.(R)

ES Fields - Transition and Boundary Conditions /
ES Felder — Ubergangs- und Randbedingungen

Boundary Conditions / Randbedingungen
n o.(R)y->x»

Medium pec/iel

7

R € Spoundary)

nxE(R)=0

pec / iel

n-D(R)=7,(R) pec/iel

ws: with sources; sf = source-free /
mq = mit Quellen; gf = quellenfrei

pec = perfectly electric conducting /
iel = ideal elekirisch leitend

nxE(R)=E,,(R)
= En (R)e

tan

Vector Tangential Component of

Vektorielle Tangentialkomponente von

E, . R): ER)

Scalar Tangential Component of

. E(R)
Skalare Tangentialkomponente von

Etan (B) :

Etzm(Z) (B) _Etzm(l) (B) =0
D, (R)-D," (R)=7.(R)
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n-D(R)=D,(R)

Scalar Normal Component of

D(R)
Skalare Normalkomponente von

D,(R):

E,,(R)=0 pec / iel

D,(R)=7,(R) pec/iel




ES Fields — Transition and Boundary Conditions /
ES Felder — Ubergangs- und Randbedingungen

Transition Conditions / Ubergangsbedingungen

n
Medium (2) ? B

Medium (1) - Re Sl(merface)

Etzm(z) (B) _Emn(l) (B) =0

D, (R)-D," (R)=7.(R)

Boundary Conditions / Randbedingungen
n g.(R) > o

Medium pec/iel

B € SB(oundary) ?

Eun(R)=0 pec / iel

D,(R)=7,(R) pec/iel

ws: with sources; sf = source-free /
mq = mit Quellen; gf = quellenfrei

pec = perfectly electric conducting /
iel = ideal elektrisch leitend

E(i) (B) = _vo® (B)

LIXV[ (2)( cD(l)( )}

)=
@ (R)-dY (R)= D, = const.

R
0¥ [a0¢) (&) 5,00 (1) |- - 28

“on
@)
id)gz) (B)—%QQS) (R)=- ﬂe(Bz)
» 2@ on e
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D(i) (B):gogr(i)g(f) (B) i=1,2
= —gogr(i)V(D(e[) (B

nxVvo (R)=0
@, (R) =D y=const.
£06: -V @ (R) =77, (R)
5
“on
0 7e(R)
o (R)=-1L=2
on +(R) E0&r

Transition Conditions / Ubergangsbedingungen

n
Medium (2) ? B
Medium (1)

- Re Sl(merface)

Efan(Z) (B) - Etan(l) (B) =0

D, (R)-D," (R)=7.(R)

Etan(Z) (B) - Em,,(l) (B) =0
U
o (R) - (R) =, = const.

D, (R)=D," (R)=n(R)
U

0 2 &, ) 0 1 1
ZoPR)-Z_Z o0 (R)=- R
(7) sr(z) on ¢ (7) gosr(z) 7e®)
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ES Fields - Transition and Boundary Conditions /
ES Felder — Ubergangs- und Randbedingungen

Boundary Conditions / Randbedingungen
n o.R-w

Medium pec/iel

B €S B(oundary)

Eun (R)=0 pec / iel

D, (B) =1n.(R) pec/iel

=

@, (R)=d, = const.

D,(R)=17,(R)
U

0 1
—&,(R)=——7,(R
5, 0 (R) v 7.(R)




Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Boundary Conditions / Randbedingungen

E(R).D(R),®.(R)

0. (R) >
n pec/iel
e — n®
%%

Special Case /
. =0V
Spezialfall

Medium

B € SB(oundary) 7

@, (R)=®d,, = const. (

0
—®. (R)=-
on ° (R) E0&r

1

7. (R)

Neumann Boundary Conditions for @,/
Neumann-Randbedingung fiir ®,

Dirichlet Boundary Conditions for @,/
Dirichlet-Randbedingung fiir @,
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Electrostatic (ES) Fields — Boundary Value Problem (BVP) /
Elektrostatische (ES) Felder — Randwertproblem (RWP)

_pe(x,»,2) for/

Poisson Equation /
T pe(x,3,2) 2 0
fir  Pe(¥)2)

iJriJri . (5,y.2) = P Poisson-Gleichung
ox? 6y2 o) ¢ 0 for / (x,1,2) =0 Laplace Equation /
fir Pl HXE)= Laplace-Gleichung

Examples: / Beispiele:

= +
Boundary Conditions (BC) /
. Randbedingungen (RB)

,/7 Between the Plates:.-~~ AY D =10V

il —  Vacuum &7 4+ —_
% Zwischen den Platten:
4: —  Vakuumé&g +

o, > ™ _

e ; AP (R)=0 " 0 o

nxE=0) Pe(R)=0 =0 e

7 - +
% - O®)#0

7z

7~ * :
@, (R) = =
<(R) - 0; _ + pP®)=0 Separation of Variables / |
ER)= (;P// e N ER)=0 Separation der Variablen =
| B4 =4
. Y=0 o ox=d
o o T D =Dy >0
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ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder — Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

AD (R)#0 -0 for / O<x<d
P.(R)#0 Partial Differential Equation / A®_(R) far
Partielle Differentialgleichung er= for/ Xx=0
#const. .
z fir y=4
Between the Plates:
— Vacuum &, /
Zwischen den Platten: Boundary Conditions (BC)/ ¥ = 0: O, =0
—  Vakuumép Randbedingungen (RB)  y — 7 - D =D >0
o, > _ AD(R)=0 © e~ el
nxE = Pe(R)=0 =0
- Between the Plates Laplace Equation:
Zwischen den Platten: Laplace-Gleichung
- P(R)#0 AD,(R)=0
Boundary Conditions (BC)/ .. Cartesian Coordinates /
-_Randbedingungen (RB) > ... Kartesische Koordinaten
+ 62 62 62
X T+ +5 |P(x,0,2)=0
+ e @, (R)=0 ox oy- 0Oz
ER)=0
+ ER)=0 ... Because of the Symmetry /
x=0 x=d ... wegen der Symmetrie
— 42
@, =0 P =Dey>0 7P =0
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ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) — Electrostatic Poisson Equation /

Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

AD (R)#0 &2
p.(R)#0 §Cbe(x)=0 O<x<d

z Integrating once / Integriere einmal

Between the Plates: a2 d
— Vacuum &g / + J.—CDe(x)dx: —® (x) |=const=a
Zwischen den Platten: dx? dx
o — Vakuum &) + d
o, > ® : AD (R)=0 + ) ‘:ad)e(x)}m:onst:a
nxE=04 P.(R)=0 =0
% - + Integrating twice / Zweifache Integration ergibt
/ - D(R)#0 d
/ _ n J{[I®e(x):|=const:a}dx:d)e(x):ax+b
Boundary Condition (BC) / X
/ Randbedingung (RB)
i > D (x)=ax+b
+
X
+ O (R)=0 |:> D (x)=ax+b O0<x<d
L ER)=0
x=d
O, =D,>0
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ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder — Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

|:> D (x)=ax+b

Boundary Conditions (BC) / Randbedingungen (RB)

AD (R) =0
p.(R)#0

y4

Between the Plates: x=0: e, =0
—  Vacuum &, / + x=d: O, =D, >0
Zwischen den Platten:
—  Vakuumé& +
O, > ® AD. (R)=0 + e —> 0 O, (x=0)=a(x=0)+b
nxE = Pe(R)=0 E=0 =0
- +
b=0
= D (R)#0
D, (x)=ax

— +
Boundary Condition (BC) /

Randbedingung (RB) @, (x=b)=a(x=b)

>
+ Q‘ =Dy

X
+ [P, (R)=0 e ®e
L ER)=0 d

d Solution for the Electrostatic Potential / Lésung fiir das elektrostatische Potential
x=
(De()
= <x<
® - D, =D,>0 I:> Pelx)=—7"x 0<x<d
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ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

Partial Differential Equation (PDE) /
A (R)#0 Partielle Differentialgleichung (DGL)

Pe(R)#0

d2
TP =0  0<x<d
z

Between the Plates: Boundary Conditions (BC) / Randbedingungen (RB)

—  Vacuum & / +
Zwischen den Platten: x=0: O, =0
— &
/ Vakuum &g + x=d: D, =Dy >0
O, > ™ ; AD . (R)=0 i ©
nxE=0# P.(R)=0 =0 Solution for the Electrostatic Potential /
- ;/’ — - + - Loésung fir das elektrostatische Potential
/ - 0 (R)#0 Do g<xca
/ D (x)=4 d

— +
Boundary Condition (BC) / 0 else / sonst

Randbedingung (RB)

=V

* D (x)
+p2.®)=0
+ W ER)=0
x=d
O, =D,>0
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ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder — Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) — Electrostatic Poisson Equation /

Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung
AD(R) %0
Pe(R)#0

Electrostatic Potential / Elektrostatisches Potential

D
—=x 0<x<d
D (x)=3 d

0 else / sonst

y4

Between the Plates:
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—  Vacuum & / +
Zwischen den Platten:
—  Vakuumé, + E(R)=-V®,.(R)
e > APR) =0 + e E(x)= de ) 0 <X <o
nxE = P®)=0  PnxE=0 B =~ g Pe0ex ¥
_ 4 Pe x |e 0<x<d
- P (R)#0 =1 dx\ d )7 777
— + 0 else / sonst
Boundary Condition (BC) / @
Randbedingung (RB) Do e, 0<x< d
m > =1 d
X 0 else / sonst
O, (R)=
+ <(R)=0 |:> The Electrostatic Potential and Electrostatic
+ E(R)=0 Field Strenth are Discontinuous at the Plates /
Das elektrostatisches Potential und die elektrostatische
x=d Feldstarke sind unstetig an den Platten
[ cDe = (DeO >0

ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

_ Do 0<x<d
E(x) = d
0 else / sonst
tew

Step Functions / Einheitssprungfunktionen

I x>0
u(x):{o x<0
A u(x)

14
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><"

Representation of the Electrostatic Field Strenth
using the Unit Step Functions: /
Darstellung der elektrostatischen Feldstarke
durch Einheitssprungfunktionen:

A uw
1

x=d X
A u(x-d)
1_

x=d X
A u(x)-u(x-d)
1

x=d X

E(x)=f%[u(x)—u(x—d)]gx —0<x<w




ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder — Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

V+D(R) = p.(R)

L= petw)
) %E,\' (x) = pe(x)

d _pe(®)
de_X(x)7 80

d 2 Qe A e
dex(X)— p dx[u(x) u(x—d)]

=7% iu(x)fiu(xfd)

5(x) S(x—=d)
= —%[5()() -8(x-d)]
_pe(®)

£o
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%u(x) =0(x)

=u/(x)
[ w@) ) d = v f @7, - [ u)f () dv

= 4e) )= u) f () |- | £ dx

=1 0 0
=f(®) =0
= f()= )y
= f(@)=[f(®)- £(0)]
= /(0

[ W) sGyde=1(0)

—0 =5(x)
u'(x)=5(x)

ES Fields — Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) — Electrostatic Poisson Equation /
Randwertproblem (RWP) — Elektrostatische Poisson-Gleichung

AD(R) # 0
Pe(R)#0

z

Between the Plates:

—  Vacuum & / +
Zwischen den Platten:
o — Vakuum &) +
O, > ® ; AD . (R)=0 + )
nxE=04 Pe(R)=0 =0
s - +
- Q. (R)#0

— +
Boundary Condition (BC) /
Randbedingung (RB)

q)eo

Pe(x) = 8 —L[-5(x) +5(x~d)]
— Electric Surface Charge Density /
Tleo Elektrische Flachenladungsdichte

= —1gp0(xX) + 1gpd (x —d)

Pe(x)
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+ : X
x=d
+ 2. (R)=0 )
E(R)=0
+b ER=0 ~TepS(x) Neg0(x=d)
x=d
O, =D,>0




Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ... (2)

Application: Numerical Solution of Unbounded Static Problems /

Pe(R)
Anwendung: Numerische L6sung von unbegrenzten statischen Problemen -

€0

Aq)e (B) =

Problem: Parallel Plate Capacitor in an Unbounded Region /
Problem: Paralleler Plattenkondensator in einem unbegrenzten Gebiet

Numerical Solution: We need to Specify Boundary Conditions at

Outline of the Problem / the Boundaries of the Simulation Area which is always bounded.
Entwurf des Problems /

Numerische Losung: Wir miissen fiir die Rander des
numerischen Simulationsgebietes, welches immer begrenzt ist,
Parallel Plates / Randbedingungen spezifizieren.

Parallele Platten
N g ‘
Boundar /
ol :

Condition (BC) ?/

Randbedingung (RB) ?
Electrostatic Surface Charges /
Elektrostatische Flachenladungen

Open Boundary
Condition (OBC) ? /
Offene Rand- bedingung
(ORB) ?
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Point Charge(s): Monopole, Dipole, and Quadrupole /
Punktladung(en): Mono-, Di- und Quadrupol

Monopole / Monopol p.(R)=0.6(R-R,)

with / mit
R+ =0

One Point Charge /
Eine Punktladung

Dipole / Dipol Pe (B) = QeJ(B_BJr) - Qeé‘(g_gf)

Two Point Charges /

Zwei Punktladungen with / mit
R=%e  r=-Ze
2 27
4 - .
Quadrupole / Quadrupol 42z p.(R) = Z Qg)é‘(g - g(’))
B2 i=1

Four Point Charges /
Vier Punktladungen

()
with / mit

y
L0, T o0 RV -
d

3 3 4 4
0 =0, RV =~ . o= 0. RY=
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2
0= 0. R®=-




Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...

Arbitrary Point Charge /
Beliebige Punktsladungsverteilungen

Expansion of 1 in a Taylor Series for R -0 yields
Entwicklung von [IR-R’| in eine Taylor-Reihe fir —  ~ ergibt
1 1 1 r 1 1 ’ ’ ’ ’
—— =+ —ReR + >R 3R'R -R-R1|-R+HOT
IR-R'| R R 2R

‘HOT :Higher Order Terms / Terme hoherer Ordnung
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...
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].g+ H(’)T}pe(g')d3g'

]-E+H07}pe(g'>d3g




Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...

@, (R) =

47&9

[=>

.[33

(98]
(=
\W)
1’:‘/
+
g
S)
r\]
N
B
’:3
é
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m {f fRR %%E-PB'B’—B'-B';J-£+H07}pe(3')d33'

Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...

- ﬁj {l*%g'ﬁ+%%ﬂk':(SEEf;)JrHOT}pe(g’)(PB’

m «(R)R'R'&’R':(3RR-1) [t + HOT
R =—w

=q

Ze
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...

. (R) =

Ll nwyer

R'=—o
-

=0,

47&9

s ([ A®R @R R
R'=-x
-

-y

éﬁ ] PR)R'R ¢'R': (SRR 1) |1+ HOT
R =—w

=q,

1 1 ~ 11 o
@e(g)=4ﬁgo{ O+ o7P "Reo—ra :[333—;]”107}

‘HOT :Higher Order Terms / Terme hoherer Ordnung
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ...

Arbitrary Point Charge /

Beliebige Punktsladungsverteilungen [0) ( )_ J.JJ. —p (R )d3
47r50 -R’| ¢
Expansion of 1 in a Taylor Series for "o yields
Entwicklung von IR-R’' |in eine Taylor-Reihe fiir — T ergibt

D (R) = { 0.+ de-g%%ge:[sgg—gw«%}

4reg
‘HOT : Higher Order Terms / Terme héherer Ordnung

0
Monopole Moment / _ "N 3’
Monopolmoment Q. = ”_[ p.(R)HA'R

Dipole Moment / ” 2. (RHR' d&’R
Dipolmoment

R=-x

Quadrupole Moment / q = J'“' pe(B')B'B"pB'
Quadrupolmoment = R-e
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Point Charge(s): Monopole, Dipole, and Quadrupole /
Punktladung(en): Mono-, Di- und Quadrupol

Monopole Moment /
Monopolmoment

One Point Charge /

* 0, = 0’ =0
Eine Punktladung O pP.=9% q =9

Dipole Moment /
Dipolmoment

Two Point Charges /
Zwei Punktladungen

Quadrupole Moment/ Az
Quadrupolmoment 0. -0,

Four Point Charges /
Vier Punktladungen
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Electrostatic Dipole / Elektrostatischer Dipol

Electrostatic Volume Charge Density / Elektrostatische Raumladungsdichte

. d
z p.(R)=0.5(R-R,)-0.5(R-R ) with R, =7e
d d d
=Qe5(5—592)—Qe5(B+E§Z) Rf=*5§z

Electrostatic Potential / Elektrostatisches Potential

0O 1 B 1
%@—%[B_M R-R J

Electrostatic Field Strength / Elektrostatische Feldstarke

. -0,
ERy-% | B-R. R-R_
475 ||R-R.[" [R-R

Electrostatic Dipole Moment / Elektrische Dipolmoment

P, = fff P.(ROR'@R' = ffj [Qea‘@’—&)—Qea(g’—g,)}g’dm’
R'=— R=—

=0, ffj S(R'-R,)R'@R' -0, ffj S(R'-R )RR =Q.R, -OR =0, (R, -R)=0.d
R'=— R'=—

=R, =R_
’ d
Distance Vector / Abstandsvektor d =R, —R_ = Egz +
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Electrostatic Dipole / Elektrostatischer Dipol

Electrostatic Dipole Moment / Elektrostatisches Dipolmoment

z
p,=0d with)  Pe=0cld|=0.|R. +R |
0. = peb, ™t p =d=[R, +R_|
R,
d Q = dgz Electrostatic Quadrupole Moment / Elektrostatisches Quadrupolmoment
- _ ¥ ' 'S’ 13’
R v ooa =[] P®RRER
LAY R
-0, 7 , , PP
x - I [06® -R))-06® -R ) [RR&R
R'=—
=0, [[] s®R -ROR'R' &R’ -0, [[[ SR -RORR'@R’
R'=—x R'=—x
=R.R, =R R_
= QeBJrBJr - QeB,B,
d d d d
= —e, || —e, |-| ——=e, || ——¢
o sz{z] ( 2)[ 2H
=0.[dee. ~de.e. ]
o TETE L TETES
=0
=0
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Point Charge(s): Monopole, Dipole, and Quadrupole ... /
Punktladung(en): Mono-, Di- und Quadrupol ... (2)
Application: Numerical Solution of Unbounded Static Problems / AD (R p.(R)
Anwendung: Numerische Lésung von unbegrenzten statischen Problemen e(—) - &
Pe(R) =10+ (1,2)0(x —x, )+ e _(y,2)6(x— x_) L TS
g JSVE% ! |
e0 !
Nt (1,2) = z.<z<z, L e [
0  else/ sonst I y '
- / !
=T (y: Z) ______________ -
With Dirichlet Boundary Condition / Mit Dirichlet Randbedingung With Open Boundary Condition (OBC) / Mit offener Randbedingung (ORB)
= Equipstents | Linas of the Polniald 3 b} i Lirms of tha +_ with Cpxan Beirsla 1y Carefition

xinmm
nmm

P T R T N
CIEECIE G ]
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ES Fields — Method of Images / ES-Felder — Spiegelungsmethode

Boundary Value Problem (BVP) — Randwertproblem (RWP)

0. (R) > o pec/iel
®.(R)=0, ReSp
=nxER)=0

Q. known / bekannt!

®.,E unknown / unbekannt!

SB(ounda
ry)

\ Medium R—+
—00 ¢—

Pe (B) = Q65(5_5+)

Re S50 (R)=0
= nxE(R)=0
|

Re Sy 0 (R)#0
= nxE(R)~#0

-
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode

o _o( 11
233 PrEeses (De(g)_mo(lz—&l IB—R_I]

Re S0 (R)=0 _
=>nxER)=0[

" Qe 1 — 1 z>0
¥ ®.(R)=147s |[R-R,| R-R_[)

0 z<0

Re Sy 0 (R)=0
= nxE(R) =0
|
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode

Re S50 (R)=0
= nxE(R)=0
|

Problem: Solution / L6sung:

T (R) > pec/iel
® (R)=0, Re Sy
=nxER)=0

=nxER)=0
N
7e(R) B(oundary) R 7e(R)
. =, (R
A/ © = —o0 \ Medium /y > >

y >
A / R. Image Charge /

Spiegelladung

0. (R) > pec/iel
@, (R)=0, ReSy

SB(oundary) \ &+
o0 Medium
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ES Fields — Method of Images / ES Felder — Spiegelungsmethode

Solution by Applying the Method of Images /
Losung durch Anwendung der Spiegelungsmethode .
g.(R) > pec/iel
. (R)=0, Re Sy
=nxER)=0

SB(uundary)
R 7.(R)
) =4
—0 < ™ Medium, ‘/y > ©—>
/ R_
x 0. & Image Charge /

Spiegelladung

Pe(R)=0.6(R-R )-0.6(R-R )

with
mit R, =zp¢, R_= _B+ =-Zp¢,

Qe ! - ! z>0
O, (R)=1475 (R-R,| R-R[|
0 z<0
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode
with

pe(g):Qe5(5_5+)_Qe5(B_Bf) it B+ =2Zp€, B_ =—B+ =-zpe,
mi1

[0 1 _ 1 250
O, (R)=147¢ ([R-R.| R-R[) "

0 z<0
E(R)=-VO,(R)
O | R-R, R-R |
— 3 3 -
=1476 (|R-R,|" |R-R_|
0 z<0

D(R) = £ E(R)
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode

Field Lines of E /
Feldlinien von E

Medium

N B(oundary)

—0 ¢y

O &= X 7.(R) Induced Electrostatic Surface Charge Density /
R=uxe +ye, Induzierte (influezierte) elektrostatische

PEC/ IEL Flachenladungsdichte (Influenz)

—0 <X,y <®©
Without the Method of Images we have to Solve the Following Integral Equation for the Unknown Induced

Electrostatic Surface Charge / Ohne die Spiegelungsmethode muss man die folgende Integralgleichung fiir die
induzierte (influezierte) elektrostatische Flachenladungsdichte 16sen

/ Unknown / Unbekannt

R’ , for
O )= — ‘R o o )d2g S0 R, =
R'=—x |2

z=0
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode

Medium Field Lines of E /

Feldlinien von £ If D is known from the Method of Images /

Falls D uiber die Spiegelungsmethode
bekannt ist

S
B(oundary) known

R © = Q(B)|BGSB " bekannt *

Induced Electrostatic Surface Charge Density /
7(R) Induzierte (influezierte) elektrostatische

Flachenladungsdichte (Influenz)
PEC/IEL

1(R) is Defined by the Normal Component of D / 5 (R) ist definiert liber die Normalkomponente von D

7e(R) =1+ DR ¢

O R-R.OR-R |
T 4x R-R 3 R-R 3 fir ~
R R
O R-R, R-R_
"2l e v P mn P
R RRT
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Method of Images / Spiegelungsmethode

7e(R)=n+DR)|; o

_O.|e(R-R,) ez-(R—R_)}

7 R-R[ R-RJ
L 2=0
,Qe z—2, z+ 2z
T ar 3/2 3/2
i |:x2+y2+(z—zo)2:| |:x2+y2+(z—zo)2:|
L z=0
_0 ~Zo Zo
3/ 3/2
| [eareq]” [Farted]
— Qe 20
3/2
27[[x2+y2+20}
_ 2 2
3/2
2 [r2+z2]
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Total Electric Charge at the xy Plane at z=0 /
Gesamtladung auf der xy Ebene bei z

=

B
0

Method of Images / Spiegelungsmethode

__
7

_

Singular Point /
~ Singularer Punkt

_
F

>

7
7
7
"7,
7

L0
-
77
7

“
7

lonosphere / —
7

lonosphare

e
7
.

7
7
7
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

n-DR)[,

7.(R)

O

3/2
27 [rz +z§]

Dr. R. Marklein - EFT | - SS 2003

ES Fields — Method of Images — Applications /
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Electrostatic (ES) Fields — Separation of Variables — Example /
Elektrostatische (ES) Felder — Separation der Variablen — Beispiel

AV D, =10V

ox?

o> o
(—+a—2J‘De(x7y) =0
y

Separation of Variables / |
Separation der Variablen =
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

Laplace Equation / Laplace-Gleichung

Elliptic Partial Differential Equation /
A (x,y,2)=0 Elliptische partielle Differentialgleichung

Laplace Equation in Cartesian Coordinates / Laplace-Gleichung in Kartesischen Koordinaten

I o2 52 o2 Function of Three Variables /
3-D/3D —St =t 3 D, (x,,2)=0 Funktion von drei Variablen
ox~ oy~ o0z

i o* o2 Function of Two Variables /
2brzp [2 +— | Pe(x, ) =0 Funktion von zwei Variablen
ox® oy
o? 02
axfzq)e(xd/)*' 8)/72(1)6(%}}) =0
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2 2

Laplace Equation / iq) o+ 0 @, (x, ) =0
ox? ay

Laplace-Gleichung

Solution Strategy: Reduyce the Partial Differential Equation (PDE) to an
Ordinary Differential Equation (ODE) and Find a Solution of
the PDE by Solving the ODE

Lésungsstrategie: Reduziere die partielle Differentialgleichung (PDG) auf eine
gewohnliche (ordinare) Differentialgleichung (GDG) und
finde eine Lésung der PDG durch Lésung der GDG

y—\ Product of 2 Functions /

: Produkt aus 2 Funktionen
Ansatz of Separation /
0 B (x,3) = X () T(7)

Separationsansatz
) . i / / Function of y only /
Function of 2 Variables: xand y / Function of x only / Nur eine Funktion von y
Funktion von 2 Variablen: x und y Nur eine Funktion von x
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2 2
Laplace Equation / 0 0 B
Laplace-Gleichung 2 @ (x,) + 8y2 D (x,y)=0

Ansatz of Separation /
Separationsansatz D (x,y)=X(X)Y(»)

Inserted in the Above Laplace Equation Yields /
Eingesetzt in die obere Laplace-Gleichung ergibt

2 2
2 e+ L) - [X(x) YO+ X))
X 6y Oy

- Y(y)%X(x) +X(x);y—2Y(y)
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2 62 d2 d2
—S5 P +— o 7P (x, ) = Y(y) 7 XD+ X () —=TY(»)
&’

1
¢/X(x)Y(y)

1
— < 0
X()dx2 reo Y() =

2

] Y&+ X0 Lvy) |- |
xoro| Ve e

a2 1 d
X () —— ¥ () =0
X(x) dx Y(y) dy
_ Function of x/ Function of y/
“Funktionvonx Funktion von y

2 7/),2

=—a

Xix)dxz Ao ﬁi Y= w

=0
Separation Condition / 2 2
Separationsbedingung a’+p7=0 <:|
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2
d—X(x) =-a X(x) Separation Condition /
dx? Separationsbedingung
d? 2 2
— Y ==Y (y) a’+p =
dy
With / Mit a? = _ﬂz — 2

2

d
X (x)=-k>X(x)
We Obtain Two ODE / dx?
Wir erhalten zwei GDG 2

Lrym= #ro
dy

Solutions of these Equations are /

- ) ! > For k=0 these Solutions Degenerate to /
Lésungen dieser Gleichungen sind

Fir k& = 0 diese Loésungen degenerieren zu
or/

-~ ~ i or/
X (x) ~ cos(kx) oder sin(kx) X(x) ~ const. der —x
Y h or/ inh or/

() -coshlly) O = sinh(ky) e O
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End of 8th Lecture /
Ende der 8. Vorlesung




