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Electrostatic (ES) Fields — Boundary Value Problem (BVP) /
Elektrostatische (ES) Felder — Randwertproblem (RWP)

_ Pe(x,3,2)  for/ Poisson Equation /

02 9% B < fir Pe (x,»,2)# 0 Poisson-Gleichung

2+ 2+ 2 q)e(xayaz): 0
ox~ oy° oz 0 for / (x.7,2) =0 Laplace Equation /
fir PeHV2)= Laplace-Gleichung

Examples: / Beispiele:

z-- s
/’,7/ Between the Plates:.-~" AY D =10V
T — Vacuuméged T 4 |
% Zwischen den Platten: I
/2 — Vakuum &, + I
O¢ % v AD_ (R)=0 00
e of AV | ®,=0V ®, =0V
nxE = ?; peRI=0 =0 : _—
% . o0V
- d.(R)=0 €
é (R) : -
— +
/ Boundary Conditions (BC) / : 52 52
. Randbedingungen (RB) + D (x =0
A > | axz P 2 e( 7y)
- | y
d.(R)= 0 = . .
E(E) j 0; — . (R)=0 I Separation of Variables / I
R)= —/:: L ER)=0 : Separation der Variablen =
= X’: 0 .- x=d I
e CI)e :O ’,/” CDC :®€0 >0 I
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Electrostatic (ES) Fields — Separation of Variables — Example /
Elektrostatische (ES) Felder — Separation der Variablen — Beispiel

AY D =10V
D, =0V D, =0V
_—
D, =0V
>
X

2 2
8_2+8_2 D (x,)=0
ox~ Oy

Separation of Variables / I
Separation der Variablen =
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

Laplace Equation / Laplace-Gleichung

Elliptic Partial Differential Equation /
AD (x,y,z)=0 Elliptische partielle Differentialgleichung

Laplace Equation in Cartesian Coordinates / Laplace-Gleichung in Kartesischen Koordinaten

_ 62 82 62 Function of Three Variables /
3-D/3D (6 5>+ o2 + 2 D.(x,y,2)=0 Funktion von drei Variablen
X y z
0% 52 Function of Two Variables /
2-D/2D [8x_2 + ay_z}pe(x»)’) =0 Funktion von zwei Variablen
02 02
&C_ZCI)e(x’y) +?®e(X,y) =0
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2 2
Laplace Equation / 0 0 3
Laplace-Gleichung 2 D (x, )+ 8y2 D (x,y)=0
Solution Strategy: Reduce the Partial Differential Equation (PDE) to an

Ordinary Differential Equation (ODE) and Find a Solution of
the PDE by Solving the ODE

Lésungsstrategie: Reduziere die partielle Differentialgleichung (PDG) auf eine
gewohnliche (ordinare) Differentialgleichung (GDG) und
finde eine Lésung der PDG durch Lésung der GDG

r\ Product of 2 Functions /

. Produkt aus 2 Funktionen
Ansatz of Separation /
P O (x,3) = X(x) Y(3)

Separationsansatz

. . ) / / Function of y only /
Function of 2 Variables: x and y / Function of x only / Nur eine Funktion von y
Funktion von 2 Variablen: x und y Nur eine Funktion von x
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2 2
Laplace Equation / 0 0 3
Laplace-Gleichung o2 D (x, 1)+ 52 D, (x,y)=0
Ansatz of Separation /
Separationsansatz O (x,y)=X(x)Y(y)

Inserted in the Above Laplace Equation Yields /
Eingesetzt in die obere Laplace-Gleichung ergibt

52 52 52 52
ax_zq)e(xa )+ ay—zq)e(xay) = 8x_2[X(X) Y(y)]+ Gy_z[X(X) Y(y)]
d? d?
= Y(J’)@X(x) + X(x)dy—zy(y)
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

o o d? d?
7®e(x’y)+ay_2q)e(x’y) = Y(J’)JX(X)JFX(X)dy—ZY(J/)

1
4/X<x>Y(y>

1 d? d? 1 d? 1 d2
YO — X))+ X () —Y () | = — — X () + —— — —
X(x)Y(y){ Oz AT A3 (y)} xmaw v YT

1 & 1 dz
LX)+ V(1) =0
X (x) dx Y(y) dy
_ Function of x/
" Funktion von x

_ Function of y/
~ Funktion von y

=-p2
2 2
Xi)sz X(x)+ %d? ()= (~a?)+(-£?)

Separation Condition / 2 2
Separationsbedingung a”+p7=0 <:|
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

2
d—X(x) = —a’ X (x) Separation Condition /
dx? Separationsbedingung
d? 2 2
—Y(») == BY(¥) a”+p"=0
dy

With / Mit o =—p% = i
42

We Obtain Two ODE / dx?
Wir erhalten zwei GDG 42

2
— Y(y)= k7Y(y)
dy
Solutions of these Equations are / For k =0 these Solutions Degenerate to /
Losungen dieser Gleichungen sind Fir k= 0 diese Lésungen degenerieren zu
¥ . or/ (K or/
(x) ~ cos(kx) oder ~ sin(kx) X (x) ~ const. oder ~x
v ) or/ h or/
(y) cos (ky) oder Sin (ky) Y(y) ~ const. oder ~y

Dr. R. Marklein - EFT | - SS 2003




Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

42
We Obtain Two ODE / dx?
Wir erhalten zwei GDG d2

X(x)=-k*X(x)

—Y(»)= KY()
dy
X (x) = cos(kx) Y(y)= cosh(ky)
2 2 d? d?
L (=L cos(hn) —5 Y(y)= —5cosh(ky)
dx? dx? dy dy
=% ingin) — kL sinh(ky)
dx dy
= —k? cos(kx) = k? cosh(y)
N— — H_J
=X (x) =Y (»)
icos(kx) = —k sin(kx) icos(kx) = —k? cos(kx) icosh(kx) = k sinh(kx) icosh(kx) = k* cosh(kx)
dx dx2 dx dx?
d 42 d . d?
—sin(kx) = k cos(kx) = sin(kx) = —k? sin(kx) ——sinh(kx) = kcosh(kx) = sinh(kx) = k2 sinh(kx)
dx e dx dx?
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Electrostatic (ES) Fields — Separation of Variables /
Elektrostatische (ES) Felder — Separation der Variablen

Solutions of the 2-D Laplace Equation in the Cartesian Coordinate System /
Lésungen der 2D-Laplace-Gleichung im Kartesischen Koordinatensystem

k=0 k*>0 k2 <0 (k> jk')
const. | cos(kx)cosh(ky) | cosh(k'x)cos(k'y)
y cos(kx)sinh(ky) | cosh(kx)sin(k'y)
X sin(kx) cosh(ky) | sinh(k’x)cos(k'y)
Xy sin(kx)sinh(ky) | sinh(kx)sin(k'y)

D, (x,y)=X(x) Y(y)=

cos(kx) e ekx cos(k'y)
cos(kx)e ™ e k¥ cos(k'y)
sin(kx) " "™ sin(k'y)

sin(kx) e N e k¥ sin(k'y)
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ES Fields — Separation of Variables /
ES Felder — Separation der Variablen (...)

k=1 X{x) =cos{ k°X)

1

0.8

D (x,¥) = X (x)Y () = cos(kx) cosh(ky) ;e

L =1:%¥( 1) =cosh{ k"
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

D, (x,y) = X(x)Y(y) = cos(kx) cosh(ky)

Kk =1:(y) = cosh{ &y

rinm

T
10
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

D, (x,y) = X(x)Y(y) = sin(kx) sinh(ky)

rina

k=1 Y1 =sinh( k99

0.5

1

______________________________________________________________________

sinh( k")
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

fe= 10 %(X) = sin &%)

1

=]

0.6

0.4}

sinf &%)

D, (x,y) = X(x)Y(y) = sin(kx) sinh(ky)

D (x,y)=0

k=12 (1) = sinh( k")

k=1:d, =sin &% "sinh{ &9

1
| T EETMEESRE RSR———— I
= =
= 0 £ 0
= =,
DS e b N 0s
- i i -
10 5 4

sinh( k")
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¥inm

yinm

0.5

o

ES Felder — Separation der Variablen — Beispiel (...)

ES Fields — Separation of Variables — Example /

k=1 q)e =sin{ &°x) "sinh{ k1A

________ S \«/ T
___—:—g}{//? kﬁ ;_/ﬁ 5 : ;“:E
' e e

u) ~f

___c”‘)__ ;,_ _B_Qfs__ _h‘ “iFanee
%sr X %/—%“ S a "bﬁ
R /AR [l/748
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k=2: d>e =sin{ &£°x) " sinh{ &9
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

k=1:p, =sin{ k™ "sinh{ k7 k=2, =sin{ k% "sinh{ k7
1 . el il
[ ‘; 7 5] i 4
P
n =z 5 ey o u) T g
‘o a (= g’ o]
~ o, ¥ K
0.5 . ; o 0.5 d o 1 o
A By iy &= & ™ kol i =1
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ES Fields — Separation of Variables — Superposition of Modes /
ES Felder — Separation der Variablen — Superposition von Moden (...)

Superposition of Modes to Ensure Boundary Conditions /
Superposition von Moden zur Erfullung von Randbedingungen:

Each solution of the Laplace equation — eigen solution, mode — obtained by the separation of
variables displays lines (surfaces) of vanishing potential. At these lines (surfaces)
we could place a Dirichlet boundary with ® (x,y)=0V/
Jede Losung der Laplace-Gleichung — Eigenlésung, Mode —, die man Uber die Methode der Separation
bestimmt, weist Linien (Flachen) mit dem Null-Potential auf.
Auf diesen Linien (Flachen) kann man eine Dirichlet-Rand mit ® (x,y) =0 V platzieren.

For Example, Consider the Solution / Betrachte beispielsweise die Losung

D, (x,y) =D, sin(kx)sinh(ky)

This Functions is Zero for / Diese Funktion ist gleich null fur

because/ )
y=0 _ sinh(ky) = sinh(0) =0
weil
D (x,y)=0
ni because / . )
xX=— n=-m,..—1,0,1,..0 _ sin(kx) = sin(nz) =0
k weil
Dr. R. Marklein - EFT | - SS 2003 17
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

(az 5>

O<x<a
_+— @ x’ :O
d ox? éyzj (07) {0<y<b
O, =0V O, =0V
|
O, =0V u X
We Set / Wir setzen:
nr . (nrx ) nrw
@, (x,y) = D, sin(kx)sinh(ky) k = — D, (x,y) =D, sin (7xj sinh (7);)
then it follows / dann folgt
x=0
q)e(x’y):() XxX=a
y=0
y=b:®, =U,

D, (x,y=b)=D,, sin(ﬂxjsinh (ﬂbj = U,
a

a
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ES Fields — Separation of Variables — Superposition of Modes /
ES Felder — Separation der Variablen — Superposition von Moden (...)

q O, (x,y) = 4,sin (ﬂxj sinh (ﬂ y)
n=1 a a
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

AV q)e:UO /_\
b {62 2

0 O<x<a
—+t— q) x, :0
/ axz ayzj e( y) {0<y<b
P, =0V ®, =0V
>
¢, =0V , X
q q)e(xay)ZZAnSin[ﬂx)sinh(ﬂyj
n=l1 a a
"7

Adjust die Coefficients 4,,n=1,2,..., « in Order to Ensure the
Inhomogeneous Dirichlet Boundary Condition ®_(x,b) = U, at the Top Boundary. /
Die Koeffizienten 4, n=1,2,..., c sind so zu bestimmen, dass die inhomogene
Dirichlet-Randbedingung @ (x,b) = U, am oberen Rand erfullt wird.
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)
Adjust die Coefficients 4,, n=1,2,..., oo in Order to Ensure the
Inhomogeneous Dirichlet Boundary Condition ®_(x,b) = U, at the Top Boundary. /

Die Koeffizienten 4,, n =1,2,..., o sind so zu bestimmen, dass die inhomogene
Dirichlet-Randbedingung @ (x,b) = U, am oberen Rand erfullt wird.

D.(x,y)= Z A4, sin (E xj sinh (% y]

n=1 a

1. Determine / Bestimme cI)e(x,y)| b
y:

D (x,y=b) = 4,sin (ﬂxjsinh (ﬂbj

n=1 a a

2. Multiply Both Sides with / . (mrx
Multipliziere beide Seiten mit ~ SM| —— %

a

]ﬂ @e(x,b)sin(ﬂx)dxz ]l‘ iAn sin(ﬂxjsinh(ﬂbjsin(ﬂxjdx
° a

x=0 x=0n=1 a a a
= nx K nir mr
:ZAn sinh| —b j. sin| —x |sin| —x |dx
=1 a a a
n= x=0
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21

21



ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

S (nr . (mrx a n=m Kronecker Delta /
I Sin X [Sin x|dx=42 Kronecker-Delta
a a
x=0 0 n#m
a s - 1 n=m
- 55nm "0 n#Em

j D, (x, b)sm(Tx)dx ZA s1nh(—bj £ sin (—x]sm(maﬂ x)dx

x=0 n=1

a
:Eé‘nm

3. It Follows for m=n/ C(nr
Es folgt firm=n I ®e(xab)51n(7x)dx:

2 Z A, sinh(ﬂbj
2

x=0 n=m a
= ﬁAn sinh (ﬂb)
2 a
2 @ . [ nx
A4, = I CI)e(x,b)sm{—xjdx
asinh(mbj x=0 4
a
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

a
4 = 2 | (De(x,b)sin{ﬂxjdx
a

a sinh (mr bj x=0
a

(I)e(.x,b) = UO

a
A4, = 2 J Uy sin(ﬂxjdx
asinh(mb) x=0 a
a
2Uq I sin (Exjdx
asinh(me x=0 a

a

a

a

. [ nr a nr
j sin (—xjdx = ——cos(—xj
2o a nr a <0

-2 {cos (E aj - cos(O)}
nrw a 7

= i[l —~ cos(nﬂ)]
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

2UO ni

e e g CH R,

= 2Uq i[l—cos(mr)]
asinh(mbj nr
a
-1 n=13,5,...
= 2Uq [1 — cos(nﬂ)] cos (n7) = { 1 n=2,4,6

nﬂsinh(mbj /
a
2 n=13,5,..

l—cos(nﬂ):{o 4
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

Solution / Lésung

Infinitg Series_l D, (x,y) = Z A, sin (_7[ xj sinh (_y)

Unendliche Reihe ! a

Coefficients / Koeffizienten
4U 1

with / A = ne smh( bj
mit a

n=135,...
0 n=2,4,6,...

Complete Solution / Komplette Losung

IZ> D (x,7) = i Msm(ﬂxj

— a
dd/ smh( " b}

ungerade

Dr. R. Marklein - EFT | - SS 2003
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

nth Mode / n-ter Mode Modes / nth Mode / n-ter Mode Modes /
Moden Moden

No= 1, xy)

W= S 0y
S ST

0,66 ;-

0.2

0.6

yinm
yinm
=)

0.4

0.2

0 026 08 075 o 026 06 075
N = TG,

yinm
yinm

] 026 058 0O7FS
0.8

0.6

yinm

0.4

0.2

—

o 028 05 078 <]

0.8

0.6

yinm
yinm

0.4

0.2

M,
v "HHEHEO B 1 }
0.8 1515 B
= 0.6 U RV R i
J 0.4 : ] :
v 0.2 i :

yinm
[ [ & =] =]
=I = = .
yinm
o o
c t o ~i
o o o -

o 025 0% 0.7 L] 025 0% 0.75 L]
X inom Xinm
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

Modes /

nth Mode / n-ter Mode

No= 1y

yinm

o
0 026 05 075

N = Sy
.
0.75
£
£ 0.5
=
028
o
0 02 08 075 1
N = SR )
1_-_-_-_'_'_
0.75
3
S 05
=
0.25
]
0 02 05 076 1
N = PRy
1 — ——
0.75
£
S 05
=
0.25
o

o 02% 05 075
& i i
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DDS

0 =
DDS

Modes /
Moden

Mo 10 i)

N = 5%y

~=ymx v

N= ’r'&:"'u:,-:

& i

i

=

1
0.8
0.6
0.4
0.2
il

026 0% 075

0.8
0.6
0.4
0.2
0

02& 078

0.2
0.6
0.4
0.2
i)

025 o7s

nth Mode / n-ter Mode

No= 9 ey

- - - -

026 05 075
M = 1940, )

026 05 078
M =f9ﬁﬂ%hw

025 058 075

M = TENN )

025 0% 075
& i

0.0%

003

=]
yinm

005

HEE . | |
o
yinm & w yinm

Moden

Ne Eﬂlu W)

025 05 075
= PRy

026 05 076
N = 5% y)

1

i

o

025 05 075
M o= TRy

025 0%
&

ﬁ
.
i
|

£
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ES Fields — Separation of Variables — Example /
ES Felder — Separation der Variablen — Beispiel (...)

31 31
Modes / Modes /
_— Moden Moden
n=l1
M=31: F xy) M=31: P xy
1 - T -
0.75
10.8
£
Z 05 0.4
=
40.4
0.25
0.2
0 0
0 0.25 0.5 0.75 1 yinm 0 xinm
xinm
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ES Fields — Electric Voltage /
ES Felder — Elektrische Spannung

VXE(R)=0
<]SC=aS E(R)+sdR=0
E(R)=-V®.(R)

Gyl e—— 2
Uera >
—>
C

12

A
C = C12 +C21

foosg ER)+sdR = [ ER)-sdR+ [ B(R)-sdR
~0

Jo E®)-sdR=-] E(R)-sdR

Dr. R. Marklein - EFT | - SS 2003

)3
E(R)+sdR = | E(R)-sdR
C

A
P,
=—[ V@ (R)-sdR
R
P
=[5V, (R)dR
R

e d
= | P (R)R
dR
§

=-[®. (R(P))- D (R(R))]
=D (R(R))-DP.(R(P))
= Uel2
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ES Fields — Electric Voltage /
ES Felder — Elektrische Spannung

VXE(R)=0 : -
- Equipotential Lines /

Cﬁ E(R)ssdR =0 Aquipotentiallinien Field Lines /
C=0s— — ~

Feldlinien

E(R)=-V®.(R) ExdR =0

*
Cp, —> 2
Uel2 >
—>

C12

D (F)> D (P)

Utz = [, E(R)-sdR

=| . E(R)ssdR
Jo ER)-s

In Electrostatics is the Electric Voltage
Independent of the Integration Path. /
In der Elektrostatik ist die elektrische Spannung
unabhéngig vom Integrationsweg.

Because / Weil

D)= (R)

VXE(R)=0 P, ER)+sdR =0 E(R)=-VO(R)~ s
Dr. R. Marklein - EFT | - SS 2003
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ES Fields — Electric Polarization of Materials /
ES Felder — Elektrische Polarisation von Materialien

{F o, Do (R1m5 =02

=¢b,_, Duec(R)ndS

Source /
Quelle

Dvac (B)

\</aackuuuur:’]n/ g Dvac (B) = 80 Evac (B) Vacuum / Vakuum
=€) gr,vac Evac (B) Sryvac =1
—
S=0oV =1

Because of the applied E Field, which is
generated by the source, the matter
exhibits an electric polarization. /
Aufgrund des anliegenden E-Feldes, welches
durch die Quelle generiert wird, kommt es

zur elektrischen Polarisation der Materie

Source /
Quelle

Matter /Ir T
Materie |

|4

mat

Electric Dipole /
Elektrischer Dipol

e oo e e e o e o o mm o o

out
S 4

.
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ES Fields — Electric Polarization of Materials /
ES Felder — Elektrische Polarisation von Materialien

Because of the applied E Field, which is
generated by the source, the matter
exhibits an electric polarization. /
Aufgrund des anliegenden E-Feldes, welches
durch die Quelle generiert wird, kommt es

zur elektrischen Polarisation der Materie

g

I
I
I
I .
L pi=1,23,4
I
1
. I
ipoles I
I

gout : Electric D
V . .
Elektrische Dipole

1
I 4

Source /
Quelle

Materie :

V

mat

Total Electric Dipole Density / Elektrisches Gesamtdipolmoment

N .
I Po®ar=3p"
M -

Electric Dipole Moment Density / Elektrische Dipolmomentendichte
(@) —n® (@)
' (R)=p"s(R-R")

Matter /

VEERE Total Electric Dipole Moment Density /

Elektrische Gesamtdipolmomentendichte

N
P.(R)=> 1z (R)
i=1
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ES Fields — Electric Polarization of Materials /

ES Felder — Elektrische Polarisation von Materialien

Dr. R. Marklein - EFT | - SS 2003

Chain of Electric Dipoles /
Kette von elektrischen Dipolen

S
9@3
CN

o

Internal Electric Dipoles
Compensate /
Innere elektrische Dipole | |
kompensieren sich

Electric Surface Charge /
Elektrische Flachenladung
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ES Fields — Electric Polarization of Materials /
ES Felder — Elektrische Polarisation von Materialien

N .
I, Py =30
M i=1

| |
| |
| |
| |
DN
8() E(B) + ge (B) B € Vmat : i
|
|

D(R) = { ! Electric Di
I\ poles /
s ER) R eVyac | Elektrische Dipole
D(R)=¢E(R)+P.(R)
=&y, (R)E(R) ¢ (R) Relative Permittivity /
r\=—/" Relative Permittivitat
= 5 E(R) + &[5, (R) - 1] E(R)
:Be (B)

Be (B) =&y [gr (B) - I]E(B)
%/_/ . e
— Electric Susceptibility /
Ze(R) Ze(R)  £iokirische Suszeptibltat
= &9 X (R)E(R)
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ES Fields — Electric Polarization of Materials /
ES Felder — Elektrische Polarisation von Materialien

General Case /
Allgemeiner Fall

D(R) = ¢ E(R) + P, (R)

Isotropic Case /
Isotroper Fall

P.(R)=¢p7.(R)E(R)

D(R) =¢ E(R)+P.(R)
=& E(R) + &5 7. (R)E(R)
= 5 E(R) + &) [£,(R) - 1]E(R)

ZG(B) = gr(B)_l

& (R) = 7. (R)+1
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Anisotropic Case /
Anisotroper Fall

P.(R) = 5% (R)-E(R)

D(R) = 5 E(R) + P, (R)
= 5E(R) + &) (R)+E(R)

= 5E(R) + 4| g (R)~1]-E(R)

r R)=¢ (R)-1

g (R)=y (R)+1
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ES Fields — Electric Polarization of Materials — Example /
ES Felder — Elektrische Polarisation von Materialien — Beispiel

Electric Point Charge Embedded in a Sphere Filled
with Vacuum, which is Embedded in a Dielectric Material /
Elektrische Punktladung eingebettet in einer mit Vakuum gefillter
Kugel, die in ein dielektrisches Material eingebettet ist.

= /
e

\

£(R) = & R<a 7 4r R
& R>a :%LR
4r R~
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D(R)

R<a
)
E(R) =
DR)
gOEr
D(R) = & ER) R<a
| E®R)+P(R) R>a
P.(R)= 0 R<a
=] g6, —DER) R>a
D(R) R
ER)={ °
e P®)
) &0
Q. %QR R<a
_ | 4mey R
B P. (R
7TE R €o
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Be (B) = {

E(R) =

ES Fields — Electric Polarization of Materials — Example /
ES Felder — Elektrische Polarisation von Materialien — Beispiel (...)

0 R<a
&(5;, ~DE(R) R>a

1
4Qe FQR R<a
72'80

0. 1. _R®
47[80 R2 -R 80

4Qe égR R<a
e

Qe Le _ & (gr B I)E(B)
472'80 RZ -R o

Q. 1

—e R<a

R>a

R>a

~(-DER) R>a
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R>a

ER) =2 Lo~ (5 -DE®R)

472'80 R

E(R)+ (¢, - DE(R) = 4Q€ L,

&y E(B) =

ER) =

7[80 R2

Q. 1

472'(90 R2

€r

ER) =2 1,

2 =R
drepe, R

e LZ—R R<a
4rey R
drege, R
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ES Fields — Electric Polarization of Materials — Example /
ES Felder — Elektrische Polarisation von Materialien — Beispiel (...)

0. 1
D(R)==—¢
_(_) 47Z'R2_R
0. 1
—€ R<a
&(R) = f R<a 4rsy R* "
&é R>a ER)= 0
4 S _2eR R>a
EYE, R
0 R<a
P.(R)= -1
( ) Q_é‘r LER R>a
4r & R
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/A. Ay/
///

I//.//./[/ /
F. r

///*74%

é;éflé"/ /

/é»,,,/
v, &

é/[ ./l/.'Y / /
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ES Fields — Electric Polarization of Materials — Example /
ES Felder — Elektrische Polarisation von Materialien — Beispiel (...)

CﬁSSmM D(R)-dS = g, @Sm E(R)-dS + cj;[)smat P.(R)-dS
=0,

aofpy ER)-dS=0.-fp; P.(R)-dS

mat

__me
- €
ol
=0 + Qel:)
Yorzzzzz
Q _ unpaired pol _ Apaired
e Xe e ~ Ze
. DR)-ds=0,
Smat 9 0 e 0 @ 0 e
Unpaired Electric Charge / Paired Electric Charge /
D(R) =¢yE(R)+P.(R) Ungepaarte elektrische Ladungen Gepaarte elektrische Ladungen
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ES Fields — Electric Polarization of ES Felder — Elektrische Polarisation von
Materialien — Beispiel (...)

0.=fp; DR)-ds

], v-ower

7))
7 %%/ V-D®) = £, (R)

KD e

/’i’r’r A A
B P

VP, (R)=-p"(R)
— _pgaired (B)
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End of the 10th Lecture /
Ende der 10. Vorlesung




