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One-Dimensional Electromagnetic Wave Propagation /
Eindimensionale elektromagnetische Wellenausbreitung

(Homogeneous) 1-D Wave Equation for E (2,9 / iE @ t)iiiE (2.8)=0
Homogene 1-D Wellengleichung fiir E,(z,0 02 P =

The 1-D Wave Equation is a Partial Differential Equation of Second Order/
Die 1-D Wellengleichung ist eine partielle Differentialgleichung zweiter
Ordnung
Solution of the homogeneous 1-D wave equation is a
plane wave of the form / Ezn=kE|isZ2
Lésung der h 1-D Wellengleichung ist ei x(@0=Eo| 13
6sung der homogenen ellengleichung ist eine co
ebene Welle der Form

(f This is an electric field strength of arbitrary

time dependence, which is time retarded by the
[@7j factor + z/c,. /
Dies ist eine elektrische Feldstarke beliebiger
Zeitabhangigkeit, die um den Faktor * z/c, zeitverzogert
wird.
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One-Dimensional Electromagnetic Wave Propagation /
Eindimensionale elektromagnetische Wellenausbreitung

(Homogeneous) 1-D wave equation for E(z,0 / 5 1 &2
Homogene 1-D Wellengleichung fir E (2,0 67542’0’36754”):0

Solution / B .
Ldsung E(z,0)=E, [; +;]

Proof / Beweis

o ol o z al 1 z 1 z
— E@)=—|—E|tF—||==—|——E|tF— ||=5Eo| tF—
&2 <=0 62[62 0[ +c0J:| Oz{ < 0[ +CUH e 0[ +Coj

o 1 8° 1 (. _z) 1 . _ =z
gEY(Z’t)_gyEx(z’t)ZTEO[tiiJ_izE [t+—]:0 1
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Finite Difference (FD) Method / Finite Differenzen (FD) Methode
1-D FD Operators / 1D-FD-Operatoren

Common definitions of the first-order derivative of a 1-D function f{x) with respect to
x/
Gebrduchliche Definitionen der ersten Ableitung von einer 1D Funktion £(x)nach x

4 e i L) Sr=d)
P

4= gim LA/ @)
o’ .

94 f) = tim O/ (x=dY)
dx dx—0 2dx

These are all Correct Definitions in the Limit dx— 0 /
Diese sind alle korrekte Definitionen im Grenzibergang dx - 0

But we want dxto remain FINITE: dx — Ax /
Aber wir wollen, dass dx ENDLICH bleibt: dx — Ax
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OXFORD APPLIED MATHEMATICS

AND COMPUTING SCIENCE SERIES
Numerical Solution of
Partial Differential
Equations: Finite
Difference Methods

G.D. SMITH

Third Edition

G. D. Smith:
Equations: Finite Difference Methods.

Science Series, 3rd. ed., 350 p. Oxford
University Press, Oxford, 1986.
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Numerical Solution of Partial Differential

Oxford Applied Mathematics & Computing

General Books on the Finite Difference (FD) Method /
Allgemeine Blicher (iber die Finite Differenzen (FD) Methode

Second Edition |
[

1
|
1

}

John €. Strikwerda

John C, Strikwerda:
Finite Difference Schemes and
Partial Differential Equations.
2nd ed., p. 446, SIAM Society for
Industrial & Applied Mathematics,
Nov. 2004.

Backward FD Operator /

Finite Difference (FD) Method / Finite Differenzen (FD) Methode
1-D FD Operators / 1D-FD-Operatoren

Computational Molecule /
Berechnungsmolekiil
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d - - Ax
Ruckwirts-FD-Operator — f(x)~ DA R ACal)] o—=e---0
dx Ax Ax

Forward FD Operator / d . . f(x+Av)-f(x) ——e °
Vorwirts-FD-Operator dxf ()= Ax o= Ax
Central FD Operator / if(x) o JEHA) - f(x—AY) ——0—o
Zentraler FD-Operator ~ dx 2Ax Ax Ax

JS(x—Ax)

f(x) f(x+Ay)
x—Ax Ax X Ax X+ Ax




Finite Difference (FD) Method / Finite Differenzen (FD) Methode
1-D FD Operators of Higher Order / 1D-FD-Operatoren héherer

Ordnung
Backward FD operator / d S -f(x-AY) (1)
Riickwirts-FD-Operator o) W= Ax
Forward FD operator / _ SG+A) - f(x) )
Vorwérts-FD-Operator af ()~ Ax
: . d d -
Using (1) and (2) it follows for the e — ) -—— (%)
derivative of second order / Loy A
Mit (1) und (2) folgt fiir die 2 Ax
Ableitung zweiter Ordnung L SrA) -2/ () + f(x—Ax)
(Av)’

The big question is now: how good are the FD approximations? /
Die groRe Frage ist nun: Wie gut sind die FD-Approximationen?

d L SerA) - f(x)
™ f)= Ar
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Finite Difference (FD) Method / Finite Differenzen (FD) Methode

1-D FD Operators - Taylor Series / 1D-FD-Operatoren - Taylor-Reihe

Taylor series are expansions of a function f(x) in a finite distance Ax: f(x+Ax) /
Taylor-Reihen sind Entwicklungen einer Funktion f{x) in einer endlichen Distanz Ax: f{x+Ax)

< )n d” HOT: higher order terms /

f(XiAx):Z:')*( rEAY) Terme hoherer Ordnung

St Ay = f(0 e ar YO A0 EF) L A0 &), (A0 4 o A)
dx 21 4?2 * 34l 4 5t

df(x) LA B () Ef) | (Aot d“f(x)

B e T e T BT +O[(A%)’] ﬁ

Landau symbol “O”, big “oh” /
Landau-Symbol ,0“ groRes ,,oh‘

What results, if we use the Taylor series
expansion for the following term /
Was resultiert, wenn wir die Taylor-Reihenentwicklung
auf den folgenden Term anwenden

f(x+Ax)

The Taylor series expansion reads / Die Taylor-Reihenentwicklung lautet

df(x) LA @) A0 &) (A &)
dr*

Sx+AY) = f(x)+Ax TR ATy M

+Ol(Ax)’]
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Landau Symbols “Big oh” and “Small oh */
Landau-Symbole ,groRes oh“ und ,kleines oh”

“Big oh” / ,groRes oh“ “Small oh” / ,kleines oh“
F(a) =0[G(a)] as/als  a—>0 F(a)=0oG(a)] as/als  a—>0
F(a) < _constant and sufﬁcjiently smefll F(a) -0 fir/ for @ —0
G(a) " konstant und ausrelchend klein G(a)

d/(x) W ), (W Pf@) @ ) (A P, (a)° d°f )
20 a3 @ 4t s 6! ax’
=0[(Ax)’]

St = f(x) A ——

&) £ ()

_ 5
ool (@’ )
e =G(Ax)
—F(Av)

(A &1 (x)

F(Ax) =

50 4
G(AY) = (Ax)°
‘(Ax) &1
Fa|_| 5t e | _[1dsm)|
G(a)| 51 \‘

(Avy’ ‘

Dr.-Ing. René Marklein - NFT | - WS 05/06 - Lecture 2/ Vorlesung 2

Finite Difference (FD) Method / Finite Differenzen (FD) Methode
1-D FD Operators - Taylor Series / 1D-FD-Operatoren - Taylor-Reihe

df(v) @)’ /), @) &f @), At dsE) |
S(x+Ax) = f(x)+Ax e T T
S(x)=1(x) (2)
Compute (1) minus (2) and subsequently divide by Ax /
Berechne (1) minus (2) und dividiere nachfolgend durch Ax

SO+A) () _df(), A d/() |, (A0)° /() (A /()

Ax dr 2! @? 31 @ 41 gt

d SE+A) - () Avd () (M) EfE) (A de
—f()= -= - -

dx Ax 20 dx? I 41
=O(Ax)

_ Adw ) e’ d4f(x)

oAy’ (M

+O[(A0)*]

+O[(A0)*]

+0l(A)*]

_ A&
== o2 +o[(Ax)

Approximation error /
Approximationsfehler

d .\ _SE+A)-f(x)
Ax

o/ +0O(Av)

Landau symbol “O”, big “oh” /
Landau-Symbol ,0" groRes ,oh"

Dr.-Ing. René Marklein - NFT | - WS 05/06 - Lecture 2/ Vorlesung 2




1-D FD Operators / 1D-FD-Operatoren

Backward FD Operator / d S - f(x-Av) S -f(x-Ay)
Riickwarts—FD-Operator g7 )~ Ax +O@) =

Ax
Forward FD Operator / if(x) . JEHA)-f(x) +O(A) =~ SO+ - f(x)
Vorwarts-FD-Operator dx Ax Ax
Central FD Operator / if(x) _ SO+ A - fx—Av) +O[(AY)?] ~ St A - fx-Av)
Zentraler FD-Operator dx 2Ax

2Ax

f(x—Ax)
S Fx+AY)

\4

A
\ 4

x+Ax
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Finite Difference (FD) Method / Finite Differenzen (FD) Methode

End of Lecture 2 /
Ende der 2. Vorlesung
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